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PREFACE. 



The author of this treatise has endeavored to prepare a 
work, which should sufficieDtly exercise the ability of most 
leaniers, without becoming, at the same time, repulsive to 
them by being excessively abstract. Some writers err in 
expecting too much, and others err, in an equal degree, by 
requiring too little of the student. What success has attended 
an attempt to attain a prop^ medium, it is left for competent 
teachers to decide. 

Tbb work commences in the inductive manner, because 
that mode is most attractive to beginners. As the learner 
advances, and acquires strength to grapple with it, he meets 
with the more rigorous kind of demonstration. This course 
seems the most natural and e£^tive. luducbon is excellent 
in its place ; but when an attempt b made to carry it into all 
the departments of an exact science, the result oflen shows, 
that the main object of study was mbappreheoded. The young 
frequently fail to deduce clearly the general piinciple from the 
particular instances which have engaged their attention. 

Several parts of algebra, which are either omitted or not 
explained with sufficient dbtinctness in other works, have 
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received particular attention in this. These parts treat of 
principles and operations, witb which students rarely become 
&miliar, but which are essential to a clear compreheD^on of 
the subject. Among these operations may be mentioDed the 
separation of quantities into factors, finding the divisfirs of 
quantities, and the substitution of numbers in algebraic for- 
muls. 

Most of the problrans are otiginal ; others have been 
selected, which seemed the most appropriate. 

Although this treatise is designed for students in the higher 
grade of seminaries, it is not beyond the reach of any, who 
have a good knowledge of arithmetic, and who are under the 
guidance of competent instructors. Should Articles 46, 58, 
69, 151 and 152 be found too difficult for the beginner, on 
his first perusal of the book, they may be postponed for iaves- 
tigaticMi in a review. 

A Key to this work will soon be publbbed for the use of 
teachers. 

The writer is unwilling to close his remarks, without ex- 
pressing his obligations to others, who have done so much to 
introduce into our country a natural and rational mode of 
studying mathematics. Among these none merits greater 
praise than Colburn ; and his works have served as a guide 
in the composition of several others on the inductive plan. 
Day, Smyth, Davies and Peirce deserve abo to be men- 
tioned with great respect. 

THOMAS SHERWIN. 

EifOLiiH HiQH School, } 
Boston, Sipt. 10, 1B4I. j 
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ELEMENTS OF ALGEBRA. 



PRELIMINARY REMARKS. 

Art. I. Arithmetic treats of numbers which have known and 
definite values; but Algebra makes use of symbols, which may 
represent known, unknown, or indeterminate quantities. These 
symbols are the letters of the alphabet. 

Moreover, in Arithmetic, after an answer to a question has 
been obtuned, it contains nothing in itself to show by what 
operations it was found. For instance, suppose the number 6 ia 
ascertained to be the answer to a particular question ; this ex- 
hibits no marks to show whether it was obtained by addition, 
multiplication, division, or by some other process or combina- 
tion of processes; but the results of pure Algebra, that is, when 
both known and unknown quantities are represented by letters, 
always indicate or may be made to indicate the means by which 
they were produced. 

Algebra enables us also to carry on a course of reasoning with 
much greater ease and rapidity than Arithmetic, and to arrive at 
the solution of problems, which, by the aid of Arithmetic alone, 
would be exceedingly difficult, if not impossible. 

Art. 3. We proceed to notice some of the signs, which most 
frequently occur in Algebra. 

The sign -|- ia used to express addition, and is called plus, 
which signifies more; thus, 6-f-3 is read 6 plus 3, aod means 
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that 6 and 3 ue to be added together, or indicates the 5tnN of 6 
and 3. 

The sign — expresses subtractioa, and is called mnus, which 
Hgnifiea lets ; thus 8 — 3 ia read 8 miaus 3, and means that 3 is 
to be subtracted from 8, or indicates the difereaee between 8 and 3, 

Moreover, quantities having before them the sign +, expressed 
or understood, are ctlled positive ; those having before them the 
sign — , are called negatioe quanliliei. 

Multiplication ia represented by the sign X ; thus, 6X4 
means that 6 and 4 are to be multiplied together, or indic^es 
Ak product of 6 and 4. Sometimes a p<»nt between the quanti- 
ties, as 6 . 4, has the same Bignificatioa. 

Division is represented by the sign -r-, or : ; but more fre- 
quently it is expressed in the form of a fraction; thu8,6-H3,6:3 
and f, each signifies the division of 6 by 3, or indicates the quo- 
tient of that division. 

To express equality we use two horizontal parallel lines, thus 
=z ; this is read equal to, equals, or by some words of similar 
import ; for example, 6 -|- 4 ^ 10 means that the sum of 6 and 4 
is equal to 10, and is read 6 plus 4 equals 10. 

Accordingly, 5X4 + 7=^ — 3 means, that, if 5 be multi- 
plied by 4, and 7 be added to the product, the result will be the 
same as if 60 be divided by 2, and 3 be subtracted &om the quo- 
tient. 

The sign >, or <[, is used to express the intgualily of quan- 
tities; thus, 8>5, or 5<^8. signifies that 8 is greater than 5, 
or that $ ia leas than 8, the open end always being placed 
towards the greater quantity. 

To represent unknotvn quantities, we use some of the last let- 
ters of the alphabet, as i, y &.c. ; and to represent known quan- 
tities, we use some of the first letters, as o, 6, c &c. ; although, 
in many problems of this work, known quantities are expressed 

Art. 3. ThereaTeaomepropositions,thetruthofwhichiamani- 
fest, as soon as thej are presented to the mind. These proposi- 
tions are called axioms ; the following are of this kind. 

OOQ If 



AXIOMS. EQUATIONS OF THE FIBBT DEGREE. 



1. If the same quantity or equal quantities be added to equal 
quantities, the sums will be equal. 

2. If the same quantity or equal quantities be subtracted from 
equal quantities, the rtmaindtra will be equal. 

3. If equal quantities be multiplied by the same quantity or by 
equal quantities, t\ie products will be equal. 

4. If equal quantities be divided by the same quantity or by 
equal quantities, the quotients will be equal. 

5. If the same quantity be both added to and subtracted from 
another, the value of the latter will not be changed. 

6. If a quantity be both multiplied and divided by another, its 
value will not be changed. 

7. Two quantities, each of which is equal to a third, are equal 
to each other. 

6. The whole of a quantity ia greater than a part of it. 

9. The whole of a quantity is equal to the sum of all its parts. 



SECTION I. 



Art. 4. 1. Ad ^ple and an orange together costScents; but 
the orange cost twice as much as the apple. What was the price 
of each f 

In this question, if we knew the price of the apple, we should, 
by doubling it, obtain thai of the orange. The price of the 
^ple, then, may be considered as the unknown quantity. 

Suppose that x represents the number of cents given for the 
apple; twice as much, or the price of the orange, would be 
represented by 2 x. 
Hence, x -{-^t =.&, Putting the I's together, we have 
3 I = 6 ; one x will be ^ as much ; 
Uierefore, i = 2 cents = the price of theapple^ 
and 3 X = 4 centa = the price of the orange. 



4 KQUATIOKS OF THC FUMT DlOkXt. DniNITIONB, ETC. I. 

Remark. Queationi in Al^bra ms; be prOTed as well u 
those in Arithmetic. The proof of the foregoing, would consist 
in adding the price of the ^>ple to that of the ormgc, and ascer- 
taining that their sum is 6 cents. Let the learner prove the oor- 
rectnen of his answers, as he advances. 

A Tepiesentation of the equality of quantities, is called an 
equation. Thus, x-\-2i=i0 is an equation. 

A member or lidt of as equation, signifies the quantity or 
quantities on the some side of the sign i=, thejirst laemher being 
c»i the left, and the second member on the right hand side of this 
sign. 

An equation of the_^rrf degree is one, in which the unknown 
quantities are neither multiplied by themselves nor by each 

The separate parts of an algebraic expression affected by the 
signs -|- and — , are called ternts. Those terms which have no 
sign prefixed to them, are supposed to have the sign -|-, and & 
quantity is said to be affected by a sign, when it is immediately 
preceded by that sign, either expressed or understood. When the 
first term of a member of an equation, or of any algebruc quan- 
tity, is affected by the sign +, it is usual to omit writing the 
sign before that term ; but the sign — must always be written 
before any term affected by it. The equation, i -|- 2 i == 6, 
consists of three terms, two in the first number and one in the 
second, and each of these terms is affected by the sign -|-. 

The number written immediately before a letter, showing how 
many times the letter is taken, is called the eoifficitnt of (hat 
letter; thus, in the expressions, 3x, 5z, 7x, the coefficients of s 
are 3, 5 and 7. A letter which has no number written before 
it, is supposed to have 1 for its coefficient ; thus, z is the same as 
1 z. Letters, as we shall see hereafter, may be used as coefficients. 

The process by which an equation is formed fi-om the condi- 
tions of a question, is called putting the question into an equa- 
tion ; and the process by which the value of the unknown quan- 
tity is^und from the equation, is called solving tie egitation. 

2. Said A to B, my horse and saddle are worth (110; but my 
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horse is worth 10 times as much aa m; saddle. Required the 
worth of each. 

3. A man bought some com and rye for 60 shillings, the corn 
at 4s. per bushel and the rje at 6s., and there was the same 
number of bushels of each. How many bushels were there of 
each ? 

Let X represent the number of bushels of each ; then x bushels 
of corn at 4s. per bnshei, will come to 4z shillings, and x bush- 
els of rye at 6s. per bushel, will come to 6a! shillings. Hence, 
4x + 6x = 60. 

4. A man sold an equal number of oxen, cows and sheep ; the 
osen at $40 apiece, the cows at $16, and the sheep at $S ; the 
whole came to $660. How many were there of-each? 

5. A woman bought some peaches, pears and melons fo? i 
$1.10; the peaches at 1 cent apiece, the pears at 2, and the 
melons at 13 ; there were twice as many pears as melons, and 
three times as many peaches as pears. How many were there of 
each? 

Let X represent the number of melons; then 2x will represent 
tiie number of pears, and 61, the number of peaches. At 1 cent 
each, 6z peaches come to 6z cents, 2x pears at 2 cents each 
will come to 4 x- cents, and x- melons at 12 cents each will come 
tol2xcents; hence, 6x -|- 4x+ 12x= 110. 

6. A gentleman- hired a man and a boy to work a cert^ 
number of days, the man at 8s, and the boy at 4s. per day, and 
paid them $'iO, How many days were they employed, and how 
much did each receive? 

7. Three numbers are in the proportion of 1, 2 and 3, and the 
■urn of them is 630. What are these numbers J 

The proportion of 1, 2 and 3, means that the second, is twice, 
and the third three times as much as the first. 

8. Divide 100 into three parts in the proportion of 5, 7 and 8. 
The proportidn of 5, 7 and 8, means that the 2d is ^, and the 

3d f as much as the 1st. s^ 

Suppose the* 1st part = 5x, then the 2d will be 7i^^iaid die 
8d, 8x. < 

1* 
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9. Two persona^et out at the same time from two towns 150 
milea aput, and travel towards each other till they meet, one at 
6 miles an hour, and the othet at 7. How many hours will they 
be on the roul, and how far will each travel 1 

10. Three robbers, having stolen 48 guineas, quarrelled 
about the division of them, and each took as much as he could 
get ; the first obtained a certain aum, the second twice fts much, 
and the third as much as both the others. How many guineas 
did each obtain t 

1 1. A gentleman wished to divide an estate of $81000 be- 
tween his wife and two sous, so that his wife should have $4, as 
often as the elder son had $3, and the younger $2. How much 
would each receive 1 

13. A fortress has a garrison of 1300 men, a certain portion 
of whom ue cavalry, three times as many artillerymen, and six 
times as many infantry. . How many are there of each corps ^..^o 

^^ 13. In fencing a field, three men. A, B and C, were employed. 2 
A could fence 9 rods a day, B 7, and C 5; B wrought twice as ^ 
many days as A, and C five times as many as B, The distance - 

liiiound the field was 584 rods. How many days did each work, u 
and how many rods of fence did each build? i,^ 

14. A man bought three pieces of cloth for $280. The sec- 
ond piece was twice aa long as the first, and the third was aa long 
as the first two. He gave $4 a yard for the first piece, $5 a yard 
for the second, and $7 a yard fw the third. Required the nun^ 
ber of yards in each piece. 

15. Four cows, 3 calves and 10 sheep cost $112. A cow cost 
5 times as much as a calf, and a calf cost twice as much as a 
sheep. Required the price of each. 

16. A cistern holding 140 gallons, was filled with water by 
means of two buckets, the greater of which held twice as mudi 
as the less. The greater was emptied 7 times and the less 6 
times. How many galloaa did each bucket hold? 

' 17. A boy being sent to market, bought some beef at 14 cents 
a pound, and twic6 aa much mutton at 9 cents a pound. He wa? 
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inDusted vith $4 and brought back 80 cents. How mJly 
pounds of each kind of meat did he buy 1 

18. A man wished to pay $60,. with dollaia, halvee, qnarters,. 
and eighths, of each an equal number. How man; coina of each 

. kind would he require '! 

19. A manpaid^l44inguinea8at21s. and crowns at 5b. each. 
There were three times as many crowns as guineas. Requited 
the number of each. 

30. A man on a journey trareted twice as far the 2d day as 
he did the lat; on the 3d day, as far as he did the first two days; 
OD the 4th day, as far as he did the first three days; and on the 
5th day, half as far aa on the 4th. The whole distance traveled 
was 150 miles. How far did he go each day? 

21. A merchant exchanged rye at 7s. and wheat at 9s. a bushel, 
of each the same quantity, fcff 32 bushets of corn at 4s. a bushel. 
How many bushels of rye and wheat were given in exchange T 

22. A drover bartered 6 oxen and 10 cows for a farm of 50 
acres at ill per acre. He reckoned each ox worth as much as 
two cows. What price was assigned to an ox and a cow re- 
q>ectivelyT 

Art. S. In the preceding questions, x's, that is, unknown quan- 
tities, have been found only in the first member of thf equation, and 
rtiey have all been affected by the sign -|- ; and we perceive, 
th^, afler an equation was formed, the first step was to reduce 
w combine all the unknown quantities into one (enn, which is 
done by adding the coefficients; after which, the value Sf the 
unknown quantity was found fay dividing both members by the 
coefficient of the unknown quantity. 



SECTION II. 

■OVATIONS or THE FIKST OBQREB HAVINO TTNKIIOW]! TBRUB IN 
ONE UEUBER ONLV, AMD KKOWIC TKKMS IM BOTH |1E>IBEBI. 

Art. 6. Two brothers had together $20, but the elder had two 
dollars more than the younger. How much money had ««ch? . 
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Let X represent the number of dollars the younger had ; 
then x-\-2= the number of dollars the elder had j 
consequenjiy, r -j- 1 -|- 2 ^ 20 ; or combining the x'a, 
2x-i-3 — 30. 

Now as the two members are equal, we can subtract 2 from 
each, and the remainders will be equal (ax. 2, Art. 3) ; 2 sub- 
tracted from 2x-\-%, leaves 2 x, and 2 subtracted from 20, leaves- 
18 ; hence, 2 a = 18. 

and z^= 9, number of dollars the younger had, 

and f -|~2^ 11, number of dollars the elder had. 

Instead of actually subtracting 2 from the second member 
at once, we may subtract it from the first, and represent it aa 
subtracted from the second ; thus, 2 1 ^ 20 — 2 ; now perform- 
ing the subtraction indicated, wc have 2 x ;= 16, the same as be- 
fore. The equation 2 r — 20 — 2 is Obtained from 2i + 2 = 20 
merely by removing the 2 to the other side of the sign =:,'aiid 
changing its sign from -|- to — . 

Art. 7, Removing a term from one member of an equation to 
the other is called transposing that term, or transposition. Any 
term, therrfore, affected by the sign -j-, may be trimsposed, if this 
sign he changed to — . 

1. Two men, A and B, hired a house for $650, of which A 
paid $150 more than B. What did each payT 

Let X represent the number of dollars B paid. 
Then z -\- 150 will represent the number A paid. i 
Hence, i+ 2 -|- 150^3 650. Reducing, 

2 1 -f- 150 — 650 ; transposing ISO, 
2x = 650 — 150; reducing the 2d member, 
■. \^!f'% 21 = 500, 

^ x= $250 = what B paid. 

a; + 150 = $400 = what A paid. 

2. Two men possess together $56000, but the second has 
$10000 more than the first. How much money has each? 

3. Two towns are at unequal distances and in opposite direo 
tions from Boston; the distance between these towns is 230 
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miles, but one is 10 miles more than twice as far from Boston as 
the other. What is the distance of each from that city? 

4. The sum of the ages of A, B and G is 100 yean; but B's 
age is twice that of A and 5 years more, and C's age is equal to 
the sum of A's and B's. Required the age of each. 

5. A grocer wishes to make a mixture of foui kinds of tea, so 
that there shall be 6 lbs. more than twice as much of the 2d kind 
as of the 1st, aa many lbs. of the 3d as there are of the first two, 
and as many of the 4th as there are of all de others ; the whole 
mixture is to cMitain 120 lbs. How many lbs. must there be of 
each sort ? 

6. A man has five sons, each of whom is two years older than 
his next youngei brother, and the amount of their ages is 50 years. 
What is the age of each 1 

7. A merchant bought 10 pieces of cloth for 9331 ; 5 pieces 
were blue, 3 green, and 2 black ; a piece of green cost $2 more 
than one of black, and a piece of blue $3 more than one of 
green. How much did each kind cost per piece T 

8. Says A to B, my age is 10 years more than yours, and 
twice my age added to three times yours, makes 120 years. Re- 
quired the age of each. 

9. A gentleman leaves an estUe of $10000, to be divided be- 
tween his three daughters and two sons, in the following man- 
n^, viz : the daughters are all to share equally, but the elder 
son is toJiave 91000 mare than twice as much as the younger, 
and the younger exactly twice as much as one of the daughters. . 
What is the share of each ? 

10. A laborer undertook to re^ 6 acres of wh^.t and 10 
acres of oats for |21f , or 130 shillings ; but he was to have Ss. 
more an acre for the wheat than for the oats. What was the 
price of reaping an acre of each ? 

Let X shillings represent the price of reaping the wheat per' acre. 
Then X — 3 will be the price of reaping the oats per «cre. 
Sis acres of wheat will cost 6 x shillings ; 
uid ten acres of oats will cost 10 z — 30 sbillinga. 

D,CIZC.J;.G00«|C 
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Hence, 6i-|-I0x— 30= 130. Reducing, 

16j; — 30:=il30. 
By adding 30 to each member (ax. 1, Art. 3), the equation 



16x — 30 + 30=130 + 30, or 

16x= 130 + 30, since 16z— 30 + 30 is the same as 16x 
(ax. 5) ; hence, 16x^ 160, 
therefore, x=^ 10, 

and* — 3= 7, Ans. wheat 108.,Oiits 7s. per acre. 

Most of the preceding questions in this section, may be solved 
in a similar way. 

The equation 16i:= 130 + 30 is obtained from 16x — 30 = 
130, merely by removing the 30 to the second member of the 
equation, and changing its sign from — to +. 

Art. 8- Hence, any term affected by tie sign — , may he trans- 
posed from <me member to the other, if its sign be changed to -\-\ for, 
this is adding the same quantity to each member (ax. 1). This 
principle, together with that established in Art. 7, gives the fol- 
lowing general 



Art. 0. Any term may be transposed from one member of an 
equation to the other, care beijig taken to change its sign from — to 
-i.,orfrom + to-. 

It may be remarked, that the value of every such expression as, 
1 — 1,2—2, 3 — 3&C., or * — I, 4x— 4a, o — a, 5a— 5a 
&c,, is or nothing ; that is, the plus and minus quantities equal 
in value cancel each other. 

J^^reover, when qnantities are connected by the signs + and 
— , it is of no importance in what order they stand, provided 
the^'have their proper signs prefixed to them; thus 3 + 7 — 2 
may be written 7 + 3 — 2, ai — 2 + 7 + 3, the value of each 
expression being 8. 

When the first term is affected by the sign +, it is usual to 
omit writing that sign ; but the sign — must never be omit- 
ted. The leaaier c^mot be too carefiil with r^ard to the signs, 
as a mistiUie idlhe' sign occasions an error equal to twice the 



n. EQtrAT10K8 OP THE FtBST DESREE. 11 

value of the term affected bj it ; thus, 12 -|- 3 is equal to 15, and 
12 — 3 is equal to 9; dow ihe difference between 16 and 9 ia 6 
or twice 3. 

We perceive also, that when a quantity consisting of several 
terms, aax — 3, is to be multiplied, each term must be multi- 
plied and the same signs retained ; thua 10 times x — 3 is 10 x — 
30; in like manner, 7 times 12 — 3xiBS4 — 21 x. 

1. At a certain election, two persona were voted ibr ; but the 
candidate chosen had a majority of 87, and the whole number of 
▼otes was 699. How many votes had eachf 

3. In a manufactory 205 persons, men, boys and girls, are em- 
ployed ; there are four times as many boys as men, and 20 less 
than ten times as many girts as boys. How many of each are 
employed I 

3. A-general, on reviewing his troops, found he had in all 2300 ^.:. 
men, of whom a certain portion were cavalry, three times as '4^*^i 
many riflemen, and 100 less than four times as many infantry aa '^ 
riflemen. How many were there of each? 

4. Four men. A, B, C and D, enter into partnership. A con- 
tributes a certain sum, B three times as much, C twice as much 
as A and B both, and D as much as the other three wanting 
tlOOO. The whole sum invested waa J65000 ; how much did 
each put in trade I 

5. Divide $491 among three persons, A, B and C, so that A 
shall have $270 more, tmd B $100 less than C. 

Suppose x=z C'a share. Then z-j-270= A's share, and 
r— 100 = B's share. Hence, *-i-a-l- 270 -|- 1 — 100 = 491. 

Reducing, we have 3 x -{- 170 := 491 ; for adding ^70 and sub- 
tracting 100, is the same as adding their difference. 

6. A man aged 80 years, had spent a certain part of his life 
in France, three times as much and 30 years more in England, 
and twice as much wanting 10 years in America. How many 
years had he lived in each country T 

7. A certain town contains 2900 inhabitants, English, Irish 
and French ; there are 600 fewer Irish than English, and 400 
fewer French than Irish. How many are there of eacht 
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Let z =: the number of English ; 

then z — 600= the number of Irish, 

and * — 600 — 400 = the number of French. 

Hence, I + «— 600 + 1— 600— 400 = 2900; by reducing 
webaveSz- 1600=:3900; for all three of the numbers i£- 
fected by the sign — , are considered as separately subtracted, 
and it would evidently be the aanie thing to subtract the sum of 
them at once. 

8. In a CBidtet containing 390 coins, there is a certun nunH 
her of eagles, 10 less than twice as nan; half-eagles, and 20 lam 
than three times as many doUars as there are half<«agleB. How 
many coins are there of each kind? 

9. A merchant bought a certain number of yards of btoad- 
doth at $8 per yard, 6 leas than three times as many yards of 
cassimere at $4 per yard, and twice as much sdk at 91 per 
yard as there were yards of cassimere. The whole came to 
41364. How many yards of each kind did he bay? 

10. A man, engaged in trade, guned, the first year, $500 ; 
the second year he doubled what he then had ; but the third year 
he lost $2>00, when it appeared that he had remaining $3000. 
How much money had he at first t 

Suppose X ^ his money at first 

Then x-\- 500^ his money attheend of the 1st year; 

S X -|- 1000 ^ his money at the end of the 3d year. . 
and 2x + lOOO — 2000 = his money at the end of the 3d year. 
Hence. 2 1 -j- 1000—9000 = 3000; or reducing, 

2z_1000 = 3000; for 2 z + 1000 — 2000, signifies 
that 1000 te added to 2 x, and from the sum 2000 is subtracted, 
which is the same thing as subtracting 1000. 

11. An inheritance of $92500 is to be divided among fire 
heirs, A, B, C, D and E, in the following manner, viz ; B is to 
have $600 more than A ; C twice as much as B, wanting $400; 
D as much as A and B both, wanting $300; and £ $500 more 
than A and D both. What is the sha^e of each? 

D,M,IcdB,GOO«IC 
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Sappose X = the share of A. 

Then «+ 600= UiCflharaofB, 

2x4-1200—400= the share of C, 

«-|-i + 600 — 300= the share of D, 

and « -j- 1 -i-r + 600— 300 + 500= the share of E. 

Hence, i + '^-f 600 + 2i + 1200— 400-f 1 + 1 + 600— 
300 + 1 + X + E + 600 — 300 + 500 = 92500. Reducing.Oi 
+2500 = 92500; for the sum of the numhera affected bj the 
sigD + is 3500, and the sura of those affected by the sign — is 
1000; but adding 3500 and subtracting 1000 is the same as 
adding 2500. 

Had the sum of the numbers, affected by the sign — , been 
greater than that of the numbers, affected by the sign +, the 
difference of these two sums would have had the sign — . 

In the above question, the labor would have been abridged, 
if the expressions for the several shares had been reduced, as far 
aa possible, previous to forming the equation. 

12. A drover has a certain number of oxen ; three times as 
many-oows, wanting 25; just as many calves as cows; and 100 
more sheep than he has oxen and cows together. The number 
of the whole is 905 ; how many of each has he T 

13. In a company of 140 persons, consisting of officers, mer- 
chants and students, there were 4 times as many merchants as 
itudents, wanting 25 ; and 5 more than 3 times as many officers 
as students. How man; were there of each class 1 



SECTION 111. > 

iquATIOKB or TRK riRIT DEOKBE, IN WHICH BOT^ KNOWN ,1 



Art. lO. What number ia that to which if 18 be added, the 
sum will be equal to four times the number itself T 

Let t represent the number ; then 3; + 18ir:4x, or4i=iT + 
18; as it is evidently indifferent which quantity is made the first 
member. , / . ■ 

. ■" 8 '" • ,, 
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Now it ia our object to make all the z's, or unknown qoanti- 
ties, atand in one member of the equation, uid the known quan- 
tities in the other ; and, for the sake of uniformitj, we generally 
collect the unknown quantitiea into the first memher. 

In (he equation 4z=: z-f- IB, by transposing the % from the 
■econd member to the first, that ia, by subtracting z from both 
members, we have 4> — z=: 18, or reducing, 
3 z = 18, and 
T z= 6, Ans. 

Or we might have taken the equation i -^ 18 =: 4 z ; 

by transposing the 18, we have s =: 4 z — 18 ; then, 

by transposing the 4z, we have x — 4z = — 18; 

reducing, — 3 x =i — 18. 

Here both members are wholly minus, but by transposing both, 
we have 18 ^ 3 c, which is the same as 

3z=3l8; hence, 
z=z6. 

The equation, 3 1 = 16, might have been obtained from — %x 
^ — 18, merely by changing the signs to +. 

In like manner, in the equation 3i — 5z=20 — 46, which 
reduced gives — 2i:^ — 26, we might change all the signs be- 
fore reducing, which would give — 3i-)-5x=: — 20-|-46, or 
Sx = 26and(i:=13. 

Art. II. Hence, the signs of all the terms in both members of 
on equation mat/ be changed ; for this is the same as transposing 
all these terms. 

This change of signs should be made, whenever the first mem- 
ber becomes minus ; but the learner must recollect, that terms 
having no sign, are supposed to have -j-, and that he must chang* 
all the signs, otherwise great errors will ensue. "t 

1. Says A to B, if to my age twice my age and ^ years more 
' be added, the sum will be five times my age. .How'Vd is heT 

Let * := his age ; 

then .5a: = i + 2x + 30. Reducing the 2d n 

6z=:3x-t~^i tran^KwingSz, 

OOQ If 
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6z — 3x=:30; reducing, 
2i = 30, anil 
I ^ 15 years. Ana, 
8. A merchant selb two kinds of cloth, the finer at tS a yard 
more than the coarser ; 12 yards of the coarser come to as much 
as 8 yarda of the finer. What ia the price of each per yard T 

3. Says A to B, four times my age is equal to five times yours, 
and the difference of our ages is 10 years. What is the age of 
each? 

4. A man having a certain number of cows and the same 
number of sheep, bought 4 more cowa and 16 more sheep ; he 
then found that three times his number of cows was equal to 
twice his number of sheep. How many had he of each at flrMt 

5. A father distributed a certain sum of money among his four 
sons. The third received 9d. more than the youngest ; the sec- 
ond, 12d. more than the third ; and the eldest, )8d. more than 
the second. The whole sum was 6d. more than seven times 
what the youngest received. How much had each, and what ww 
the whole sum distributed? 

6. A sum of money was to be divided among six poor persons, 
so that the second should have 3s., the third 2s., the fourth 5e., 

: the fiflh 7s., and the sixth 8s., less than the first. Now the sum 
divided was 7a. more than four times the share of the second. 
I ^hat did each receive! 

7. A person bought two casks of beer, one of which held 
' twice as much as the other ; from the larger he drew out 20, and 

from the smaller 25 gallons ; he then found thiA there remained 
in the larger 4 times as much as in the smaller. What did each 
cask contain at first T 

8. A man bought 10 bushels of wheat and 16 bushels of rye; 
I the wheat cost 2s. more per bushel than the rye, and the whole 

I cost of the wheat wanted 16b. to be equal to that of the rye. . 

[ What was the price of each per bushel 1 

I 9. An instructor, wishing to arrange his pupils in rows with a 

I certain number in each row, found that there were 3 too many 

i to make six rows, and 4 too few to make seven rows. How 
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manj did he wbh to place in a row, and how many scholan 
had he? 

Let I =: the Dumber in each row ; 

then, 6 z -|- 3 ^ the whole number of Bcholars ; 

also, 7x — 4^ the whole number of scholars. 

Hence, 7i — 4 = 6i + 3. (ax. 7). 

10. A boy being sent to buy a certain number of pounds of 
meat, found, that if he bought pork, which was 9 cents per 
pound, he would hare 5 cents left, but if he bought beef, which 
was 10 cents per pound, he would want 5 cents. How many 
pounds was he to buy, and how much money had he T 

11. Two worlcmen received equal wages per day; but if the 
first had received 2s more, and the second 2s. less per day, the 
first would have earned in 8 days as much as the second would 
in 12. What were the daily wages of each T 

12. A and B began trade with equal stocks. In the first year 
A gained a sum equal to his stock and $27 over ; B gained a 
8Um equal to his stock and $153 over. The amount of both 
their gains was equal to live times the stock each had at first. 
What was the stock with which each began? 

13. A man is 40 years old, and his son 9 ; in how many years 
will the father be only twice as old as the son T 

14. A father is 66 years old and his son 30; how many yean 
ago was the father three times as old as his son 1 

15. A grazier had two flocks of sheep, each containing the 
same number ; from one of these he sold 50, and from the other 
100, and found twice aa many remaining in the one as in the 
other. How many did each flock originally contain? 

16. A courier, who traveled 80 miles a day, had been gone 
one day, when another was sent from the same place to overtake 
him. In what time will the second, by traveling 90 miles per 
day, overtake the first, and at what distance from the starting- 
place 1 

17. A gentleman bought a horge and chaise ;- for the chaise 
he gave $75 more than for the horse, and three times the price 

^izcjj.GoosIc 
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of the horse, diminiBhed by tSO, was equal to twice the price of 
the chaise. Required the price of each. 

18. When wheat was worth Ss. a bushel more than oats, & 
farmer gare 8 bushels of oats and 8s. in money for 4 bushels of 
wheat. What were wheat and oats worth per bushel T 

19. A meTchant, engaging in trade, during the first year 
doubled his stock, wanting $500; the second year he doubled 
the stock he then had, wanting $500 ; and so coDtinii^d to 
double his stock each year, wanting $500; until, at the end of 
the fourth year, he found he had $500 more than eight tinJes the 
stock with which he commenced. What was his stock at b-stT 

20. Four towns are situated in the order of the four letters, 
A, B, C and D, and in the same straight line. The distance 
from B to C is 10 miles less than twice the distance from A to 
B; and the distance from C to D is 20 miles more than that 
irom B to G ; moreover, the distance from A to B, added to that 
from B to C, ia equal to the distance from C to D and 5 miles 
more. What is the whole distance from A to D ? 



SECTION IV. 

WtDATIOITI OF THE FIRST SEOJlEEj CON'Tl.IH'IKa FBACTIOITAI. FARTl 

Art. 13. 1. A merchant sold a bag of cofiee for $16, which 
was only four fifths of what it cost him. How much did it costi 

Let 3 ^ the number of dollars it cost. 

Then four fiilhs of x may be written f x, or more properly — , 
which may be read either four fiflhs of z, four x fifUis, one fiflh 
of four z, or four x divided by five, the last of which is prefer- 
able. 

Hence, -^ = 16. IKviding both members by i, we have 

— = 4 ; if one fifth of x is equal to 4, the whole of 
I will be five times ea much, or, x = $30, Ana. 

2* [,MZC.J;.G00«|C 
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Or, we might first multiply by 5, and sioce a fraction is mnl- 
ti[died by dividing it* deaomiiuttor, we have —or4x:=80, and 
X =: 30, aa before. This latter method is generally preferable to 
the former. 

3. A man laid that ods half and one fourth of his money 
amounted to (75. How much money had be? 

Let X ^ bis money. 

Then w + T— '^^- Multiplying by 2, 

z -}~ n" = 1^ > multiplying this by 3, 

2x + X =300; reducing, 

3x ^300; dividing both members by 3, 
X =$100. Ans. 
3. In a certain school, one half of the boya learn Arithmetic ; 
one fourth, French; one eighth, Grammar; one sixteenth. Al- 
gebra; and 10, Geometry. These classes constitute the whole 
school. How many boys does the school contain? 
Suppose z ^ the whole pnmber of scholars. 
Then. z== |. + l + |- + ^^-|.10.(ax.9). Multiply by 2,^ 

ai= X +.?-+, J + 1 + 20; multiply by 2, 

4x=Sx+x+|- + j+40; multiply by 3, 

8x = 4x+2*+x+|+80; multiply by 2, 

16:t = 8i+4E+2i+i + 160; reducing, 
16 a; ^ 15 1 -|- 160 ; transposing 15 x and reducing, 
*=:I60. Ana. 
Remark. Although it is generally safest to multiply by the 
denominators separately, we might, in this question, have multi- 
plied the first equation by 16, the least common multiple of tba 
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Jeoominators ; or we might have reduced all the tuiknown temu 

167 15z 

to a common denominator, whicn vould hare gfivea -r^ ^ -r^ 

-\- 10, and j^ = 10, consequently x = 160. 

4. A man found that he had apent one third of his life in 
Crermany, one fourth in France, two fifths in England, and one 
jear in the United States. How old was he, and how many 
fears had he spent in the first three countriee mentioned t 

5. A merchant, on settling bis afiairs, found that he owed to 
one man ^, to another ^, and to a third ^ of the monef he had 
on hand ; and that, after paying them, he should have C3018 
left. How much money had he, and how much did he owe each 
of the three creditors? 

6. A goldsmith wished to make a mixture of gold, silver and 
copper, so that 3 ounces more than one third of the whole should 
be gold, 8 ounces more than one fourth of the whole, silver, and 
2 ounces less than one sixth of the whole, copper. How many 
ounces in the whole mixture, and how many of each kind of 
metal T 

7. A man left his estate to be divided between his wife and 
his three sons, in the following manner, viz : the wife was to 
ftave $1000 less than one third of the whole estate ; the eldest 
son, $3000 more than one fifth of the whole ; the second son, 
$2060 more than one sixth of the whde ; and the youngest son, 
exactly ,one sixth of the whole. What was the whole estate, and 
what were the portions of the several heirs ? 

8. A gentleman had spent 4 years more than one fourth of 
his life with his parents and at school, 13 years less than three 
fiiUis of it in the study and practice of his profession, and had 
lived in retirement 20 years. How old was he? 

9. A's age. is to B's as 4 to 3, and if twice B's age be added 
to A's, the sum will be 100 years. Required the age of each. 

The meaning of the first condition is, that A's age is J of B's, 
or that B's is £ of A's. 

10. What is the length of a fish, whose head is 3 inches long, 

-sic 
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hia tail ^ the length of his body, and hu bodjr as long •■ Iiu bod 
and tail 1 

Let X = the length of the hody. 

11. Three fourths of a certain number exceeds five ninths of 
it by 14. What ia that number? 

12. A person, having spent one half of his money and one 
third of the remainder, had $50 left. How much had he at 
first? 

13. Says B to C, lend me C300 ; C replies, I have not t^MIO 
on hand, but if I had as much more and half as much more as I 
now have, and 912^, I should have $200. How much had hel 

14. Divide 60 cents among three boys, so that the second 
shall have half as many as the first, and the third 10 more than 
one third as many aa the second. 

15. A man wished to distribute a certain number of ^ples 
amongst hia four children, in such a manner,that the first should 
have one third of the whole ; the second, three fifths as many as 
the first; the third, two thirds as many aa the second; and the 
fourth, half as many as the third and 8 apples more. What was 
the whole number, and how many would each child receive? 

16. A gentleman bought two horses and a chaise ; the sec- 
ond horse coat once and a half as much as the first; and the 
chaise cost three times as much as the first horse; moreover the 
price of both horses wanted $50 to be equal to that of the chaise. 
What was the coat of each horse and of the chaise? 

17. A man found, that he expended one third of his yearly in- 
come for board, one eighth of it for clothes, and one twelfth of 
it for other purposes ; and, that he had remaining $550. What 
was his income, and what were his whole expenses ? 

IS. A drover, having a certain number of sheep, sold one 
third of them and then bought 69, when he found he had twice 
as many as he had at first. What was his first number of 
sheep? 

19. A gentleman gave to three persons £9S. The second 
received five eighths of the sum given to the first, and the third, 
one fifth as much as the second. What did each receive t 

■■^- ooqIc 
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20. A person set out on a journey, and went one seventh of 
the whole distance the first day, one htlh the second, one fourth 
the third, and 114 miles the fourth, at which time he completed 
hia journey. How many milea did he trarel in all, and how 
many each of the first three days? 



SECTION V. 

FB ACTION A,[( 



Art. 13- 1- A says to B, I am 6 years older than you, and 
two thirds of my age is equal to three fourths of yours. What 
is the age of each? 

Let X ^ B'b age ; 

then, x-\-6= A's age. 

According to the conditions of the question, three fourths of 
the former must be equal to two thirds of the latter. One third 

— ■ ■, and two thirds will he twice as much, 

; 2 1 4- 12 
^ n ■ Multiplying by 4, 

; multiplying this hy 3, 

92=:8i + 48; transposing and reducing, 
a ;= 48 years, B's age. » -|" ^ =^ ^^ years, A's age. 

Remark. The division of a quantity consisting of several 
terms, as z-|-6, is represented by placing the divisor under the 
dividend, care being taken to extend the line of separation under 
all the terms of the quantity to be divided. 

2. A man bought a horse and saddle ; for the horse he gave 
1230 more than for the saddle ; and live times the price of the 
saddle was equal to two fifths of the price of the horse. Re- 
quired the price of each. 
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Let X = the price of the saddle ; 

then, X -\- 230 ^ the price of the horse. 

Hence, according to the conditions of the question, 

2 1 + 460 .,,.,. , , 
5xz= — . Multiplying by 5, 

25 X ^ 2 X ^ 469 ; transposing and reducing, 
23 x = 460 ; dividing by 23, 

X ^ $20, price of the saddle, 

I -|- 230 — 4250, price of the horse. 

3. A father's age is to that of his son as 5 to 2, and the dif- 
ference of their ages is 30 years. Required their ages. 

The first condition signifies that the father's age is ^ of the 
son's, or that the son's is f of the father's, or that 5 times the 
ton's is equal to twice the father's. 

Suppose 1= the age of the father; 

then, X — 30 = the age of the son. 

51—150 „ , . , . , „ 
Hence, I = ^ . Multiplying by 2, 

2 r = 5 a — 150 ; transposing and reducing, 
— Zx^ — 150; changing the signs, 
3i=150; dividing hy 3, 

E ^ 50 years, father's age ; 

X — 30^90 years, son's age. 

4. A and B traded together. A put in $100 more than B. 
The whole stock was to what A put in, as 5 to 3. How much 
did each invest in trade T 

5. A man's age, when he was married, was to that of his wife 
as 4 to 3; but afler they had been married 10 years, his age was 
to hers as 5 to 4. How old was each at the time of their mar- 
riage? 

6. A man's age, at the time of his marriage, was to that of his 
wife as 10 to 9; but if they had been married 10 years sooner, 
his age would have been to hers as 6 to 7. What were their re* 
spective ages at the time of marriage 1 

7. A and B have equal sums of money ; but if B gives A 
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^10, ^ of what A then has, wilt be equal to J of what B has left 
How much money has each? 

8. Three towns are situated on the same straight road, and in 
the order of the letters A, B, C. The distance from B to C is 
30 miles more than the distance from A to B, and is equal to | 
of the whole distance from A to C, What are the distances 
from A to B, from B to C, and from A to C? 

9. A merchant sold three packages of cloth ; the second con- 
tEuued 15, and the third 30 yarda more than the first; moreover, 
the third contained f as much as the first two. How mu)y 
yards were there in each ? 

10. A and B commence trade with equal stocks ; A g^ns 
jflOper year, and Bloaes^S per year; at the end of three years 
B has only ^ as much property as A. How much has each at 
first? 

11. Two boys, standing with bows and arrows on the bank of 
a river, undertook to shoot across it ; the arrow of the first boy 
fell 10 yards short of the opposite bank, and that of the second 
fell 10 yards beyond it; now it was found that the first boy shot 
only ^T as far as the second. What was the breadth of the 
river 1 

12. Two men have equal sums of money, but if one gives the 
other $40, the former will have only § as much as the latter. 
How much has each 1 

13. A, B and C counting their money, it was found that B 
had $50 more than A and $75 less than C, and that the sum of 
what A and B had, was f of the sum of what B and C had. 
How much money had each T 

14. A farmer, having a certain number of cows and twice as 
many sheep, sold 15 cows and bought 5 sheep ; he then found 
Uiat the number of cows was to the number of sheep as 3 to 13. 
How many of each had he at first ? 

15. A man engaged to work a year for $200 and a suit of 
clothes ; but falling sick, he worked only 5 months, and received 
WO and the suit of clothes. What was the value of the suit of 
dothesT 
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16. A man engaging in trade, gained the first year $500, but 
the second year he lost ^ of what he then had ; after which he 
found that his stock was to that with which he began as 6 to 5. 
What was the stock with which he commenced t 

17. A grocer bought 6 barrels of cider, and 7 barrels of beer ; 
he gave 92 a barrel more for the beer than for the cider ; and { 
the price of the cider was equal to f of the price of the beer. 
What was the price of each per barrel 1 

18. Two numbers are to each other as 9 to 10 ; but if 6 be 
added to each, the stuns will be as 10 to 11. What are these 
numbers T 

19. A man built two pieces of wall, one of which was 20 rodi 
longer than the other ; for the shorter he was to have 93 a rod, 
and for the longer (4 a rod ; now the whole price of the former 
was to that of the latter as 3 to 8. What was the length of 

' each piece ? 

SO. A gentleman has two horSes and one chaise ; now if the 
first horse, which is worth $100, be harnessed, he, with the 
chaise, will be twice the value of the second horse ; but if the 
second horse be harnessed, he with the chaise, wilt be four times 
the value of the first horse. What is the value of the chaise and 
of the second horse 1 

31. A man bought a horse, and afterwards paid $50 for keep- 
ing him ; he then sold him for ^ of what he had already cost in- 
cluding the keeping, and received for him $20 more than he first 
' gave. How much did he pay for him at first ? 

33. Two'cars run on different rail-roads ^ the ^eed of the 
second is 2 miles an hour greater than that of the first ; and the 
distance passed over by the first in 8 hours, is ^ of that passed 
over by the second in 9 hours. What is the speed of each per 
hourT 

33. A gentleman started on a journey with a certain sum of 
money ; afler having had $60 stolen horn him, he expended one 
third of what he had lefl, and found that the remaining two thirds 
wanted $90 to be equal to the sum which he carried firom home. 
How much money had he on commencing his journey T 
oogic 
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24. A man having a gold watch, paid $10 for repairing it, 
and then exchanged it for two silrer watches of equal value, and 
after paying C5 for repairing one of these, he found that it had 
coat him $65. What was the value of the gold watch at first 1 

25. A shepherd, in time of war, was plundered by a party of 
soldiers, who took ^ of his flock and ^ of a sheep ; another party 
took firom him ^ of what he had left and ^ of a sheep ; then a 
third party took j- of what remained and j- of a eheep ; after 
v^iich he had but 34 sheep left. How many had he at first ? 
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Art. 14. 1. A and B commenced business, A with twice as 
mach money as B ; A gained ^0 and B lost ^10 ; then the 
difference between A's and B's money was ^0. How much 
did each begin with 1 

Suppose we knew, that B had ^40 and A £S0, when they be- 
gan. Then, after A had gamed ^0, he would have SO -f- 20, 
or ^100 ; and B having loat ^10, would have left 40 — 10 or 
£30 ; now to find the difference, we mu9t subtract 30 fi'om 100, 
which leaves 70. But, as in algebra most of the operations can 
only be represented, let us see how we can represent the prece- 
ding subtraction. Instead of 100 put its equivalent 80 -|- ^i 
and instead of 30, its equivalent 40 — 10 ; our object is to sub- 
tract the latter from the former. If we subtract 40 from 80 -f- 
20, it will be represented thus, 80 + 20 — 40, which is the same 
as 60; but we wished to subtract only 30 or 40 — 10; we have 
therefore subtracted too much by 10, and the remainder is too 
small by 10, consequently 10 must be added to 80 -|- 20 — 40, 
which then becomes 80 -|- 20 — 40 + 10 or 70. Hence we see, 
that, to subtract 40 — 10, we must change the + 40 to — 40 
and the — 10 to + 10. 
3 
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Now to Bolve the questioa ; let z ^ B'a money ; 
then 2 1 ^ A's money. 

When A had gained ;£20, he would have 2 x -f- 30 ; 

and B having lost £10, would have x — 10. 

Subtracting B's from A's gives 2i + 20— x + 10. 

For I — 10 is less than x by 10, and if we subtract x, we sub- 
tract too much by 10 ; the remainder then, after i has been sub- 
tracted, being 10 too small, 10 must be added to correct it. 

Hence, 21 + 20 — 1 + 10 = 70. Reducing the first 

member, 2 + 30 z= 70 ; transposing and reducing, 

I = ^40, B's money ; 2 1 = ^0, A's money. 

2. Divide 40 into two parts such, that if three times the less 
be subtracted from twice the greater, the remainder will be 5. 

Suppose X := the greater part ; 
then 40 — x =: the less part. 

For if the greater were any known number as 30, for example, 
the less would be the remainder of 40, which is 40 — 30 or 10 ; 
or if the greater were 28, the less would be 40 — 28 or 12. So 
when the greater is represented by i, the less will be 40 — x. 
Twice the greater is 2 z, and three times the less is 130 — 3 1, 
which, being subtracted from 2 z, gives 2 1 — 120 + 3 1. 

Hence, 2 z — 120 + 3x^5. Transposing and reducing, 
5 a ^ 125 ; hence, x =: 25, the greater part, 
and 40 — 25 = IS, the less. 

Art. 15. It follows from the preceding questions and explana- 
tions, thai any quantity is subtracted by changing the signs of 
all its terms, and toriting it after the quantity from which it is 
to he suhtTocted. 

1. A man has a horse and chaise, which together are worth 
5400. Now if the value of the chaise be subtracted from twice 
that of the horse, the remainder will be the same, as if three 
times the value of the horse be subtracted from twice that of the 
chaise. Required the value of each. 

3. A vintner has two equal casks full of wine ; he draws 20 
gallons out of one and 40 out of the other, and tinds the differ- 
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ence between the number of gBllons remaining in the two culu 
equal to one fourth of what each cask contnined at first. How 
many gallons does each cask hold 1 

3. Divide the number 60 into two parts, such that the greater 
subtracted from 50, shall be equal to three times the less sub- 
tracted from 90. 

4. A poulterer had a certain number of geese and twice as 
many turkeys ; afler having sold 10 geese and bought 30 turkeys, 
he found that if he subtracted J- of his number of geese from bis 
number of turkeys, the remainder would be the same, as if be 
subtracted -^ of his number of turkeys from four times his num- 
ber of geese. How many of each had he at first I 

Let X ^ the number of geese ; 

then 2 z ^ the number of turkeys. 
After selling 10 geese and buying 30 turkeys, he would have 
X — 10 geese and 2z-(-.30 turkeys. Then, according to the 
conditions of the question, 

„ , „« 3 1 — 30 ^ „ 16 X + 240 „ , . , 
3i + 30 g = 4x — 40 X . Multiply- 
ing by 5, 
lOz+150 — 3t + 30 = a0z — 200 — '^'^^" ; multi- 
plying by 3, 
301 + 450 — 9x + 90 = 60j — 600— 16z — 240; Uans- 
poslng and reducing, 
— 23 z ^ — 1380 ; changing the signs, 
03 x = 1380 ; dividing by 23, 

z ^ 60, the number of geese ; and 
2 z = 120, the number of turkeys. 
Observe that, aAer the equation was formed, in multiplying by 
5j 3z was changed to — Zx, and — 30 to -|- 30 ; for, the sign 

— preceding the fraction, belongs to the whole fraction, and not 
to any particular part of it, and when the fraction is multiplied 
by 6, the numerator is to be subtracted ] consequently 3 z, which 
is supposed to have the sign -\-, must be changed to ' — 3 z, and 

— 30 to +30. 

^izcjj.Googlc 



98 cuDATioNa or tbe first dbokee. VI. 

Also, in multiplying by 3, both the terms 16 z and 210, being 
fifiected by the sign +, must receive the sign — . If, however, 
these fractions had been preceded by the sign -|-, the signs of the 
tiumeratois would have remained unchanged. The same remarks 
are ^plicable to all similar cases. 

Care must be taken also, when fractions are preceded by the 
signs -\- and — , to make these signs stand even with the lines 
separating the numerators and denominators. 

5. A farmer has 60 tons of hay ; of this he sells a certain por- 
tion, and finds that ^ of what he sells subtracted from | of what 
he retains, gives the same remainder, as f of what he retains sub- 
tracted from ^ of what he sells. How many tons does he sell T 

6. Two men, A and B, set out on a journey, each with the 
same sum of money. A spends $40, and B $30 ; then f of A's 
money subtracted from J of B's, would give ^ of what each car- 
ried from home. How much money bad each on commencii^ 
the journey t 

7. Divide 147 into two parts, so that ^ of the less subtracted 
from the greater, shall be equal to ^ of the greater subtracted 
from the less. 

6. A vintner had two casks of wine, each containing the same 
quantity ; from the first he drew 10 and from the second 40 gal- 
lons ; he then drew from the first ^ as many gallons as the sec- 
ond contained after the first draught, and from the second ^ aa 
many gallons as the first contained afler the first draught, and 
found the number of gallons remaining in the first cask to the 
number remaining in the second as 7 to 3. How many gallons 
did each cask hold t 

9. A market woman having a certain number of eggs, sold 30 
of them, and found that § of what she had lefV, subtracted from 
what she had at first, would leave ^ of what she had at first. 
How many had she before she sold any 1 

10. A man having a lease for 100 years, on being asked how 
much of it had already transpired, answered, that } of the time 
past, subtracted firom g of the time to come, would leave the 
same remainder, as if i^ of the time to come were subtracted 
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from ^ of the time paat How many years had already tr&us- 
piredl 

11. There ia a pole consisting of three parts ; the middle put 
is 4 feet longer than the lower and 4 feet shorter than the upper 
part ; moreover, if ^ of the upper part be subtracted from % of 
the lower part, the remainder will be the same, as if f of the 
middle part be subtracted from ^ of the upper part. What is 
the length of each part and of the whole pole 1 

12. If a certain number he auccesaively subtracted from 36 
and SS, then ^ of the first remainder be taken from j of the sec- 
ond, the last remainder will he 10. What ia that number 1 
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Art. 16. It may he remarked, that the addition, subtraction, 
multiplication and division of algebraical quantities, cannot, 
strictly speaking, be actually performed, in the same sense as 
they are in arithmetic, but are, in general, merely represented ; 
these representations, however, are called by the same names as 
the actual operations in arithmetic. 

A monomial, or simple guantiti/, consists of only one term 
(Art. 4) ; as a, b e m, or — . 

A binomial is a quantity consisting of two terms, as a-\-b,am 
-xy, or -?- + «>». 

A tritumtal ia a quantity consisting of three terms, as a -f~ ^ 
~cd. 

Polynomial ia a general name for any quantity consisting of 
several terms. 

Moreover, any quantity containing more than one term, is 
called a compound quantity. 

DiMiicdByGoogle 
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Art. 17. The product of two simple quantities, Buch as a and 
h, is expressed, either by writing them with the aign of multipli- 
cation between them, as a 'X b oi a . b, oi bj writing them after 
each other without any sign, as ab. The last form is most 

It is evidently immaterial in what order the letters ate written ; 
for, suppose a =. 5, and 6^7; 5x7 is the same as 7 X 6 ; 
hence, the product of a by b may be written either ab oi b a. 

In like manner, the product of a, b and c may be written a be, 
aeb,bac,bca,cbaoTcab. It is most convenient however 
to write them in the order of the alphabet. 

The product of Sab by 2c d might be writen 5a62cd; 
but, as the order of the factors is unimportant, we may place the 
numerical factors next to each other, thus, S X'i abed, or per- 
forming the multiplication of 5 by 2, we have 10 abed. But 
we could not write Seabed, as the product of 5 a 6 and 2ed, 
because the value of a figure varies according to its place. If 
we wish to represent the multiplication of the figures, we must 
separate them either by letters, as 5 abZ ed, or by the sign of 
multiplication, as5 X 2 ab e d oi 5 .2abc d. 

The same result, lOab cd, ma; be obtained by another course 
of reasoning ; d times 5 ab is & ab d, cd times 5 ab ia c times 
as much, ot 5 ab ed, and 2 c cf times 5 a 6 is twice as much as 
this last, or 10 abed. 

By a similar course of reasoning, Sac, ibd and 3 m n, multi- 
plied together, would produce 60 ab cdmn. 

We see from the preceding examples, that the product of two 
or more simple quantities, must consist of the product of the co- 
efficients, aod all the letters of the several quantities. 
1. Multiply 2 a VI by 7 be. 6. Multiply 13 z y by 12 a. 

3. Multiply 65 by 13c. 7. Multip^ 4py by mn. 

3. MultipIjSxy by 7aA. 8. Multiply lOjt by Sam. 

4. Multiply 4ar by 6pq. 9. Multiply 7 j by 3 m j. 
6. Multiply 3^ A by 17 a x. 10. Multiply 45 z by 2 a ;. 

11. Multiply a a by a a a. 
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The product in the last question would be, according to the 
principles given above, aaaaa. But when the same letter en- 
ters into a quantity several times as a factor, instead of writing 
that letter ao many times, we may write it once only, and place 
a figure a little elevated at the ligbt of it, to show the number of 
times it is contained as a factor. Thus, a a ia written a^; a a a, 
a^, aod aaaaa, a^. 

A product must always contain all the factors both of the mul- 
tiplicand and multiplier. In the present case, the letter a is 
twice a factor in the multiplicand, and three times in the multi- 
plier ; therefore, it must be contained five times as a factor ia 
the product ; that is, the product of a^ and a^ is <fi. 

Id like manner, the product of ^a^b^ mi Aa }fl is \^a?1fi; 
for, each letter must be contained as a factor in the product, oa 
many times as it is in both multiplicand and multiplier. Also 
the product of 4 a 6, 3 a 6^ and 2 a^ 6 m, is 24 o^ 64 m. 

Art. 18. This figure, placed at the right of a letter, is called 
the iwkx at erponait of that letter, and aflects no letter except 
that after which it is immediately placed. Aa exponent then 
thowi iote many limes a Utter is afactvr in any quantity. 

Letters written with exponents are called powers of those let- 
ters ; thus a^ is called the second pmner of a, a^ the third power, 
a^ the fourth power, &-c. ; and, for the sake of uniformity, a, 
which is the same as a^, is called the first power of a. When a 
quantity is written without any exponent, it is supposed to have 
1 for its exponent. 

In some treatises a^ is called the square, and o^ the cvbe of a ; 
but these names belong to geometry rather than algebra. The 
words, square and cube, however, have the advantage of con- 
ciseness, and will occasionally be used in this work. 
Figures also may be written with exponents ; thus, 
2' =2. 

2' or 2 X 2 = 4. 
2» or 2 X 2 X 2 =: 8. 
2^ or 2 X 2 X 2 X 2 = 16. 
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The expression o^ &^, if 2 be put instead of a, and 3 instead of 
b, becomes 2^ X 3«"or 2X2X2X3X3 = 79. 

Exponents must be carefully distin^ished from coefficients ; 
for, 3 a and a^ have very different significations. Suppose a ^ 
10 ; tlien 3 a would be 3 X 10 or 30, but o^ would be 10 X 10 
X 10 or 1000. 

Prom the preceding examples and obserrations, we derive the 
following 



Art. 19. Multiply the coefficients together, and torxte after 
their product all the different letters of the several quantities, 
giving to each an erponent equal to the sum of its exponents in all 
the quantities. 

I. Multiply a^ ly> by 7 a^ h\ 

In tliia question, the coefficient of the multiplicand is 1, and 
that of the multiplier 7, the product of which ia 7 X 1 or 7 ; the 
sum of the exponents of a is 5, and the siun of the exponents of 
6 is 6 i hence, the answer is 7 o' 6*. 
9. Multiply 9ie by 6 a 6. 

3. Multiply 7 «3 6« by 43 a. 

4. Multiply 'ia^m^x by 23 a* m*. 

5. Multiply 21 a by 19 a m x. 

6. Muhiply 11 13 y* by x^y*. 

7. Multiply Gahcd by 12 a" fcs c^ cP. 

8. Multiply 73 m* i* by 2 m^ n\ 

9. Multiply S a» 63 (4 d by 26 a8 64 (.9 rf. 
10. Multiply ^pqx^y"* h^ VB,p^qx^y'. 

II. Multiply 2F»3j; by Gcfih^n^^. 

12. Multiply 63 a r (3 by ^a^rt*y. 

13. Multiply 11 rSyS by 12i<yp3. 

14. Multiply Hamnp by Za^p*nm?. 

15. Multiply JS^ayai by 3iya3. 

16. Multiply \7fSalflehy a*x. 

17. Find the product of 10 o^, 3 a 6", and 7 a 6 «. 

18. Find the product of 3 c*" I, 2 1 y, and9;»i'y'. 
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19. Find the product of ^x^y'^,6ax y, and Tp z^ y*. 
aO. Find the product of J a^ m*, ^a%^ y», and 12 a n» i" 
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Art. 30. When eeveral simple quantities are connected to- 
gether by the signs -|~ and — , they form a polynomial or cen*- 
pound quantity. But such polynomials can frequently be re- 
duced to a smaller number of terms. This can be done when 
aome of the terms composing the polynomial, are similar. 

Art. 31. Simitar terms are ikose tohieh are enlireli/ alike teith 
regard to the letters and exponents. 

N. B. In determining the similarity of terms, no regard is to 
be paid to the numerical coefficients, or to the order of the let- 
ters. 

The terms 3 a & and 5 a b are similar ; so are 6 a° 6^ and 9 <fi V. 
But 2a^^ and i^lfi me not similar, because the exponents of 
a, as well as those of b, are different in the two quantities. 

Suppose we have the polymonial 6a^b — 2mn-|-4a^&-f- 
6 M n. Here 6 a> 6 and 4 a^ b are similar, and it is evident that 
6 times and 4 times the same quantity make 10 times that quan- 
tity; hence, 6a^b+ia^b ia I0a^6; also, — ^mn + 6mn, 
ai 6mn — 2t»R, is-|-4tnn; the given polynomial, therefore, 
becomea]0«3 6-|-4mn. 

Again, take the polynomial, 24 fcs (3 — 3abc^ + 2l^ifl — 5pq 
_6a6e9_2py_3,„Ss. Here,24 6^e3 + 263e3 = 266^c3 ; 
— Sabc" — 6abc^ = — 9abc^; and — Spq — 2pq = — 
1p q ; hence, the given quantity becomes 36 6* t^ — Qabc* — 

Suppose the followingpolynomial given, viz: 2a^6c' — iifibc 
-J. 12 a" 6 c" — 4 a3 6 c + 12 a3 6 c + 5 a« 6 c" _|. 3 a3 6 £ _ 
10 a* 6 1^ — a" 6 c'. First, collect the positive terms of one kind ; 
2a^be^+l^a^bc^ + Sa^bc^=l9a^bc^l then collect the 
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negative terms of the aame kiod; — lOa'fic* — ^bc^:= — 
lla'6«'; the fi¥e terms, therefore, are the same as 19o*6c^ — 
lla^bc^ OT 8 a" 6 c^. In like manner, the positive and negative 
terms of the other kind being separately collected, give IStfibe 
— Sd^tcor 1 <^bc. The polynomial therefore becomes 8 a^ it* 
+ 7a36c. 

Sometimes the sum of the negative terms exceeds that of the 
similar positive terms ; in suchcases, we must take thedifiermce 
between the two sums and give it the sign — . 

Suppose we have m + Safi" — 13a63+I0Bft3_]2a69; 
collecting the similar positive and negative terms separately, we 
haveffl+18a6a_25a6^; this b the same as m+18a6a — 
18a6s — 7«R But +1806" and — ISoJa destroy each 
other, and the result is m — 7 ab^. 

Art. S9. Hence we derive the following 



Unite all the similar terms of one kind affected with the sigii 
+, by adding their coefficients and uritijtg the sum before the 
common literal quantity ; unite, in like manner, the similar terms 
of the same kind affected with the sign — ; then take the differ- 
ence betieeea these two sums, and give the result the sign of the 
greater quantity. 

Remark. The learner will be less liable to error, if he take 
the precaution to mark the terms, as he redud^ them. 

Reduce the following polynotoiab to the least number of terms. 

1. 6a^b~8a^b — 9<^b-\-i5a^b—ah^. 

3. 7abc^—abc^—7abc^—8abe^+]2abc'. 

a 16a6e3 + 5a&»c + 7a36c — I0a6c3_7a36e — 4»iB 
— 4a63c— 6a6» + 2a6c3. 

4. l'2^cr+l6m^n^—c + iep^r + Zc + 7gh — \7p'er 
_-12mSn3— 2c + 3niSna. 

5. 6mnr+ll j)3j— 17mnr + 3ic— 2aj>»5 + 18ni»r 
-{■Sp^q — Smnr-\-7bc. 

6. 22i> — yS + Sia + Si'— 7i« + w + 7y3_]63^3-(-3ni 
+ 7m + i' + 2y'— 61B. 
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a'mp-^Gamp^ — Samp^—l^a^mp-i-lOt^nip. 

8. (i6c3 + 7mnV^+6a6cS+9afci'(,_|_i2ma„_|_2a6c3 
+2m«n2j3r4 — 7a6ca-|-2afic2— I0ab<' c — 6mifi p^ r* + 
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Art. 33. The addition of positive numomtals or sintpk guait- 
titles, conaists merely in writing them after each other, and gir- 
iog to each of them the sign +, except the first, which is also 
supposed to have the sign -|-. Thus, to express the addition of 
a and 6, we write a-\-b or b-\-a. Also, to signify the addition 
of a, b, c and d, we write a-\-b-\-c-\-d. Id like manner, the 
addition of ab,3xi/, and 4inn, is expiessed thus, ab-\-3xy-\- 
4 BIB, The Older of the terms, as was ohserTed in Art. 9, Is 
unimportant. 

Art. 34:. If it were required to add together the polj/nomials, 
a-{-b-\-c, and m-j-tt, in which all the terms are affected with 
the sign +, the process would evidently be the same, as if it were 
required to add together the separate terms of which these poly- 
nomials are composed ; that is, we should write them after each 
other, giving the sign -{- to every term except the first; and the 
sum would bea+i + c+m + n. 

But if some of the terms in the polynomials to be added, have 
the sign — , they must retain the same sign in the sum. Take 
an example in arithmetical numbeis. Let it be proposed to add 
10— 3 to 12; 10 — 3 18 7; we wish then to add 7 to 12. But, 
if we first add 10, which is expressed thus, 13+10, the sum is 
loo great by 3 ; therefore, after having added 10, we must sul> 
tracts, and the true sum is 12+ 10 — 3 or 19, 

Let us now add b — c to a. First add b to a, and we have a 
•{•b ; Ibis is too great by e, because the quantity b—c, which 
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was to be added, is less than b by the qaantity c ; therefore, aAer 
haTing added 6, we must subtract e, and the true result is a-\- 
b — c. 

We see, in these instances, that we have merely written the 
terms after each other without any change in their signs ; and the 
reasoning used in explanation of the process, is applicable to the 
addition of all polynomials, in which some of the terms are af- 
fected with the sign — . 

The sum of the polynomials tfib-\-Sc — 4a and 12 c -{- 6 <^ & 
— 3o is a^b-\-3c — 4a+l2c + 6^b~Za. But this sum 
contains similar terms, which may be reduced, according to the 
principles given in Art. 33. This reduction being made, the 
Bom, in its simplitied form, becomes 9<flb-\-l5 c— 7 a. 

Art. 39. From what has been said above, we deduce tbe fc^ | 
lowing I 



Write the several quantities one after another, givitig to eadt 
term its proper sign, and then reduce the similar temu. 

Observe, that those terms which have no sign, are supposed 10 
have the sign +. 

1. Add together 4 a, 6 6, 7 c, 9 a, 
3tt + 6,6e,4d, 
and4a-|-3e — 46. 
a. Addtogether3n6 — 4ed,inSii, 

9ab-\-8ed,ant^n^m, 
and 4 m. 

3. Add together 3ti6 + 4«;d—iii», 

icm — 7cd+3ab, 
Uab + Scd+Gm^. 

4. Add together nfi, 

aa69+6».a— emu, 
4o»6a— 12nin+8nia, 
4xy--7m^ + 3b + 8tfitfi. 
6. Add together Il&c-f4a<f—6ac-f5c(;, 
8ac + 7bc — 2ad+4mn, 

. ^'iiri^-GoOl^lc 
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2cd—3ab-\-5ae + a», 
9ai»— 26c — 2ad + 5cd. 

6. Add together 5 a -|- 4 6 — 3 £, 

8 — 7d, 
3a— 12«, 
7e — lOrf— 4, 
16 — 3c + 5. 

7. Addtogetber36— a— c — 115(/, 

6e— 5/— rf, 
8a_26_3c+37e, 
3e — 7/+56 — 8c, 
17c — 66 — 7a, 
ll/_5e + 9d+^_3a, 
6e— 5e— 3d— 9/. 
•a Add together 4a»6 + 3c3rf—9Bi«»i, 

4 m" n -f a63 + 5 cSrf-j- 7 oS 6, 
6 mS n — 5 c3 rf + 4m «"- 8 a 6», 
7m»» + 6e3d — 5w»n— 6a9 4, 
7c3rf— 10a6 — 8n.»n — lOrf*, 
12 <^ 6 — 6 a 6" + 3 e3 d + m ». 
9. Addtogether3a6a + 3ae''— 8ci'' + 96aj:_8AyS, 

19 a c9 _ 8 6« I + 9 a» + 6 A y + 2 t y3, 
3 o 63 + 7j. yS" — 10 it y + 3a' -|- 3 1, 



SECTION X. 



Art. 30. We have already seen, that a simple quantity is snt^- 
tracted, by giring it the sign — ; thua, to subtract b from a, we 
write a — 6. 

We are now to show how to subtract polynomials. If it were 
required to subtract 7 -|- 3 fiom 13, it is evident that 7 and 3 
4 
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must both be aubtracted, which ie expressed thus, 12 — 7 — 3. 
In like manner, if & -|- c is to be subtf acted fiom a, b and c most 
both be subtracted, thus, a — 6 — e. 

But if some of the terms in the polynomial to be subtracted, 
have the sign -— , the signs of these terms must be changed to -(-. 
Suppose it were required to subtract 7— 5 from 10; 7 — 5 is 3, 
and 3 from 10 leaves 8. Now if we subtract 7 from 10, which 
is represented thus, 10 — 7, we subtract too much by 5, and the 
remainder 3 is too small by 5 ; consequently, after having sub- 
tracted 7, we must add 5, and the true result is 10 — 7-|-5or8. 

Now let us subtract 6 — c from a. First subtract 6, and we 
obtain a — h; but b is greater than 6 — e by c ; therefore, as we 
have subtracted too much by c, the remainder is too small by c; 
we must, consequently, add c to a — b, and we have a — b-\-e 
for the true result 

The same reasoning is applicable to the subtraction of all 
polynomials containing negative terms. 

Art. 37. Hence, we deduce the following 

StlLK roa THE aCBTXACTIOIT Ot Al-OKBHAIC QDAtfTtTIBS. 

Change the sigrts of all the terms in the quantity to he subtract- 
ed, and write it after that from whicA it is to be subtracted ; then 
reduce the similar terms. 

1. From 8 a 4- 4 6, subtract 3 a — fib. 

Changing the signs of the latter quantity, and writing it after 
the former, we have 8a-\- ib — 3a + 2 6, which reduced, be- 
comes 5a-\-6b. Ans. 

2. From4aS— 36e,subtract2a6— 66e. Ans.2o64-36c. 

3. From4a6 — 3e'» + 6c, subtract o 6 — <^ — 2 6 c. 

4. From Sac — 8ab-^Qbc — 4a m, subtract Sam- 2 a i 
+ ll<ic — 7<:rf. 

5. From3»t—8i— 7/, subtract 3rf— 5m— 2x—6/+a 
Art. 98. Sometimes it is convenient to represent the subtrac- 
tion of polynomials, without actually performing the operation. 
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This is done by enclosing the quantity within brackets or a paren- 
thesis, md prefixing the sign—. Thus,6a& — 3c4-(f— (3a& 
— ic-\-2d) signifies that Zab — 4 c -|- 2 ff is to be subtracted 
from Gab — 3c-\-d. Performing the subtraction indicated and 
reducing, remembering that Sab within the parenthesis has the 
+ sign, we obtain 3 a 6 + c — d. 

According to this principle, a polynomial may be made to on- 
dergo various transformations. 

For example, 3ab — a — b is the same as 3 a — (a-|-i); for, 
when the subtraction, indicated in the latter expression, is per- 
formed, it becomes 3 a 6 — a — 6. 

In like manner, 7a^ — 8a*6 — 46^c + 66' is equivalent to 
7(^— SoSfi — (4 63c — 6 63). 

Let the learner perform the subtraction indicated in the fol- 
lowing examples. 

1. 27 oiSi — 26c + 4*3 + 3(11 — (9fl^x+46c — 6ia_j 
+ 4a* + 6). 

2. 28oi3— 16<»ai3 + 25a3z— 13o*— {ISaxa + aOd"!* 
— 24a3i — 7o«). 

3. 30a6 — 6ftca + 2 6=— 45 — (4a6+i2 6c«— 34 6■- 
ea+m9I_92). 

4. Sflaiy — SfiiSy+lTcirya— 9y5 — (a"iy + 3daay 
-13«zyS + 20y''). 

5. 63x3y» + 24a;y + 6aca_e(p+6e3d — (45iV — 
a4iy— 3 6!'c'' — 2ctP + 4e'rf— m). 

Art. 39. The reverse of the process in Art 38 is sometimes 
very useful, viz : putting within a parenthesis part of a polynomi- 
al, and placing the negative sign before the parenthesis. To do 
this, it is only necessary to change the signs of all the terms, 
placed within the parenthesis. 

Thua,a + 6 — c = o— (— 6-|-e) = «— (c— 6);alao,4a6c 
—6c^d-\-m^—7pq = 4abc — {6c^d—m^ + 7pg). 

Let the learner throw the last two terms of each of the fol- 
lowing quantities into a parenthMis, preceded by the negative 
sign. 
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am — be-\-dm. 
I. abe—d<' — 3my + xy. 
I. 0+6 — c — d. 
:. ^ + lfi-\-2ab — a~h. 

'. 7m»-|-xS— pj + y3. 
SECTION XI. 



Art. SO. Multiply 10 -f 3 by 7. It is manifest, that 10 sad 
8 mutt both be multiplied by 7, and the products added. 
Operation. 
10-f 3 



70 + 21 = 91 = 13X7. 

So, to multiply a-f- 6 by e, each of the tenns, a and b, must 

be multiplied by e, and the products added. 

Operation. 

a + 6 

ae-\-be 
If there are eevera] terma in both multiplicand and multiplier, 
all the terme of the former must be multiplied by each term of 
the latter. 

Multiply 6 -|- 3 by 7-\-&. Here ne must take 6 + 3 seven 
times and five times, and then add the products. 
Operation. 
8 + 3 

7 + 5 

66 + 21+40 + 15=132. 

o.;lc 
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If both quantities be reduced before multiplying, and then 
their product taken, the result will be the same ; thus, II X 13 
:=132. 

• In like manner, if a -|- 6 ia to be multiplied hye-\-d, we must 
maltiply a + 6 by c and then by d, and take the sum of the pro- 
ducts. 

Operation. 



ac + be + ad+bd. 
Let us suppose now that the multiplicand contains a negatire 

Multiply 10— 6by3. The multiplicand, 10— 6, ia 4, and3 

timea 4 is 12. But, if we multiply 10 by 3, the product 30 is too 

great by 3 timea 6 or 18, which must therefore be subtracted 

from 30 ; the true product then is 30 — 18 or 12. 

Operation. 



So, to multiply a — 6 by c; if we first multiply a by c, the 

produa a c is too great by c times & or i c, which must therefore 

be subtracted from a c ; the true result then is a e — be. 

Operation. 

a — b 

ac — bc. 

The term — be in the product, shows, that when a negatire 
term, as — 4, ia multiplied by a positiFe term, as +c, the prcv 
duct must be negative. 

Now let both multiplicand and multiplier contain negative 
terms. 

Multiply 18 — 3 by 13 — 5. If we reduce both numbers, 
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sod then multiply them together, the product ia 15 X ? or 165. 
But to peiform the operation without reducing, we first mul^j 
18 — 3 by 12, which gives 216 — 36; but, as we wished to take 
18 — 3 only 12 — 5 or 7 times, ve have taken it 6 times too 
many times ; we must, therefore, subtract 5 times 18 — 3 or 90 
— 15 from 216— 36. which gives 216—36 — 90 + 15. See 
Art 37, 



18 — 3 
12 — 5 



216 — 36-90 + 15 = 105. 
In a similar manner, to multiply a — b by e — d, we first take 
e times a — b, which, as we have already seen, is ac — be; but 
as we wished (o take a — b only c — (/times, we hare taken it (J 
times too many times. Now d times a — b, d being considered 
as positive, is ad — bd; this then must be subtracted Scorn ac 
-~bc, and we have ae — be — ad-\-bd{oi liie true product of 
a — ftby e — d. 

Operation, 
a—b 
e — d 



ae — bc — ad-^-bd. 

We see that the terra -—ad is produced by muhq^ying + a 
by — d; hence, if a positire term be multiplied by a negative, 
the product must be negative'. Moreover, the term -\-bd is pro- 
duced by multiplying — ft by — d; therefore, if two negative 
terms are multiplied together, the product must be positive. 

Art. 31. From the preceding explanations, we derive the fel' 
lowing 



1. Multiply aU the terms of the multiplicand by each term of 
the multiplier ieparately, according to the rule for the muUipSca- 
tion of simple quantities. 

DiMiicdByGoogle 
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9. With regard to tht rigns, observe, th^ if t\6 tmo termt to 
be muUipUed together, have the same sign, either both -\- or both 
r-, the product must have the sign -\- ; but if one term hat the 
sign -f- and the other the sign — , the product must haue the 
§ign~~. 

3. Add together the several partial products, reducing termt 
which are similar. 

1. Multiply 2 (i&-|-ie-(- 3 xy 

by 3a6-i-26c 

6a^b^-\-3ab^c-\-9abxy \ Parti«l 

+ iab^c-{-Zb^e^+Gbcxi/ifTodatitB.^ 
6a^b^-\~7ab''c-\-Qb»c''-{-9abxg + 6bcxs; 
which is the! result reduced. 

ReMork. It ia convenient, in order to fkoilitite the reduo 
tion, to place similar terms, in the partial products, under each 
ather. 

2. Multiply 

4a»— &a^b— 8a63^2j3_by 

2a«— 3a b— 4 6^ 

8<i5 — lOo^i— 16a36a + 4«2J3 1 p ^^ i 

— I2(i*i + 15o363^24a3j3_ Qab* } '\^, 

— 16 gS 6^ + 20 flg &3 ^ 32 g 6*— 8 6» ) products. 
8«5— 22 a* 6 — 17 0368^48 03 63 -I- 26a 6*— 8 J3. Reaultr©- 
duced. 

3. Multiply 

o5 -f a* ft + oS fts _|_ aS 63 _j_ n _6« + fts, by 



a8 + aS6 + a^62+a3j3_|_aaj4_|_a8S » panial 

~ash~a*b^—a^b^ — a^b^ — abs~b« i products, 
efi — 6*. Result reduced. 

4. Mnltiply 3 a — 3by a + 4. 

5. Multiply a« + 2aft + 26a by o2 — 2a6 + 2ia. 

6. Multiply 7ab — 3at^+ic^tP by iae^ — Zab~ 

7. Multiplyl4(^e — 66c+12iy« — e^by 9o»e+66e 

D,M,IcdB,GOO«IC 
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e. HuHiplr 3 d* ft — 4 (^ A* -)- 6 oO (3 — a &< by a> — 3<ib 

9. Miiltiplyl4fts+a8*'c — 7fcc« + eSby36»— 66c — 2.^. 

Art. 89. Sometime! the multiplicatioa of polynomials is indi- 
cated, without being actually performed. This is done by 
placing a horizontal straight liae, called a vinculum, over each 
of the polynomials, and writing them after each other irith the 
Bign of multiplication between them ; or, by enclosing each in a 
parenthesis, and writing them after each other, either with or 
without the sign of multiplication. Thus, each of the exprea- 
sions, a + bXm — n, 7+1 .m — n, (a-j-ft) X (»t — «), 
(a-|-&} . (m — n), and {a-\- b) (m—n), represents the multijJv 
cation of a + fi bym — n. 

The last mode of representation is generally preferred ; but 
we must be careful to include each polynomial in a parenthesis ; 
for, (a + b)m — n indicates that a ~|- 6 is multiplied by m only, 
and that n is sabtracted from the product. 

In like manner, (a-\-b){m — n){x-\~y) indicates that the 
first polynomial is multiplied by the second, and that product by 
the third. 

Let the learner perform the operations indicated in the follow- 
ing examples. 

1. («> + 2a6-.s)(a-S). 

2. (o> + 2<<"i — 24«)(a' — 2nn + 24«). 

3. (».»+rf„ + »»« + «>) (»-,) («< + »')■ 

4. (i^ + i» + o«)(4+e) + (a« — S" — cS)(S — «). 

In the last example, the tiist polynomial is to he mnltiplied by 
the second, and the third by the fouith, and then the products 
are to be added. 

5. (3.« + 6.j, + 3j,>)(.-j,) + (4.«-6.,-3j»)X 

(' + ?)■ 

6. (I — o — i)(4iic— 2) + (2i + 2a + 3S)(3<ic + 2). 

7. (o" + 2o5 + 4>)(c + i0 — (o^ — 2«» + »°) <« — ■')■ 
In this last example, the product of the last two polynomials is 

to be subtracted from the product of the first two. 

^ ooulc 
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8. (4i» — 4iy + c<')(a + 4) — (a9m + xy)(es — d»)X 
(a+x). 

9. fta(i36eflt_7c3^)_ei.(69cis_18c3xa). 

10. (112 — 4x + «9)(6 + 4)+a"(10 + 66c — 7«a). 
Art. 33. The following caaea of multiplication deserve pai- 

ticular attention, on account of the practical ^plication, which 
will hereafter be made of the results. 

Let a and h represent any two quantities ; their sum is a ~{- 6, 
and their difference a— 6. Multiply a -|- 6 by a — 6, 
Optradon. 

a — 6 

— g & — 6a 

The product, a^ — fr^, is tiie difference between the second 
power of a and the second power of b. Hence, 

The sum of two quantities vmUiplitd by their difftrence, gives 
the d^erenee of the second poieers of those quantities. 

Sujqtose, for ejcample, two numbers, 10 and 4 ; then, (10 -^ 4) X 
(10— 4) = 100 — 16 = 84. 

In like manner, <3 « + 4 &) (3 a — 4 fi) = 9 1^ — 16 &». 

Art. 34. When a polynomial is multiplied by itself, the re- 
sult is called the iecondpcmer of that polynomial, and when it is 
multiplied twice by itself, the result is called the third pouter. 

Find the second power of the binomial a-\-b. 
Optration. 
fl + fc 

a^ + ab 

aa + Saft + ja. 
Hence, the second power of the sum of two quantities, coTttains 
the second power of the first quantity, plus twice the product of 
the first by the second,plus the seeondpower of the second. 
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Suppose the two numbers 13 and 3; then, (13 + 3) {12-f-3) 
=z 144 + 73 -f- 9 ^ 235, In like manner, the second power of 
3o6 + 2cor (3ab + 2c) (3a6 + 3c) = 9 «"*« + 12a fce 
+ 4ca. 

Art. 33. Find the second power of a — 6. 
Operation. 



a^ — ta 
~-ab + b» 



o» — Safi + fc". 

This differs from the second power of a -f- 6 only in the sign 
of 2 a 6, twii:e the product of the two quantities, which is in this 
case minus. 

Suppose the two numbers S and 3 ; then, (8 — 3) (8 — 3) = 
64 — 32 + 4 = 36. In the same manner, (66c — 2») X 
(6fte— 3M) = 366»e'' — 24 6«B. + 4ra3, 

Art. 39. Let the learner multiply the second power of a +4 
by a + 6 ; the result, that is the third power of a + 4, ia 
tfi + at^b + 3ab' + b^. 

Hence, the third power of the sum of two qutoUities, emitmns 
the third poioer of the first quantity, plus three times the second 
pmoer of the first into the second, plus three times the first intt 
the second power of the second, plus the third power of the second. 

Art 37. We find, in like manner, that the third power of a 
— bis 

a^ — 3a^b + 3ab^ — b3, 

which differs from the third power of a + i only in the si|^ of 
the second and fourth terms, which in this case are negatife. 
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SECTION XII. 



UOMOMIAI.* OS BIMPLE QUAICTITISI. 

98. In multiplication, two factors are given, and it is reqai^ 
ed to find the product; whereas, in division, one factor and the 
product, that is, the divisor and dividend, are given, and it is re- 
quired to fiDd the other factor or quotient. 

Division then is the reverse of multiplication ; and it is evi- 
dent, that the divisor and quotient multiplied together, must r^ 
produce the dividend. For this purpose, the coefficient of the 
quotient must be such, as multiplied by the coefficient of the di- 
visor, will produce that of the dividend ; and the exponent of any 
letter in the quotient, must be such, as added to its exponent in 
the divisor, will produce the exponent of that letter in the divi- 

Divide a 6 by a, or find the — part of a b. 

The quotient is b, because the product of a and b ie ab. Or 
if a 6 be divided by a, the quotient is b, for the same reason. 
Divide 3 afic by a 6. Ans. 3c. 
j Divide Qbcx by 2 x. Ans. Abe. 
Divide a or I a by o. Ans. 1. 

Divide a or 1 a hy 1. Ans. a. 

Divide ab hy ab. Ana. 1. 

Divide abc by I. Ans. a be. 

Divide 21 ly by 7z. Ans. 3y. 
Divide 84a&Gxbyl2c. Ans. 7abx. 
The above answers are correct, because in each case the quo- 
tient multiplied by the divisor, produces the dividend. 
Divide a' by o*. Ans. o^ ; because a* X <^ =: a''. 
T)ivide3e^lfi by a ^. Ans. Sa^lfi; hecmaeSa^h^Xa^ 

Art 39. In the multiplication of monomials, when the same 
letter occurred in both factors, the exponents of that letter were 
idded ; and we see, firom the last two examples, that, in division. 
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when the aame letter occurs in both diridend and divisor, the 
exponent of that letter in the latter, must be subtracted from its 
exponent in the fonner. 

If a be divided by a, the quotient is 1 ; for, an; quantity di- 
vided by itself, gives unity for a quotient. But, if we perform 

the division by subtracting the eqmnents, we have — or — j- = 
a". Hence, (ax. 7), a**^ 1. J%ai is, any ^antity with xero 
for an etponent is equal to 1. 

Art. 40. From the preceding examples and obaervations, we 
derive the following 



1. Divide the coefficieni of the dtvidertd by the coipcient of 
the divisor. 

3. Strike out from the dividend the letters common to it and 
the divisor, when they have the same exponents in both ; but, if 
the exponents of any letter are different, subtract its ej^onent in 
the divisor from that in the dividend, and write the letter in ike 
quotient with an exponent equal to the remainder. 

3. Write also in the quotient, v>ith their respective exponents, 
the letters of the dividend not found in the divisor. 

Remark. If in any case, however, the divisor and the divi- 
dend are equal, the quotient will be 1. 



1. Divide 36 a<i'i!i.. 


by4«>6A Am. 9o6»i 


2. Divide 48 »i 63 t»<i 


byl2o6«c. 


3. Divide 150 0* 68 ed3 


bj30iri6sd». 


4. Divide 120 a 6U3 


by 10 a 5. 


6. Divide 125».'«j,' 


byS.y. 


6. Divide93a3 63Bi3i 


by3«6i««. 


7. Divide lll»i*a»iviy 


»by37mi,'6». 


8. Divide 27 a^ii^n^ 


by 27. 


9. Divide 15 an." I 


byorf.. - 


10. Divide 27 o5»»»<y 


bySamSi, 


11. Divide 729iV 


byOiBy 


12. Divide 16a=6*xa 


by8a6a^. 



Google 
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13. DiTide99Bix5y'i3 by33iy<A 

14. Divide 1008 tfilfii^d^xbj 8 abti»x. 



IS. 


Divide 111 mSnV 


by3M<n3 


16. 


Divide 115 n3r«sa 


bySnrs. 


17. 


Divide 75 i">yi3 


by 25 i8jf3. 


18. 


Divide 350 a' A" iT 


by 50 a' x>. 


19. 


Divide 790 m" «« 


by 10 fl|S n'. 


20. 


Divide 937 1"5 y 


byQiHy. 




SECTION XIII. 



Art. 41. If a + 6 — c be multiplied by m, the product is 
ani-(-fim — cm; theiefoie, ifain-}-^"* — c" be divided by 
ni, the <iuotieDt is a-\-h — c. 

A simple quantity is a factor of a polynomial, when it is a fac- 
tor of every term of that polynomial ; and the division of a poly- 
nomial by a simple quantity, consists merely in dividing each 
term of the former by the latter. But a question arises, how we 
ue to determine, in all cases, the signs of the partial quotients. 
The following considerations will enable us to decide that point. 
If + a 6 be divided by -\- a, the quotient will be -|- 6, because 
•\- a multiplied by ~|- i gives •\-ah. 

If -|- a 6 be divided by — a, the quotient will be — 6, because 
— a multiplied by — 6 gives -^-ah. 

If — a & be divided by ■\- a, the quotient will be — b, because 
+ amultiplied by — b gives — ab. 

Lastly, if — a b be divided by — a, the quotient will be -|- &f 
because — a multiplied by ~|- ( gives — ab. 

Hence, the rule for the signs in divieion, is the same as that in 
multiplication ; that is, if tie two terms, one of which is la be di- 
vided by the other, have the same sign, either botk -(- or both — , the 
qwHent must have the sign -\- ; but if they have different signs, 
tha is, one -J- and the other — , the quotient must have the 
agn — . 

■ S 
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An. 43. Hence, tre have the following 



Divide each term of the dividend by the divisor, aeeording to 
the principles given in Art. A^ for dividivg one simple quantity 
by another, observing the rule established above for the signs; 
and the partial quotients taken together, teillform the entire quo- 
tient. 

1. Divide a^ 6 -f- am by a. 

2. Divide I2iy—6ia + 33:y= by3i. 

3. Divide 15affl^ + 30fflSi_45nia by ISmO. 

4. Divide36 6»cd — 24ft3ca — 126*c by6b»e. 

5. Divide 9 o5 6« — 3 a« 63 by3rf'*3. 

6. Divide— 21 iSy — 7 + 42 X by— 7. 

7. Divide56a*fc3c — 28a^53 — IGSoS&'caby— 28o^53. 
Art. 43. When the dividend and divisor are both polynomi' 

als, the process becomes rather more difficult ; but, if we observe 
the manner in which a product is formed by multiplication, we 
shall readily see the course to be pursued in division. 
Multiply 3<^ + iiei'b + abShjiia^ + 3ab. 
Operation. 
Za^-\-^(fib-\-abS. 
Ztfi+3ab 
6 flS -i~ 4 «* * + 2 «^ 63 

-|-9a* 1 4- 6 o3 63 + 3 ga 63 
6a'- + l3a*b+8a^b^-\-Sa^b«, Product. 
If this product be divided by the multiplicand, the quotient 
will be the multiplier ; or, if it be divided by the multiplier, the 
quotient will be the multiplicand. 

Since each term in the multiplicand is multiplied by each term 
in the multiplier, if no reduction takes place, the number of 
terms in the product will be equal to the number produced by 
multiplying the number of terms in the two factors together. 
Thus, if one factor have 4 terms and the other 3, the product 
will contain 12 terms. In most cases, however, a. reduction 
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takea place, by which some terms are united and others wholly 
disappear. 

But there are alwaja two terms, which can neither be united 
with any others, nor cancelled by any others ; viz : one, which 
is produced by multiplying the term containing the highest power 
of any letter in the multiplicand, by the term containing the kighr 
est power of the same letter in the multiplier ; and the other, 
which arises from the product of the terms with the lowest expo- 
nents of the same letter. 

Now, since the dividend is to be considered as the product of 
the divisor and quotient, it is evident, that if the term containinjf 
the highest power of a particular letter in the dividend, be di- 
vided by the term containing the highest power of the same 
letter in the divisor, the result will be the term of the quotient 
contuning the highest power of that letter. 

Let us reverse the process of multiplication, and divide 6 rf' + 

Operation. 
Kvidend. 

6<iS + 13a^6 + 8a3J« + 3(iS63/3flH-2^6+a63. Divisor. 
ettS-f- 4a*b-\-ii^b^ i 3 fl9 4- 3 a 6- Quotient. 

9a*b + Qe£'lfi-\-Zd'tfl 

9a<6-i-6g3y4-3a^&' 
0. 
According to the preceding remarks, 6a^ divided by So* 
must produce the term containing the highest power of n in the 
quotient ; 3 o^ is contained 2 o^ times in 3 o^ ; then, as the en- 
tire dividend is produced by multiplying the whole of the divisor 
by the whole of the quotient, if we multiply the whole divisor by 
this first term 2d!> of the quotient, a part of the dividend will be 
produced. The product of the divisor by 2 a' is 6 0^ + 4 a* 6 
-|-2o3 6^, which being subtractedfrom the dividend, leaves 9 a* ft 

This reminder is to be considered as a new dividend, and as 
produced by multiplying the divisor by the remaining part of the 
quotient The first term, 9 a* 6, of this new dividend, must 
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have been produced b; multiplying 3 a^ by the term cODtaiomg 
the next highest power of a in the quotient ; therefore, if it be 
divided by 3rt^, that term of the quotient will be obtained. Di- 
viding 9a*b by 3 a?, we have 3 a 6 for the aecond term of the 
quotient ; then, multiplying the divisor hy 3ab, the product is 
9a*b + Qa^lfi + 3^b3, which subtracted from the last divi- 
dend, leaTCS no remainder. The entire quotient therefore is 2 <iP 
+ 3ab. 

We perceive, by the preceding example, that we always divide 
the term contuning the highest power of eome letter in the divi- 
dend, by the term containing the highest power of the same let- 
ter in the divisor. It will, therefore, be found convenient to 
write the quantities in such a manner, that these two terms may 
stand, the one on the left of the dividend, and the other on the 
left of the divisor. This will be accomplished by arratiging the 
dividend and divisor according to the powers of the same letter, 
beginning with the higheat- 

A polynomial is said to be arranged according to the powers 
of a particular letter, when the terms are so written, that the 
powers of that letter go on increasing or diminishing from left to 
right. Thus, in the example just performed, the quantities were 
arranged according to the diminishing powers of a. 

With regard to the signs of the partial quotients, the same rule 
is applicable, that was given for the division of a polynomial by 
a simple quantity. 

Art. 44 From what precedes we deduce the following 



1. Airaitge the dividend and divisor according to the powers 
of the same letter, beginning icith the highest. 

2. Divide tht first term of the dividend by the first term of the 
divisor, emdplace the resvltas the first term of the quotient; rec- 
ollecting, that if both terms have the same sign, the partial quo- 
tient must have the sign -{-, but if they have different signs, the 
partial quotient must have the sign — . 

3. Multiply the entire divisor by this term of the quotient, sub- 
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tract the product from the dividend, and tkt remainder mUform 
a new dioidend. 

i. Divide the first term of the aeto dividend by the first term of 
the divisor, and the result mill form the second term of the quo- 
tient ; muUipty the entire divisor by this second term of the qvo- 
tiatt, and subtract the product from the second dividend. The 
remainder mil form a neio dividend, from which another term of 
the quotient can be found. 

These operations are to be repeated, until all the termt of the 
triginal dividend are exhausted. 

N. B. The same arrangement must be preserved, in each of 
tbe partial dividends, as was made at first in the whole dividend. 

When the first term of any remainder cannot be divided by 
tbe first term of the divisor, the process of dividing must termi- 
Hate ; the remainder may then be written over the divisor, in the 
form of a firaction, and annexed to the entire part of the quotient. 
This will be more fully understood, when the learner is made 
acquainted with algebraic fractions. 

Let it be proposed to divide 75 o^ 6* — 27 o 6= — 49 a* &*+ 
aOoSft — 19a*63by4a36 + 3ft3 — 7a62, 
Operation. 

20fl5&^19a<6a_49a363+75a»6*— 27oJ5 ( ic^b—7al^+3h\ 

3f)^b—35a^h»-\-l5a>f^ * 5a3-^i€^b—9tUfl. 

+160*6''— 64a»6>-f75a*'6<—27a65 
4- 16a*69— 2 8 a363.fl2a°fc^ 

— 36a363_|_63a2j4_27a6S 

— 36a363_j_63aa64_27g65 

0. 

After having arranged the two quantities according to the 
powers of a, and placed the divisor on the right of the dividend, 
we divide 90 a^ 6 by 4 o^ 6, which gives -j- 5 o^ for the first term 
of the quotient ; we then multiply the divisor by 5 a', write the 
product under the dividend, and subtract it from the dividend. 
The subtraction of the product is performed by changing its 
signs, considering it as written afler the dividend, and redu- ' 
cing similar terms ; thus, the signs being changed, it becomes 
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— a0a56 + 35a*6a — 15(^*3; then, by reducUon, + 20 o* ft 
and — aOflSfi cancel each other, — 19 a* fts and +350*6* 
make + 16 a* A^, and— 49 aS ja and — 15 a? 63 make —64 <^ 6^ ; 
bringing down the other terms of the given dividend, we have for a 
remainder 16 a* ft* — 64 a^ 6^ + 75 a" ft* _ 37 a fts^ which forma 
a new dividend. 

We now divide 16 a* b^ by the first term of the divisor 4tfib, 
and obt^ for the second term of the quotient + 4 a^ 6 ; multi- 
plying the divisor by 4 o^ 6, and subtracting the product, -)- 16 a* &^ 

— 38 0^6^4*13 0^*6*, from the second dividend, in the same 
manner aa before, we obtain for a remainder — 3G c^b^-{- 63 tfib* 

— 37 a ft^, which forms the third dividend. 

We now divide — 36 a^ 63 by 4 o^ 6 and obtain — 9 a 6^ for 
the third term of the quotient ; multiplying the divisor by — 
9ab^, and subtracting the product, — 36a36S+63(^6* — 
37 a b^, from the third dividend, we have no remainder. The 
entire quotient, therefore, is5a3-j_4a9j — 9olP. 

As another example, let it be proposed to divide o^ — 6* by 
0—6. 

Operation. 

oS — 65 (a — 6 

g g — a*6<ii* + g»6 + a'ft» + a6^ + 6<. 
+ 0^6 — 6S 
-j-tt*6 — 0^63 

-i-o3 63— aafta 



+ aa63- 



+ a6* — 65 

0. 

In the last example, several terms are produced in the course 
of the operation, which are not found in the dividend; these 
terms disappear, by reduction, when the quotient and divisor are 
multiplied together. 

I. Divide a> -{-Ztfi m + 3ani^ + m^ by a + m. 
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3. Divide a^ + 5a*x+l(i<^ x^ + 10a^ t^ -\-5ax* -\- afi 
by i3 4- 2 a z + o». 

3. Dividem* — 4ni3« + 6m»i3— 4«i3 + z* byw — i. 

4. DivideGx* — 96by 3i + 6. 

5. DiTide2 6* — 9 0^69 + 6(^ + 403*— 3 a 63 by2o" + 
2o6 — fta. 

6- DiTide30o5 — 41 0*6 + 50 flS 63 — 45 o» 63 + 2506* 
— 66* by 5a3 — 4<^6 + 5o6a — 363. 

7. Divide 4 i*— 9<i«23 + 6a3i_a* bySia + Sfli — o^". 

8. Divide o«+ 2a3s3 + !;«by o3_aj + ,B. 

9. Divide o8 — 16a3x3 + 64K" by oS — 4oT + 4i«. 

10. Divide rB—a^ + a? — aa + gj — IbyzS+a; — 1. 

11. DividelOo* — 48o3j + 5i(,2 6a + 4o63— 155* by 
8o6 — 2a5»— 563. 

12. Divide m' — x' by m — x. 

! 13. Divide5o563e5_22o*63ce + 5a363e' + 12oa63c8 — 
I 7tf'63c8 + 38o63<:'' by a96c» — 4a6(:3. 

Art. 43. la the preceding examples, the division could be 
I ex&ctly perfonned. Let it now be proposed to divide a by 

Operation, 
a r\ — X 

\ 7^ 

a — ax ^a + ai + aaS + ait>+*— — • 

+ OI 



+ 013 

fltS- qx* 
+ ai*. 
In the example above, it is manifest that the operation vould 
never terminate. This quotient is called an infinite series, and 
we see that any terra, except the first, may be formed by multi- 
plying the preceding term by x, remembering to place the divi- 
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801 under the laat remunder, to indicate the coDtiDnatiOD of the 

division. The mode in which any term may be found b; means 

of the preceding term, is called the lao) of the aeries. 

Let us, for a second example, divide 1 by 1 -|- a- 

Operation. 

1 fl±f 



-a + aS— a' + o* — aS + - 



+ «* 



— flS 

— of — a* 



a* + e^ 



Here we perceive, that the law of the series is the same as be- 
fore, except that the 3d, 4th, 6th, &c. terms have the eiga — . 

Art. 40. 77te difference between similar powers of two quan- 
tities, the e^onent of the powers being integral mid positive, is 
divisible by the difference of those ^antities. 

Thus, a" — 6"* is divisible by a — b. 

To prove this, it is only necessary to find the first remainder. 
Operation. 



First remainder, a— '6 — 6"=:6(flr-' — 6"-'). 

Now it is manifest, that, if this remainder, 6 (a""' — i""'), 
can be exactly divided by a — 6, the dividend, a" — 6", is divisi- 
ble by it also. But since a product is divided by dividing one 
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of it3 factors, this remainder, and consequently tf" — 6", ia di- 
liaible by a — 6, if the factor o"~* — 6"— ^ is divisible by it. 

That is, if a — Jdivide a—' — 6—', it will also divide a" — 
6"; or, in other words, if the proposition is true for the m- — 1th 
power, it must be true for the mth or nest higher power. 

But we have already seen (Art. 4:4), that it is true for the 
5th power ; therefore, It is true for the 6th ; being true for the 
6th, it must also be true for the 7th, and so on. Hence, it must 
be true in all cases, and tf — 6" is divisible by a — h. 

In like manner, (a-f-6)" — (t.-\-d)°'\3 divisible by {a-\-h) 
-{c+d). 

We continue the operation of dividing d" — 6" by a — h, in 
order that the learner may see the form of the quotient. 
a'—h- la—b 



0" — a"-i6 


..ai- 


»+»-.. 






a—'b'—lr 





Of course, the number of terms in the quotient must be in- 
definite, until some determinate value is assigned to m. The 
points are used to supply the place of the indefinite num- 
ber of terms. It will be easy to perceive from what follows, that 
the last two terms must be such as we have represented them. 

It may be proved, however, that, in any case like the prece- 
<iing, the number of terms in the quotient, will always be equal 
lo the exponent m. This fact may be deduced from an examina- 
tion of the successive terms of the quotient. 
. Since the division can be exactly performed, the last term of 
the quotient must be such, as, being multiplied by h, the last 
term of the divisor, will produce 6", the last term of the divi- 
dend; that is, it must be 6"*'-', for b times J"*-' is b". 

But we see, that, in the successive terms of the quotient, the 
ej^nent of a goes on diminishing by unity, as many units being 
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anbtracted from m in each caae, as mark the number of the tena 
from the first inclusive ; and, that the exponent of b in any case, 
is always 1 less than the number of the term. 

Consequently, in the nth term, the exponent of a must be m 
— m or 0, and the exponent of b must be m — 1. The anh 
term, therefore, is a^ft"-* or 6"""^, (Art. 39). But we hare 
seen that the last term must be 6"''. Hence the tnth term and 
the last term are the same ; in other words, there are m terms in 
the quotient. 

Thus, ^^^^ = i' + K« y + 15 ya + J* ys + 13 y* + z* ys _|_ 

zy* -(' ?^ ' ^^^ quotient containing 8 terms. 

It might also be proved, that the difference between similar 
even powers of two quantities, and the sum of similar odd pow- 
ers, are each divisible by the sum of those quantities. 

Thus, ' ~ "' 
even numbei : and — ; — j 

I + y 

when R is an odd number. 

1. Divide ^ — y* by z — y. 

2. Divide243a»— 10246* by3a— 44. 
a IKvide i» — yio by z +y. 

4. Divide 1 — tifi by 1 -|- m. 

6. Divide m' -f- n* by m -(~ **. 

6. Divide nC>\-l by ni + 1. 

7. Divide 1 by 1 — m^, finding6 terms of the 
aeries. 

8. Divide a by 1 -[- z y, finding 6 terms of the 

Art. 47. It is manifest, that when a product is represented 
in its factors, dividing one of the factors, divides the whole pro- 
duct ; also, that we may, in any case, divide the dividend first by 
one factor of the divisor, then divide the resulting quotient by 
another, and so on. 

D,M,IcdB,GOO«IC 
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Thus, 7 X 8 X 3 = 168 ; dividing the factor 8 by 4, we 
hare, 7X2X3 = 42, which is i of 168. 

Also, in dividing 6 X 12 or 72 by 2 X 4 or 6, we may fiiBt 
divide by 2, which gives 3 X 12, and then this quotient by 4, 
which gives 3 X 3z=9z= V- 

In like manner, (m — ») {tfi — 6^) divided by a — 6, gives 
(n — n) (a -f- (), to obtain which, we divide the factor ifi — Ifl 
by the divisor. 

Also, (i3 — yfi) {«» + 2 a 6 + i=) divided by (i + y) (a + b), 
gives (z — y ) (a-\- b); to obtain which, we divide the factor z" 
— y^ by z -f- y, and the factor tfi + ^ah +1^ by a-\-b. 

1. Divide t^(x + y)hj x + y. 

2. Divide (nfi _ 1) (a + 6) by m — 1. 

8. Divide 14(i» — l)(a+»i)by7(i — l). 

4. Divide (o9— 6^) (i3 + y3) by (o— 6) (r + y). 

5. Divide 27 (m* — n^) (i=^ + ff») by 3 (».2 + n^) (i + y). 

6. Divide 30 m" (x8 _ yS) („< _ „<) 

by 10m{i»-|-y») (m^—nS). 

7. Divide 25(a + i)(m*—l){3^-(-l) 

by5(«+6)(m^+l){x+l). 



SECTION XIV. 



UULTTFLICATION Or FRACTIONS BT INTBGKAI. aVAKTITtXS. 

Art. 4:S. Fractions have the same signification in algebra, 

that they have in arithmetic. Thus, -7- signifies that one unit is 

divided into b equal parts, and that a of those parts are used ; or, 
■t represents division, and Hignifies that a is divided into b equal 
parts. 

How much is 5 times ^? Ans. |f. 

How much is 3 tunes -7- 1 Ans, -r-- 

* .IZC.J;.G00«|C 
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How much is c times -rf Ans. -^. 
o b 

What is f of 4? i of 4 is t, and | of 4 is y. Ans. 
What is ? of a? | of a is — , and ^ of a is -^. Ans. 

What is the -r- part of c? -^ of c is — , and -^ of e is ^■ 

O b 

Id the first three questions, the object was to multiply a frac- 
tion by an integral quantity, and in the last three, to find a frao 
tiooal part of a quantity, that is, to multiply an integral quantity 
by a fraction ; and we perceive that both objects were accixa- 
plished by multiplying the numerator and the integral quantity 
together. 

Hence, to multiply a fraction by an integrai quantity, or an 
integral quantity by a fraction ; multiply the numerator by tite 
integral quaiUity, and write the product over the deaomnator. 



1. Mnltiplj — 


by it. 


2. Multiply ''-i^ 


b,«.. 


8. Miilliply i±^ 


bym + ». 


4. Multiply -^^ 


by4. + 3.. 


5. Multiply ^ 


by» + «. 



6. Multiply ^ vg - by lao^+aSoSfe. 

b + e 
2fl( 



7. What is the ^^^ part otifi—fflt 

8- What isthe^££^=^pa«of3ac + 2ftc? 

9. Multiply 35z9 + 13iyhy *^^ + fg'' 
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10. Multiply ~ by 5. 

The fraction j^ signities that a is divided into 15 equal parts; 

but if the denominator be divided by 5, a will then be divided 
into 3 parts, or ^ as many parts as it was before ; consequently, 
each of the parts will be 5 times as great as before ; that is, the 
fraction ^ is 5 times — . 

11. Multiply -^ by 6. 

Here a is divided into 6 c equal parts ; but if the denominator 
be divided by b, a will then be divided in - aa many parts as it 
was before ; the parts, therefore, will be 6 times as great as they 
were before ; that is, the fraction — is 6 times -7-. 

Hence, to multiply a fraction and an integral quemtity togttk- 
er, divide the denominator by the integral quantity, if possible. 
Art. 49. Combining this rule with the preceding, we have a 



QUA NT ITT TOOBTHEB. 

Divide the denominator by the integral quantity, if it eon be 
done; if not, multiply the numerator by the integral quantity. 

The following examples may be performed bj dividing the de- 
nominators. 



2. Multiply x^y by 



12i3y3_19i<y3* 

by 7 oS i". 
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' — y^ 

9. Multiply ^-^^y^r, 'I »■ + »• 

i«- «""'P" .6(.+'y('-+y) " ""+"'■ 

11. MulUpl, jl^j^^lbp) >■' '<'—'' <'-''>• 

12. Mullipljr („a J!.'.')"^.' !|.y») ''> ("-'') (' + >)■ 

13. Multiply I by 6. 

Dividing the denominator by b, the fraction becomes — 
or a. 

14. Multiply "' + '' by i»y. 

Dividing the denominator by I'y, the fraction becomes 
i±^,thati.,»> + 6t. 

From the last two eiamplea we see, that, 

If a fraction is multiplied 6y a quantity egval to its denomi- 
nator, the product will be its numerator. 

16, Multiply ^^ by c. 

16. Multiply " ■ .Z-ft ""^y""^' 

17. Multiply ^^a^ftme^ ^^ "*' + ^"' ^^ 

DK|ZC.J;.G00«|C 



MCLTIFLICATION I 



Art. 50. Multiply -5- by my. 

First multiply by nt ; the product is — ; multiply this pro- 
duct by y, and the result is — ^ (Art. 49). 

The result would have been the same, if we had divided the 
iategcal quantity and the denominator of the fraction both by m, 
and then proceeded according to the first rule in Art. 48. 

Therefore, 

When an iategral quantity and a fraction are to be multiplied 
together, if the integral quantity and denominator of the fraction 
have common factors, those factors may be omitted in both before 
multiplying. 



1. Mullipi, ^, 




by miy. 


2- M-i.ipir sIJi 




by oJ'A 


3. Multiply ae^xy 




^5?- 


4. Multiply 7o"x> 




-'f^- 


5. Multiply ^±J 




by 3m^x. 


6. Multiply Smtfif 


;«+*) 








9. Multiply 3(0 + 


")(«+ 


, , a + z 


''•')' 6(«» + 2a» + ».)- 


Ifl M nltirlir * 


m' + <,x 


hv f>i-4-&\ fmS iWi- 


i«. MolUply ^j^^4 


-!)(•- 


— roy ^a-|-o;i»i — »M*- 
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SECTION XV. 

DIVKIOM' or FRACTIOMB IT IITTKOSAI. ClDARTITIBl. 

Art. SI. Divide -^ by 2 ; or find i of ^. Ads. ■^. 
Divide -y- by 3; or find ^ of -r-- Ana. -y. 

Divide — by 6 ; or find -j- of — . Ans. — . 

For, in each of these examples, if the quotient be multiplied 
by the divisor, the product will be the dividend. 

Hence, to divide a fraction by an integral quantity, divide tie 
numerator 6y Ike integral quantity, if possible. 

1. Divide -,r— by 2 a e. 

2. Divide ^~- by7^y. 

3. Divide ^1^^ ■ byeOo^.. 

17 a^ Ifi 

4. Divide , ,\ by t^bS. 

a^ + ab 

5. Divide ' by a. 

„ ^. ., 3a'm + 9a»i=+12ac , „ 

6. D.v.de Yie^J by 3 a. 

7. Divide ^ii^HiA'' by, + 5. 

(l3 J3 

8. Divide ^-r by o — 6. 

abe — xy ' 

9. Divide Jfc^^^ by 4 I + 7. 

10. Divide 1^^^^^^=H by 3.»-2. + 6. 

11. Divide -r by e. 

DiMiicdByCiQOgle 
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In the last example, we cannot divide the ouioerator ; but in 
Art. 4S, we showed that a fraction is multiplied by dividing its 
denominator; on tbe other hand, a fraction maj be divided by 

multiplying ita denominator. 

The fraction -j- signifies that a is divided into ( equal puts, 

and if the denominator be multiplied by 3, for example, a would 
then be divided into 3 times as many parts, and the parts would 

be only ^ as great aa before ; that ia, ^-^ is ^ of -j-. In like 

manner, if the denominator be multiplied by c, a will be divided 

into c times as many parta, and the parts will be only — as great 

aa before ; that is, — is — of — , 

Hence, to divide a fraction by an integral quantity, multiply 
the denominator by the integral quantity. 

Art. S^. Combining thia rule with the preceding, we have 
the following 

OEHEBAI. RDI.B FOE DITIDIITO A FBACTION BY AX INTIGKAL 



Divide the numerator, iy it can be done; if not, multiply the 
dtnominator, by the integral quantity. 



1. Divide -r- 
bc 


by™. 


2. Divide 1^ 


b, l + c. 


3. Divide ^^ 


by 4x2. 
by3. + 4«,. 


5.Di,id.'' + ^'_^' + '' 


-by z + ,. 


6. Divide "4=^" 


b, ,-, 



;. Google 



So DIVINOIt OF FKACTIOm. 
^9 (S 

8. Divide ■^—, ; — = by x — v, 

9. Divide '-^^^^ by 7. 




Art. as. Divide -= by6«i». 

The divisor is the same as 2 X 3 "• n. First divide by 2 m ; 
the quotient is - — , Divide this quotient by 3 n, the remaioing 

factors of the divisor ; the result is ^ . 

21iia;y 

Tbe'result would have been the same, if we had first divided 
the numerator of the fraction and the integral quantity both by 
2 m, their conunon factors, and then proceeded according to the 
second rule in Art. 31. 

Hence, tehen a fraction is to he divided by «m integral quan- 
tity, if the numerator of the fraction and the integral quantitg 
have common factors, those factors nay be omitted in both, pre- 
viaui to the dieision. 



1. Divide zf-l- 


b; 3bx. 


a.DWUi.'^"'' 


by Gait 


a.DWid.'J;'// 


b, 9oi»i 


^.I.-^' 


by 36ax'' 




by 2inc. 
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6. Divide '""("+'' ) by 4 m (a + 6). 

7. Divide ' ~j'' by 7n(i + y). 

8. Divide ^(^~tH^±R by 3a(. + y). 

9. Divide ^<'' + *] <"*'-"'> by 3., (a + 6) (m-n). 



SECTION XVI. 

FACrOTtS AMD DirllOBS Or ALGBBSAIC aaAHTlTIBI. 

Art. 34. A prime guantitt/ in algebra, like a prime number 
ID arithmetic, is one which is divisible by no entire and rational 
qaantity, except itaelf and unity. Thus a , b and a-\-b zie 
prime quantities ; but ab ia not prime, because it is divisible 
both by a and b. 

Two quantities are said to be prime tcith regard to each other, 
when the same quantity will not exactly divide them both, that 
is, without a remainder. Thus, a b and c m, although neither of 
them is a prime quantity, are prime with respect to each other. 

It is to be observed, however, that when we call a, b, e, &c., 
prime quantities, we mean simply that they cannot be algebra- 
ically divided by other quantities, except by representation ; but 
they are, strictly speaking, prime quantities, only when they rep- 
resent piime ntimbers. 

Sometimes it is requisite to separate quantities into their prime 
factors. This operation, in monomials, is attended with no diffi- 
culty ; for we have only to ascertain, according to the method 
usually given in arithmetic, the prime factors of the coefficient, 
and to represent them as multiplied together and followed by the 
several literal quantities, each written as many times as it is a 
factor. 

For example, 12a^Ifi = Z.^ a^Ifl — B.H.^aabbb. In 
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XVI. 



thia quantity the diflerent prime factors are 3, 2, a and 6 ; 3 is 
contained once, 2 twice, a twice and b three times aa a factor. 
The prime factors wonld, however, be aufficiently indicated, 
merely by ascertaining those of the coefficient ; for the exponents 
show how many times the letters are contained as factors. Thus, 

When a quantity is the product of a moDomial and a prime 
polynomial, in order to separate it into factors, it is only neces- 
sary to divide it by the greatest monomial, that will exactly di- 
vide all the terms, and to place the -divisor, separated into prime 
factors, before the quotient, the latter being included in a paren- 
thesis. 

Thus, a b~\-l^^b (a -^-h); in which the factors are b and 
a+b. In like manner, 4he^ + 8b^c = 4be (c-l-^b) == 
5Pbe(e-\-2b); in this case, the prime factors are, 2, 6, e and 
c+26. 

Let the learner separate the following quantities into prime 
factors. 

1. am — bm. Ans. m (a — ft). 

2. ab-i-ac — 2am. 

3. 4 a I -j- 2 2 y 4- 12 I. 

4. 25 i" ^ 30 la y _ 15 i9 m. 

5. 81 a 6 c + 27 o' 63 £ _j_ 54 ^a 6 f . 

6. 99 m^ I y -f lOS mSjj g + 18 n.a r. 

7. 12 a 6 -|- 24 a 6 ( — 36 a 6 1. 

Art. as. When a quantity is the product of two or more pol- 
ynomials, the process of finding its factors becomes i]fore diffi- 
cult ; but there are cases in which some of the factors, at least, 
may be easily ascertained. 

1. Any quantity which is known to be Apower of a polynomi- 
al, may be separated into as many factors, each equal to that pol- 
ynomial, as there are units in the exponent of the power. Thus, 
a^ + ^ab-{-b^~(a + by:=(a + b){a + b); also,a3 + 3aa« 
+ 3ab^ + b^ = ia + br = (a-i-b)(a + b)(a + b). 

2, The difference between the second powers of two quantities 
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may be separated into two factors, one of which is the sum and 
the other ihe difference of the two quantities. For example, 
«^ — 6a=(a + 6){fl — 6), andi« — y«=:(i;''+y3)(:ta_yaj 
= (ia + y9) (i + y) (i — y). Also, 35 flS J* — 36 6* £» = 

3. The difference between similar powers of two quantities, 
can be separated into two factors, one of which is the difference 
of those quantities (Art. 46). Thus, o^ — 6", o^ — fes, a* — 6*, 
flS — fts^ 4,Q_ are all divisible by a — 6. 

4. The difference between similar even powers of two quanti- 
tiea, the powers being above the second, can always be s^arated 
into at least three factors, one of which is the sum and another 
the difference of the two quantities (Art. 33). Thus, 2^ — y* ^ 
(.» + ,«)(.»- y') = (-■ + j,») (I + ,){»- ,). 

5. The sum of aimilar odd powers of two quantities, may be 
separated into two factors, one of which is the sum of the quan- 
tities (Art. 46). 

Thoa,i5 + y6=(i^ + y)(i< — j;3y + iaya— iy3 + y<). 

The quantity z* — y^ can be separated into four factors. For, 
a*— y« = (*3 + y3)(i3— yS). But, i3 + ya==(i2 — ly + yS)X 
(i+y); and, ^ ~ y-i = \x^ J^ x y ■\- y^) {x — y). Hence, 
^-yfi = {x^-xy-\-^j^){x-\-y){z^-\-xyJ^y^)ix-y), 

We have shown how to find the prime factors of simple quan- 
tities, and, in some cases, those of polynomials ; but any quanti- 
ty which will exactly divide another, is a factor of this last, so 
that some quantities may be separated into factors, not prime, 
in severri different ways. For example, a^h c -^ aif* c^ = 
a (a 6 e + 63 e^) =:: o 6 ( a c + 6 c») = 6 (flS e + o 6 c*) = 
bc(^ + <^bc) = abc{a-\rf>c). 

Art. 30. Sometimes it is desirable to find all the divisors of 
a number or of an algebraic quantity. To explain the process 
by which this may be effected, let us take the quantity cfib^. If 
we include unity and the quantity itself among the divisors, it is 
evident that o^ IP is divisible not only by 1, a and o^, but also by 
all the combinations of these with the different powers of b, from 
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the 1st to the 3d inclusire ; thai is, each of the factors I, a, and 
a* is to be taken once, b times, 6* timea, and 6^ times. Heace, 
ifl + a + aS be multiplied by l-|-6+6»+63, which is ex- 
pressed thus, (l + o + oS) {l + i + f^ + b^), the different 
terms of the product will constitute all the divisors of o^ 6^. 

Moreover, as no two terms of this product can be similar, the 
number of them will be equal to the product of the number of 
terms in one factor by the number of terms in the other. There 
being 3 terms in one factor and 4 in the other, the product will 
contain 3.4 or 12 terms. Performing the multiplication, we 
find the following quantities for divisors, viz : l,a,a^,b,ab,<fib, . 
6», a fca, t^lfi.b»,a ffi, «2 63. | 

If however any one of the prime factors is a polynomial, all its 
terms are to be considered as a single quantity in forming the 
divisors. 

Art. S7. We see, therefore, that the number of divisors of 
any quantity may be found, by adding 1 to the exponent of each ' 
of its prime factors, and multiplying these sums together ; aho, 
that the divisors themselves inill be the different terms of the pro- 

Art(l+« + «' + + »-)(l + b + b"+ + b-) X 

(l-j-c-|-c^4"- ■ ■H*'^'^') ^c-i* a, b, c^c. being the prime factors 
of the quantity in question, tmd n, n', n" ^e. their exponents. 

For example, let the divisors of 4m^ x^ y or 2^ wt^ i* y be re- 
quired. The number of divisors is equal to (2 + 1) (3+1) X 
(2 + 1) (1 + 1)=::3. 4 . 3 . 2 = 72; and the divisors them- 
selves will be the terms, obtained by developing the product 
(l+2 + 4)(l + «. + m'' + ™3)(l+x + *s)(l+j). 

Let the divisors of 3 a« 6 + 6 a^ « be required. Now, 3a^b+ 
6a'c=;3ffl^ (i + 2c) ; hence, the number of divisors is equal 
to 2 . 3 . 2 z= 12. The divisors will be the terms of (I + 3) X 
(l+o + rf>) (1 + 6 + 27); or l,Z,a,3a,a^,3<fi, (6 + 2e), 
3(6 + 2c),a(6 + 2<:),3a(6+2c),aM& + 2c),3aS(ft + 20. 

* It is to be observed that n' is read n prime, n" U rend n secood, be. Tha 
occentf, ta theie mBrka are oiled, ire used merely to enable ns to represent 
different quuitliieB by the mme letter. 
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As an example in nurobera, let the divisora of 160 be required. 
Separating it into prime factors, 160 = 3.3.3.3.3.5:= 
2^ . 6 ; therefore the number of divisors is 6.3^12; and the 
divisors are theterms of (1+2 + 4 + 8 + 16 + 32) (1 + 5), 
or 1, 2, 4, 8, 16, 32, 5, 10, 20, 40, 80, 160. 

Let the learner find the divisors of the following quantities. 

1. «^b\ 5. 150. 

2. aSfiacS. 6. 780. 

3. 9»;»y>. 7. ia^b+lQah. 

4. 50 »^. 8. 10a& + 35ani. 



SECTION XVll. 



Art. (S8. Any quantity which will exactly divide two or 
more quantities, is called a common divisor of these quantities; 
and the greatest that will so divide them, ia called their greatest 
common divisor. 

Suppose A and B two quantities, of which we wish to find the 
greatest common divisor, A being greater than B. 

The learner must remember that A and B are merely CMicise 
representations of any two quantities, such as are given in either 
of the esamples succeeding this explanation. 

First divide A hy B, and if it gives an exact quotient, B itself 

must be the greatest common divisor ; for no quantity can have 

ft divisor greater than itself. But if B will not divide A exactly, 

suppose that we obtain a quotient Q and a remainder R. Then, 

A = BQ + R. 

For the dividend must be equal to the product of the divisor 
and qtiotient, plus the remainder. By transposition, 
R=lA—BQ. 

Now any quantity which wUl divide B, must divide Q times 
B ; hence, any quantity which will divide A and B, must exact- 
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ly divide A — S Q, and consequently it mast divide jR exactly, 
since R=A — B Q. We see, then, that B and A will have 
the same common divisor as A and B. 

Dividing now B by R, if there is a remainder R', it may be 
shown as before, that if and if', will have the same common di- 
visor as B and if, that is, the same as A and S. \ 

If we continue to divide the preceding divisor by the remain- 
der, we shall, provided the given quantities have a common di- 
visor, eventually obtain a remainder, which will exactly divide 
the preceding divisor, and which, consequently, must be the 
greatest common divisor of itself and that divisor; that is, the 
greatest common divisor of A and B. ; 

Art. jt9. We have therefore the following 



Divide the greater hy the less, and if there is no remainder, tJie 
kss qaantity will be the dinisor sought ; but if there is a remain- 
der, divide the first divisor by it, and continue thus to make tie 
preceding divisor tke dividend, and the remainder the divisor, 
until a remainder is obtained, which will exactly divide the pre- 
ceding divisor ; this last remainder will be the gretUest common 
divisor required. 

If there are several quantities whose greatest common divisor 
is required ; first find the greatest common divisor of two of 
them ; then find the greatest common divisor of this divisor and 
one of the other quantities, and so on ; the last divisor thus 
found will be the greatest common divisor sought. 

The greatest common divisor of simple quantities, as well as 
that of some polynomials, may frequently be found by inspection. 

The application of tlie preceding rule to polynomials, some- 
times leads to complicated operations, unsuited to an elementary 
treatise. We shall, however, give a few examples. 

It is to be remarked, that, if one of the quantities under con- 
sideration, have a factor not found in the other, this factor may 
be left out without affecting the common divisor ; because this 
divisor can have no factors, not common to both the quantities. 
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. Moreover, one of the quantities may be multiplied by any 
qaantity, which is not a factor of the other, and which does not 
contain a factor of the other. This is ollen necessary, in order 
to tender the di?ision possible. Thus o, which is the greatest 
common divisor ofa m and ad, is also that of ante and ad. 

Let it be required to find the greatest common divisor of 6a^ 
— 6oay-|-2oy3_2ySand 12 o^— 15 ay + 3y». 

We see that 2 is a factor of the first, but not of the second ; 
and, that 3 is a factor of the second, but not of the first. Leav- 
iog out th'ese factors, we proceed to divide 3 a* — 3 ifi y -\- a y^ ' 
— y^by 4o^ — 5ay+y^. 

Operation. 
3tf — So^y-j-ay^ — >/^. Multiply by 4 to render the 1st term 
[divisible by 4 o^. 
' — Say+y" 
3ffl + 3 

4 y*. Divide by y, because it is not a 

[factor of the divisor. 

Multiply by 4 to render division 

[possible. 



Ka> 


-12o»y + 4o,«-4}» 1 


15 a" 


-15a«, + 3»,> 




3o», + o,«-4jri. 




Sa' + oy — 4,". 




4 




12aa + 4fly — 16y» 




12aS— 15ay + 3y3 
19aj,_19,«. 



Divide by 19 y. 



We now make a — y the new divisor and 4 o' 
the dividend. 



-»» + »• 



Hence a — y is the greatest common divieor sought. 



LEAST COMMON MUI.TIPI.E. 



Find the greatest common divisors in the following examples. 

1. 4a3 6e»andl2a3 6ac. 

2. 75ab^aDd35^xy. 

3. 210a3,375oiy(ind45ai3 

4. m* — 1 and "M* -|- w^. 

5. t" — 1 anda^+1. 

6. 4 i^ ^ 16 1" and 9 I + 18. 

7. 2x3— 16 1 — 6 and 3 23 — 241 — 9. 

a 6^ + Uax + 3z''and6a^-]-7ax — 33P. 

9. a3 — aH + 3a6a_3i3anda3 — 5ai + 4i2. 



SECTION XVIII. 



Art. 00. When one quantity can be exactly divided by ai^ 
other, the former is called a multiple of the latter. A comm(« 
multiple of two or more quantities, is one which is divisible by 
them all ; and the least common multiple is the least quantity di> 
risible by them all. 

Suppose that it is required to find the least common maltiple 
of 4 a^ IP and 6a^b. It is evident that the quantity sought must 
contain all the factors of each of the given quantities. Separa- 
ting these into prime factors, 4 (^ 6* := 2 . 2 a** i^ := 2^ rf^ ft3_ g^j 
6a^6 = 2.3(H6. The different prime factors are 2, 3, a and 
(, and the multiple required must contain as a factor each of 
these, as many times as it is found in either of the given quanti- 
ties; that is, it must contain 2 twice, 3 once, a four times, and 
b three times as a factor. Consequently, 2 . 2 . 3 a* 6* or 12 a* 6^ 
will be the least common multiple required, for it is manifestly 
the least quantity divisible by 4 a^ 6^ ^q^ 6 a* b. 

Art. 01. Hence we deduce the following 



aUAHTITIIS. 

First separate the quantities into their prime faetors ; then 
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colkct into one product all these different factors, each raised 
to the highest power found in either of the quantities. 

Requited the least common multiple in each of the following 
examples. 

1. a^be,'iia^lfic,ic^c. Ans. 2 .2 (^b^e, = id'b^c. 

2. 9 m* y, 6 flS m y9^ ig ^3 ^b y3. 

3. 25 a' m x^, 15 a m^ i, 30 o^ m. 

5. 4a6 + 2ac, I2a6. 

6. 9ni»+18n<3i, 27nii^, 

7. aa_62, «3_|.2«j_|_ja 

8. a3 — 63, aS — fca. 

Remark. It might be proved that the least common multiple 
of two quantities, is equal to their product'dividcd by their great- 
eat common divisor. 



SECTION XIX. 



Art. 68. If both numerator and denominator of a fraction be 
multiplied by the same quantity, the value 'of the fraction will not 
be changed ; for, multiplying the numerator multiplies the fraction, 
and multiplying the denominator divides the fraction ; but if a 
quantity be multiplied, and the product be divided by the multi- 
plier, the value will remain the same as at first. 

Also, if the numerator and denominator of a fraction be divi" 
ded by the same quantity, the value of the fraction will not be 
changed ; for, dividing the numerator divides the fraction, and 
dividing the denominator multipliea the fraction ; but if a quantity 
be divided, and the quotient be multiplied by the divisor, the 
value will remain the same as at first. 

Art. 03. From the principle last stated, we derive the fol- 
lowing 
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Divide both ntatterator and denominator by their greatest com- 
mon dtoisor. 
Reduce the follawing fractJODa to their lowest terms. 



15a3 — 25«i*6c' 



752'jwy* 
144 ffl 



12. : 






■ aSlo^m'j;' ■ 33fl3 — 66om9' 

In the preceding examples the greatest common divisors of the 
nuroeratora and denominators are monranials ; in those nhich 
follow, the greateBt common diviaora are polynomiala, but the 
quantities may be easiry separated into factors, so as to exhibit 
the common divisors (Art. 5S). 

4 qB 4 63 4 ((,9 — ja\ 

"• 3.-3f ■^'■" " '^'' ■"" " na-h) = 
4 (—; . )(» + > ) _ i{a + b) _ ia + ib 
3(a — 6) ~ 3 ~ 3 " 

3.-y + 3..v' -•-'■ 



5a» + 10»'> + 5»f 45a«P(. + y) 

8o» + 8o»4 "■ 25o6(.< — s<)' 

Art. 64- The actual diviaion of one monomia] by another ii 
imposaible, when the coetlicient of the former ia not diriaible bf 
that of the lattet, when the divisor containa any letter not foimd 
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ID the dividetx], or when tlie exponent of any letter in the dirisor 
exceeds the exponent of the same letter in the dividend. A pol- 
ynomial cannot be divided by a monomial, unless the latter wilt 
divide every term of the former ; and the complete division of 
one entire polynomial by another is impossible, whenever the 
first term of the original or of any partial dividend, cannot be di- 
vided by the first term of the divisor, the quantities being ar- 
ranged according to the powers of the same letter. 

In such cases the division is expressed in the form of a trac- 
tion, the divisor being placed under the dividend. The result 
should then be reduced to its lowest terms. 

With regard to polynomials, however, we sometimes partially 
execute the division, placing the last remainder over the divisor, 
and annexing it to the entire part of the quotient. 

Express the division in the following examples and reduce the 



results. 




1. Dmde3o!>4 


bj -lab. I 


2. Divide 13. y 


b, l&abc. 


3. Divide 33zyi^ 


by SeiSyS. 


4. Divide 45 a&e 


by 180 o 6' .s 


5. Divide a b c 


by » + «. 


6. Divide 46 la 


by 4.«y + 


7. Divide 3. +3j, 


b, 6(.>-; 



8. Divide 12 z^ -f- 12 3/2 by 36 j;a _|_ 36 y9. 

9. Divide 13 (% —y) by 39 {x^ — f). 



SECTION XX. 



Art 63. What is # of J? ^ of J = ^, and ^ of J = if. 
What is the -^ part of ^! The -r- part of -^ = y^, an 
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the^ part Of -,-=-;-; that » 



' 6 ■ d ■ n -bdn 
Hence we deduce the 



Multiply all the numerators together for a new numerator, tmd 
all the denominators together for a new denominator. 

Remark. As the results should be reduced to the lowest terms, 
it is convenient to represent the operation and omit the common 
factors, previous to the actual performance of the mullipIicatiiKi. 

3ab a + b_ 3abia + b) _ a 
^^'"''J+l- 6bm~Gbm(a + b)-^- *""' 
^ i^ M — 3 1'*-8a6 _ 1.2.8 _ 16 
7 ' 5bm ■ 9a>~7.5.9a3 6ni~l .5.Sa<'m~' I5fl»m' 

Another mode of proceeding is the following, viz : when frac- 
tions are to be multiplied together, if the numerator of one and 
the denominator of another have common factors, omit those 
factors before multiplying. 

Thus, if , „ is to be multiplied by -— — ?;— , divide the 
5i»y '^ ' IQab^c' 

numerator of the first and the denominator of the second by 

4 a 6 ; also, the numerator of the second and the denominator of 

' ib^c' 



the firat by 5 1 y. The fractions then becom 


the product of which is |5£i 




1. Multip], ^ 


^'^r- 


2. Multiply ^ 


^'^- 


3. Multiply *'+"' 


, 24 13 
^y 76+9 ««■ 


4. Multiply ii±i 


^'% 



- and ; 



;. Google 



5. Multiply 

6. Multiply 



1 SUBTRACTION OP FRACTIONB. 

(fi — bf ^ 3 0" 



'K+6- 






8. Find the product of -^, r-^- and „. 



1+i 5£ a^' 



9. Find the product of 

10. Find the product of ■ - „ ■ , -~^ and — -j- — 

11. Find the product of .. , , .^ ^ ai 

9ni'' loo' 
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Art. 06. To repreaent the addition and subtraction of frac- 
tions, we merely write them after each other, with the signa + 
and — between them, being careful to place these signs even 
with the line separating the numerator and denominator. Thus, 



ami subtraction may be performed upon the numerators. 
2 + 4_ 6 



Add together — and — . Ans. 

........ 4 ,.._ 7 ._ 7-4 . 



.ooulc 
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Add together — and — . Ana. — ^- — . 

Subtract — from —. Ans. . 

mm ta 

Add together -r and — . Here the denomiaatora are differ- 
ent,' but if the numerator and denominator of the first fraction 
be multiplied by </, and the numerator and denominator of flie 
second be multiplied by b, the denominators will be made alike, 
without changing the value of the fractions. The first fraction 

becomes -r-; and the second -r-y ; then adding, we haw 
ad + be . 

Td ■ 

Add together — , — and -7. If we multiply the numerator 

and denominator of each fraction by the denominators of botb 

the others, the fractions become ■ , , , , j-y-, and rv>. '■^ ^"^ 
baj oaj hdj 

of which 13 — -^ ' ,.f' — — 1 Ana. Hence we derive a 



Seduce them to a common denominator, and then add or sui- 
tract ike numerators- 
Ait. 07. The preceding examples give also the following rule 
for reducing fractions to a common denominator. 

Multiply the denominators together for a common denominator, 
and multiply each numerator by all the denominators except ill 
own. For this is equivalent to multiplying the numerator and 
denominator of each fraction by the denominators of all the oth- 
ers, which does not alter the value of the fractions (Art. 09]- 

This rule for reducing fractions to a common denominator, 
will uniformly give correct, but not always the simplest reaulB. 

Suppose it required to reduce j— j, -r^— and = — 5— to a <m^ 
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mon denominator. The product of the denominators will, in 
this case, give a common denominator much greater than is ne- 
cessary. Id order to obtain the least, we muat, as in arithmetic, 
find the least common multiple of all the denominators (Art, 
01). The least common multiple of 4in?, Gm and 3m^x i« 
2^ . 3 tn^ X ; this therefore is the least common denominator 
sought. To produce this denominator, the first denominator 
must be multiplied bj 3 x, the second by 2 fli^ x, and the third 
by 4 m ; these, therefore, are the quantities by which the nu- 
merators are respectively to be multiplied. The fractions then 
3 ax 26raSi , icm 

'^"'""* la^x' -n^ '^^ i2^x- 

Art. OS. Hence we deduce a ' 



JFiitd the least common multipk of all the given denominatorg, 
and this will be the least common denominator sought ; then mul- 
tiply each numerator by the quemtity, by which it would be neces- 
sary to multiply its denominator, in order to produce the least 
common denominator. 

Remark. The quantity by which any numerator must be 
multiplied, may be found by dividing the common denominator 
by the denominator of the given fraction. It is to be observed 
also, that fractions must be reduced to their lowest terms, before 
we apply the rule for reducing them to the least common denom- 
inator. 

Examples. 



21 1> 



1. 

2. 


Add 
Add 


q I 

3a '. 

7' ' 


3. 


Add 


4 

lab' 


4. 


Add 


4^ 



6j>2^ \'ip^^' 
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5. 


,.. o + i 11 J 13o 
^^ 45..'75., """as..,.- 


6. 


a—b a-\-b a 


7. 


... 3ty ^be _, 4S» 
*■''' 25 »«■ 15 ».„•»•' 35 »...• 


8 


.„ 3m be (2 , 4a 
*'■'' 77' 57=' loTi ""• 25l?- 


9, 


-^w"^-f^- 


10. 


-i^:-if^:. 


11. 


Add ji-^ „d fJ-,. 


12. 


■*''''rf._4. ■°'^„_S■ 


13 


,,, 3a , &m 
*''''4S«"''4aJ + 8a- 


14 


Subtract -ji ftom —^ 


15. 


Sobttitct ^j- from —^■ 


16. 
17 


Subtract -^i- from . 
S.b„ac, ^7'f,.,u'" + ^. 


IS 


Subtract li!i±^ from 5ity 



20. Subtract 7— ::_-fj— '"'''"" oi"- 

21. Subtract y-T^ from y^-^,- 



;. Google 
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In this example, the integral quantity must be reduced to a 
fraction having x-{-t/ for its denominator. 

23. Add a-\-b and ^^. 



34. Add nfl -{• n^ and 

35. Add I and 



7m— 2« 
3aa_36a 



+ fcs ■ 



ixy 

4 A3 «3 

27. Subtract — r^ from 5 ft3 n^. 

r + 1 

28. aibtract 2 from ^''^ + '*'^^ _ 



. Subtract m — 1 from 






SECTION XXII. 

} TRACTIOKAI. 4PAJtTITIEB BT rftAB- 

Art. 09- How many times is -g contained in 8? ^ ia con- 
tained in 6, 40 times, and f is contained ^ times. 

How many times ia ^ contained in a ? ^ is contained in a, 9 a 
times, and ^ ia contained In a, —^ times. 

How many times is -r- contained ia e ? t- ia cwKained in c, 
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be timea, and ~ is contained in c, — times. This result is the 
same as the product of e by — . 

How many timea is f contained in ^? Reduce the fractions , 
to a common denominator ; g =: ^^ and ^ =: ^| ; |^ is contained ! 
in ^ as many times as 21 is contained in 32, which is ^ 

How many times is •, contained in t ^ Reduce the fi-actioiu 

c be n ad be . 

to a common denommator ;' -^z^ -;— r, and j- =i -j— ^ ; -j— j is 
a a bd bd 

contained in -t-ti ab many times as (c is contained in ad, 
which is -7 — . This result is the same as the product of y 

From the preceding questions we deduce the following 

I. qcAisTirr ■* 



Invert the divisor and then proceed as in multiplicofitm. 
Remark. When it is required to find what part one quantity 
is of another, make the quantity which is called the part, the 
dividend, and the other the divisor ; also, when it is required to 
find the ratio of one quantity to another, make the quanUiy 
which is expressed first, the dividend, and the other the divisw. 
Perform the following questions, taking care after inverting 
the divisor to omit common factors as in Art, 6*S. 
1. Divide m by f. 

3. Divide flS 6 c by ^• 
3. Divide 1= + ^' by -j— . 
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4. DWide 3(0" — 6=) by °^°~^l 

5. Divide — b; f. 

6. Divide -7 — by — h— , . 



4 a 6* ■ 



9 Divide t+lll±^l,y 3(. + y ) 



10. Divide 
H. Divide 



4»+a 



12. Divide g— by -. 

18. ^^ is what part of ——il 

U. ^- « what pan of ^. 
17 a m^ 34 a* B»" 

,5. ?(|+i) i, „te p„ of 9(^^-y') , 

4iy 9i3y3ffi 

17. What IS the ratio ef -^r^ to ^ „ , „ - s T 



. WhalblherMloof "' 73}, 



«. + ! 



3664"«> 
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SECTION XXllI. 



LITamAL E«DAriOIt(. 



An. 70. I^et the learner find the Tolue of x in the following 
eqavtions. 

_ be — X 3z-|-4m .,,-,. , „, . 

1. gj== ~ri ■ Mmtijaying by a — 2d, we hwe 

3az + 4am — 6dx—8dtt, , 

*«=-*= 6 + e • 

Multiplyiag by & -^ c, | 

l/ie — hx + bc^ — cx = aax + iam — 9dx — 6dm. 
Transposing all the terms containing z into the first member, 
and the others into the second, 

6dx—bx — cx — Zax = iam — b^c — bc'>Sdm. 

Separating the first member into factors, one of which shall . 

be X, I 

(6d—b~e — Sa)x = 4ain-~b3c—be^ — 8dm. 

Herez is taken &d — h — c — 3a timea; that is, the factor 

6 d- — 4 — e — 3 a is the coefficient of x. 

Dividing by this coefficient, 

4am — h»c—bd'—8dm 
'= Qd-b-c~Za =" 

x= J-T r-^i rf-i ; for It IS evident thai 

b-j;-c-^Sa — oo 

the signs of both numerator and denominator may be changed 
without affecting the value of the fraction, since "T := -{-a. 



and — p ^z-{-a. Or we might hare changed the signs of ill 
■qtarating the fii 
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the terms in the equaUou, previous to iqtarating the first mem- 
ber ioto factors. 



BttOATIONB OF THE PIKST DBGHEE. 



b ~ a 
* r- :t— = 3e 



4. 



31—4!. 


ev,~dx 




J + . - 


6 — 2c" 






a + ic 
6 ■ 




^.-' 


= = i._o». 




ad' + ax' 
d% 


ac+ax 
d 




ax — 75 
b — x 


■- = '-^ 


^ 


3a_46 


76 — 3a 





SECTION XXIV. 



r DXOBBB WITH TWO ITRENOWII ItUANTI- 



Ait. 71. The problems of the fiiat six sections inroWed only 
one unknown quantitj. When a question involves several un- 
known quantities, there must always be as many conditions 
given, and, consequently, there must result as many different 
equations, as there are unknmtm quantities. 

1. A man bought 3 barrels of cider and 2 barrels of beer for 
(14 ; and, at the same rate, 5 barrels of cider and 3 barrels of 
beer for $22. Required the price of each per barrel. 
Let X = the price of the cider per barrel, 
and y =: the price of the beer per barrel. 
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TheQ, from the conditions of the question, 

(1) 3x + 2y = 14.» 

(2) 5 1 + 3 y = 22. J Multiply the Ist by 3 and the 2d by 2, 

(3) 9x + 6y = 42.J 

(4) 10z-^6y = 44. t Subtract the 3d from the 4th, 
J0x-f-6y — 9i — 6y z=44 — 42; reduce, 

X = 12. Substitute 2 for t in the lat, 

6 -|~ 2 y = 14 ; Iranspoae, reduce and divide, 

y = $4. Ans. Cider 12 ; beer $4 per barrel. 

We might have multiplied the lat equation by 5, the 2d by 3, 

•nd then subtracted one result from the other. Thia would hare 

given an equation without z, from which we could have found 

the value of y. Then if the value of y had been substituted in 

one of the preceding equations, the value of z could have been 

2. A and B together have $40, and if 3 times B's money be 
subtracted from twice A'b, the remainder will be $5. How 
much money has each ? 

Let X =z A'a money, and y ^ B's. Then, 

(1) X + y = 40.t 

(2) 2x — 3y= 5. i Multiply the lat by 3, 

(3) 3 z + 3y = 120 ; add the 2d and 3d, 

5 z = 125 ; hence , x z= $25, A's money. 
Substituting 25 for z in the lat, 
25 -j- y ^ 40 ; hence, y = $15, B'a money. 
We might have multiplied the lat equation by 2, and subtract- 
ed the 2d from the result, which would have given an equation 
without X. 

3. A market woman aoid 4 melons and 6 peaches for 60 cents, 
and, at the same rate, 6 melons and 15 peaches for 102 ceuta. 
Required the price of a melon and that Qf a peach. 

Let X := the price of a meloQ, 

and y ^ the price of a peach. Then, 

(1) 4,x-^ 6y;= 60.J 

(2) 6x-\-\Ss = \m.i 
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The coefficients of y in the two equations will be alike, if the 
lat be multiplied by 5 and the 2d by 2 ; or the coefficients of x 
will be alike, if the Ist be multiplied by 3 and the 2d by 2. But 
the best way, in this qaestion, is to divide the Ist by 2 and the 
2d by 3, which gives 

(3) 2 z + 3 y = 30. ) 

(4) a I -|- 5 y = 34. > Subtract the 3d from the 4th, 

2 y =: 4, and y =^ 2 cents, piice of a peach. 
SubstitDte 2 for y in the 3d, 

3 1 4" ^ ^ 30, from wliich i = 12 cents, price of a melon. 
4. Saya AtoB, ^ of my money and $10 is equal to ^ of yours ; 

yea, aays B, but ^ of my money and $10 b equal to ^ of youia. 
How much money has eachT 
Let X ^ A's money, and y == B's. Then, 

(.) 1+10=1 ) 

(2) j-\^li) = -J-. \ Remove the dentmiinators, 

<3) Zz+ 60 = 3y. > 

(4) 3y + 120 =z 8 2. ) By transposition, 

(5) 2t— 3y=r— 60. » 

(6) 3y — 8 1 =—120. (Add the 5th and 6th, 

— Ox = — 180 ; change the aigna, 

6 z ^ 180 ; hence, x ^ $30, A's money. 
Substitute 30 for x in the 3d, 

60 -|- 60 =3 3 y ; from which y = $40, B's mcmey. 
We aee, that, in the preceding problems, the conditions, in 
each case, give rise to two distinct equations, which may be 
called the original equations ; the others which follow, are de- 
duced from these, oi are mere modifications of them. 

From the two original equations containing two anknown 
quantities, we obtained one with only one unknown quantity. 
This is called eliminating the unknown quantity, which this new 
equation does not contain. Thus, in the solution of the first 
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question in this article, we eliminated y, and thus obtained an 
equation with i only and known numbers. 

We peTceive, moreover, that when the quantity to be elimina- 
ted, IB in the corresponding members of the two equations, that 
is, either in the first or second members of both, and is found in 
odIj one term of each, the following rule will enable us to effect 
the elimination. 



Art. 79. Multiply or divide the equations, if necessary, so as 
to make tke coefficients oftkt quantity to he eliminated the scale 
tn tke two equations ; then subtract one of the resulting equations 
from Ike other, tf the signs of the terms containiTtg this quantity 
art alike in both equations, or add them together, if tke signs are 
different. 

In applying this rule, the equations should first be freed from 
fractions, if they contain any, and it is advisable to transpose all 
the unknown terms into the first members ; moreover, if the un- 
known quantity to be eliminated, is found in several terms in 
one or both of the equations, these terms, in eaeh, must be re- 
duced to one. 

The coefficients of any letter in the two equations will be 
made alike, if, after the equations are prepared as prescribed 
above, each equation be multiplied by the coefficient of that let- 
ter in the other equation ; or, if each equation be multiplied by 
the number, by which the coefficient of that letter in this equa- 
tion must be multiplied, in order to produce the least common 
multiple of the two coefficients of the letter to be eliminated. 

For example, in the 3d question, the common multiple pf 4 
and 6, the coefficients of x, is 12, which may be produced bj 
multiplying 4 by 3, or 6 by 3, If, therefore, the 1st equation 
be multiplied by 3 and the ^ by 2, the coefficients of x will be 
alike. 

1. A shoemaker sells 3 pairs of shoes and 4 pairs of boots for 
$26 ; and, at the same rate, 5 pairs of shoes and 3 pairs of boots 
for $25. What was the price of the shoes and the boote a pair 1 
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Let X =1 the price of a pair of shoes, 

and y ^ the price of a. pair of bcKtts. Then, 

(1) 3x + 4y=36.J 

(2) 5 I -f- 3 y = 25. * Transpose 4 y in 1st and divide by 3, 

(3) X = — ^*1 . Transpose 3 y in 2d and divide by 5, 

(4, .=?t=L>'. 

Now, since the second members of equations 3d and 4th are 
each equal to x, thej are equal to each other. Hence, 

^— i = — g— ='. Multiply by 5 and 3, or 15, 

15 — 9y = 130 — 20 y; transpose, reduce and divide, 
y ^ $5, price of a pair of boots. 
Substitute 5 for y in the 3d, 
26—20 ^„ , „ . , , 
X = — - — ;= fa, price of a pair of shoes. 

2. What fraction is that to the numerator of which if 4 be 
added, the value of the fraction will be ^ ; but if 7 be added to 
the denominator, the value will be ^T 

Let X = the numerator, and y ^ the denominator. 

The required fraction then will be expressed by — . Hence, 



(1) 


-f-=*? 


(2) 


~j = J. ) Mulllply the l.t by ,, 


(3) 


« + 4 = |; transposethe4, 


m 


«=|— 4. Multiply the iM by , + 7, 


(5) 


X = ^"^ . Put the two values of x equeJ, 




|_4 = ?L±I; multiply by 10, 
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fiy — 40^2f-|-14; troB^ose, reduce and divide, 
y =z 18, the denominator. 

Substitute 18 for y in the 4th, 
« = y — 4 = 5, the numerator. 
The fraction sought then is ■^. 
In the solution of the 1^ two questions, we found the nlue 
of X from each of the original equations, as if y were known; 
that is, we found from each an expression for x, consisting of y'a 
and known numbers ; then, by equalizing these two values of i, 
we obtained an equation without i. We might have eliminated 
y in a similar manner, and found an equation without that letter. 
Hence, we have a 



Art. 73. Find the value of one of the unknovm gtiaatiiies, 
froM one of the equations, as if the other unfcnoien quantity teeft 
determined; then form a neio equation by putting these two eoJ- 
ues equal to each other. 

Observe, however, that the unknown quantity itself must not 
be contained in any expression for its value. 

1. Says A to B, give me one dollar of your money, and I shall 
have twice as much as you will have left; yes, says B, but give 
me one dollar of your money, and I shall have three times as 
much as you will have left. How much money has each 1 

Let X ^ A's money, and y ^ B's. 

Then after B has given A $1, A will have i+ I, and B will 
have y — 1 dollars. But if A gives B $1, A will have x — !, 
andB, y— 1. 

Hence, from the conditions of the question, 

(1) z-\-l=2y-%-t 

(2) 3i — 3=3 y^ 1. * The Ist equation gives 

(3) * = 2y — 3. 

Now this value of x may be put instead of z in the 2d eqoa- 
tion ; but as x in the 2d is multiplied by 3, we must midtipl; 
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this value by 3, and the result, 6y — 9, may be substituted for 
3x, in the 2d, which gives 

Gy — 9 — 3=z ]f-^- 1, from which we deduce 

y = $2f , B's money. 
Substitute 2f for y in the 3d, 
I ^= 5^ — 3 = $2^, A'a money. 
2. The mast of a vessel consists of two parts; i of the lower, 
pait, added to } of the upper part, makes 28 feet ; and 5 times 
the lower part, diminished by 6 times the upper part, is equal to 
13 feet. Required the length of each part. 

Let X ^ the lower, and y ^ the upper part. Then, 

(11 —4- ■^ = 28 } 
^ ' 3 ^ 6 ( 

(2) 5x— 6yz= 12.)The Ist gives 

(3) y=168 — 2i. 

Multiply this value of y by 6, and substitute the result for 6y 
in the 2d ; but, as 6 y has the sign — , the value of 6 y must 
be subtracted, that is, its signs must be changed when the sub- 
stitution is made. Hence, we have 

Sx— 1008 + 12 1 = 12, which gives 
I = 60 feet, the lower part. 

Substitute 60 for x in the 3d, 
y =: 169 — 120 = 48 feet, the upper part. 
From the solution of the foregoing questions, we deduce a 



Art. 74. JVnrf, frmn one of tie equations, the value of the 
qnantily to be eliminated, as if the other unknown quantity were 
determined, and substitute this value in the other elation, in- 
stead of the unknown quantity itself. 

1. There are two numbers such that if 15 times the 2d be 
added to the 1st, the sum will be 53; and if 3 times the 1st be 
added to the 2d, the sum will be 27. What are these num- 
bers t 
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3. Two men talking of theii money, the first says to the aec- 
ond, i of mine and ^ of yours make f 6 ; but ^ of imiDe and ^ of 
yours make only 95%. How much money has each ? 

3. A farmer sella to one man 5 cows and 7 osen for $370, 
and to another, at the same rate, 10 cows and 3 oxen for $355. 
Required the price of a cow and that of an ox, 

4. Says A to B, give me $4 of your money, and I ehall have 
as much as you ; yes, says B, but give me $4 of your money, 
and I shall have 3 times as much as you. How much mmiey 
has each ? 

5. I can buy in the market 3 bushels of potatoes and 4 bnsh* 
els of corn for $5, and, at the same rate, 6 bushels of potatoes 
and 7 bushels of corn for $9. What is the price of a bushel of 

6. A man bought some wheat at 8b. per bushel, and some rye 
at 5s. per bushel, to the amount of $20 ; he afterwards sold, at 
the same rate, ^ of his wheat and % of his rye for $9^. How 
many bushels of each did be buy, and how many of each did he 
aellT 

7. A laborer wrought 8 days, having his son with him 6 days, 
and received for both $10; he allerwards wrought 10 days, bar- 
ing his Eon with him 9 days, and received $13. What were the 
duly wages of himself and son ? 

8. What fraction is that, whose numerator being doubled, and 
the denominator increased by 8, the value becomes §; but the 
denominator being doubled, and the numerator increased by 3, 
the value becomes^? 

9. What fraction is that, whose numerator being diminished 
by 3, the value becomes ^ ; but the denominator being dimiiH 
isbed by 3, the value becomes f T 

10. A man bought coflTee at 12 cents and tea at 75 cents t 
pound, and paid for the whole $249 ; the next day he disposed of 
J of his coffee and | of his lea for $180, which was $10.80 more 
than it cost him. How many pounds of each artlcle.did he buy, 
and how much of each did he sell t 
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11. A market-woman bought eggs, Bome at two for a cent, 
and some at five for three cents, and gave for the whole $1.60 ; 
she afterwards sold them all for $3.10, and thereby gained J a 
cent on each egg. How many of each kind did she buy T 

13. A grocer having two casks of wine, drew out 25 gallons 
from the smaller and 30 from the larger, and found the number 
of gallons remaining in the former to the number remaining in 
the latter as 5 to 7 ; he then put 10 gallons of water into each 
cask, and found the number of gallons of the mixture in the 
smaller to the number of gallons in the larger as 3 to 4. How 
many gallons did each cask at first contain ?. 

13. A man would sell 4 bushels of wheat and 9 bushels of 
oats for 63 shillings ; or he would exchange 4 bushels of wheat 
for 8 bushels of oats and 12 shillings in money. At what price 
did he estimate the wheat and oats per bushel T 

14. A grocer has two carts of wine, the larger at 123. and the 
smaller at 10s. per gallon, and the whole is worth ^136 ; from 
the larger he draws 60 gallons, and from the smaller 20; he then 
mixes the remainders togeth^-, adds 40 gallons of water to the 
mixture, and finds it worth 9s. per gallon. How many gallons 
were there at first in each caskT 

16. A sportsman has a fishing rod consisting of two parts; 
twice the upper part exceeds the lower by 5 feet ; moreover, 3 
times the lower part added to 4 times the upper part, exceeds 
twice the whole length of the rod by 55 feet. What is the length 
of each part and of the whole rod? 

16. A owes $600, and B $800 ; but neither has sufficient to 
pay his debts. Says A to B, lend me ^ of your money, and I 
shall be enabled to discharge my debts ; yes, says B, but lend 
me ^ of your money, and I can discbarge mine. How much 
money has each in possession ? 
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SECTION XXV. 
xqiTATiom or The riBiT dkorbe with ssvim-aj. trHKMOifir «VAir- 

Art. 7S. 1. A drover bought at one time an ox, a cow and a 
calf for 965 ; at another, and at the same rate, two oxen, three 
cows and a calf for $14S ; and, at a third time, three oxen, two 
cows and a calf for |I165. Required the price of an ox, a cow, 
and a calf 

Let X = the price of an ox, 
y ^ the price of a cow, 
and X =1 the price of a calf. Then, 
(!) 
(2) 
(3) 

Here we have three distinct equations, contaiBing three dlf- 
; ferent unknown quantities; and the first step in the solntioo, n, 
to deduce from them two equations containing only two different 
unknown quantities. Let us eliminate %, that is, obtain two 
equations without x. 

First method, The cO&flicients of z being alike in the three 
equations, b; subtracting the 1st from the 3d, also the 2d from 
the 3d, we have 

(4) « + 2y = 80.» 

(5) X— y = 20-* 

Since equations 4th and 5th do not contain x, we may obtain 
from them the values of x and y. Subtract the 5th from the4tb, 
3 y =: 60 ; hence, t/ ^ $30, price of a cow. 
Substitute 30 for y in the 5th, 
X — 20 = 20 ; hence, x = $40, price of an ox. 
Suhatitule the values of z dnd y in the 1st, 
40-f-20-|-z = 65; hence, z = $6, price of a calC 



*+ y + «= 65.^ 
3x + 3y + «=145.> 
3!r + 2y-|-s=165. ) 
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Second method. Reiume the origind eqaationa, 

(1) x+ y + .= 66.^ 

(2) ai + 3y + s=145.> 

(3) 3x + ^!f + z=lQS.) 

Deduce the value of z from each equation, as if x and y were 
knowD. 

(4) «= 65 — « — y. ^ 

(5) *=:145 — 2z — 3y. J 

(6) 11=165 — 3r—2y.) 

Put equal to each other the values of x in the 4th and 5tbj 
also, the values of x in the 5th and 6th, 

(7) 65 — I — y=H5 — az— 3y. 

(8) 146— 2i — 3y=165— 3tt— 2y. 
Transpose and reduce in the 7th and 8th, 

(9) x + 2y = 80.> 
(10) X — y = 20. ) 
Find the value of z in the 9th, alao in the lOtb, 
(U) x = 80-2y.> 
(12) T = 20+ !/.i 
Put the values of z in the 11th and 12tb equal, 

20+y^80 — 2y; hence, y= $20, price of a cow. 
Substitute 20 for y in the 12th, 

z = 20 + 20 z= *40, price of an ox. 
Substitute 40 for x and 20 for y in the 4tb, 
a = 65 — 40 — 20= »5, price of afialC 
T^ird Method, Take the original equations, 

(1) z+ y+z=: 65.^ 

(2) 2z + 3y + *=145.> 

(3) 3i-i-2y4-a= 165.3 

Deduce the value of z from the 1st, >a if z and y were known, 

(4) X — 65 — z — y. 
Substitute this value of z in the 2d and 3d, 

(5) 2z + 3y + 65 — z— y=I46. 

(6) 3z + 2y+6S— z— y = I66, 

lOOglc 
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Transpose and reduce in the 5th and 6th, 

(7) x+2y= 80. t 

(8) 2a!+y=100J 
Deduce the value of z from the 7th, 

(9) 1 = 80— 2y. 

Double thia value of z, and aubstitnte the i%sult in the 8tb, 

160 — 4s-\-y— 100 ; which gives y = $20, price of a cow. 
Substitute 30 for t/ in the 9th, and we have 

z = 940, price of an ox. 
Substitute 40 for z and 20 for y in the 4lh, and wa have 

X =: $5, price of a calf. 
2. There are three men, A, B and C, whose ages are auch, 
that iff of A's, J of B'a and | of C's be added, the aum will be 
70 jears; if twice A's be added to B'b, the sum will be 5 times 
C's ; and if ^ of A's be subtracted from i of B's, the remainder 
will be ^ of C'b. Required their ages. 

Let X, y and z represent the respective ages of A, B and C. 
Then, 

(1) S^ + 5y + l« = 70.j 

(2) 2z+y = 5z. 

(3) iy-i^=^i'. 
Remove the denominators in the 1st and 3d, and Irfin^ down 

the 2d, 

(4) 16 1 -|- 21 y + 18 2 = 1680. ^ 
(2) 2i + y = 5^. [ 

(5) — 2z + 3y = 3s. 3 

FHrst method. Transpose all the unknown quantities into the 
first members, and bring down the 4th, 

(4) 16 z + 21 y + 18 z = 1680. 

(6) 2z + y-5z = 0. 

(7) — 3i + 3y — 3z=0. 

To eliminate x, add the 9th and 7th ) also, add the 4th to 8 
times the 7th, 

(8) 4y-^8« = 0. i 

(9) 45y — 6«r=1680.l 
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To eliminate % from these two last ecpatitnis, divide the 8th 
by 4 and the 9th by 3, 

(10) ,-2z = 0. » 

(11) 15y — 2a: = 560. ) 
Suhtract the 10th from the 11th, 

14 y ^ 560 ; hence, y =^ 40 yeaia, B's age. 
Substitute 40 for y in the 10th, 

40 — 2 z := ; hence, z ^ 20 years, C'a age. 
Substitute 40 for y and 20 for % in the 2d, 

2 z + 40 z= 100 ; from which, z = 30 years, A's age. 
Second method. Take the original equations cleared of frac- 
tions, that is, the 4th, 2d and 5th, inverting the order of the 
members in the 2d and 5th, 

(4) 16E+21y+18* = l' 
(2) 5z = 2x + y. 

(5) 3*=:-2E+3y. 
Deduce the value of z from each ef these, 

,g, ^_ 1680 — 16z — 21y 




Put equal to each other the values of z in the 6th and 8th ; 
also, the values of z in the 7th and 8th, 

— az-f3y _ 1680— 16g— aiy 
(9) 3 - j8 ■ 

CO) '-Ip^^l^. 

Clear the 9th and 10th of fractions, transpose, reduce, and 
find the value of x from each, 
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Put the rilneB oT s ia the lltb ud IStta equal, 

3y _ 1680- 

4 ~ 4 

Substitute 40 Tor y in the ISth, 

z ^ 30 yean, A'a age. 

Substitute 30 foT z sod 40 for y in the 7th, 

60 + 40 100 _- „ 

* = T — = -r- = 20 yeaia, C a Bg«. 

Third method. Resume the 4th, 2d and 6th equuioBS, 

(4) 16s + 21y+ie> = 16e0.^ 

(3) 6»=2r+,. [ 

(6) 3*=— 2x + 3y. ) 

Deduce the value otx from the 6lb, 

(6) . = =H^'. 
Substitute this ralae in the 4ih and 3d, 

(7) 16 1 + 21 y — 12 i + 18 y = 1 

(9) -^i^-t!i*=3.+,. 

Clearing the 8th of fractions, and reducing the 7th and Stfa, 
(9) 4Ji + 39y = 1680. 7 
(10) 4i = 3y. J 

Deduce the value of x from the 10th, 

(11) .= Lf 

Substitute this value in the 9th, 

3y + 39y=1680; hence, y = 40 years, B's age. 
Substitute 40 for y in the 11th, 

I z= 1^ of 40 = 30 years, A'a age. 
Substitute 30 for x and 40 for y in the 6th, 
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3. A bof bonght of one man 3 q>ples, S peaches, 4 peare and 
S oranges for 22 cents ; of a second, at the same rate, 2 ^ples, 
3 peaches, 2 pears and 4 oranges for 24 cents ; of a third, 5 af- 
plee, 1 peach, 6 pears and 10 oranges for 36 cents ; and of a 
fourth, 4 apples, 3 peachea, 2 pears and 8 oranges for 32 cents. 
What did he give apiece for each ? 

Let X represent the price of an apple, y that of a peach, n that 
of a pear, and it that of an orange. Then, 

(1) ■ix-i-2y + 4z+ 2a^22. ) 

(2) 2»;+-3y + 2z+ 4« = 24. f 

(3) 5i+ y-\-6z-\-10u = m. I 

(4) 4 1 + 3 y -f- 2 s + 8 « = 32. ) 

Let us ehminate y, that iB, obtun three equations without y. 
The three equations befow may be found as followB. To obtain 
the 5th, multiply the 3d by 2, and subtract the 1st irom tho re- 
sult. To obtam the 6th, subtract the 2d from the 4th. To ob- 
tain the 7th, multiply the 3d by 3, and subtract the 4th from the 
result. 

(5) 7x + 8z+\8u = 50. ) 

(6) 2i + 4i. = 8. > 

(7) llE+ 16z + 22« = 76.> 

Now let us eliminate s from the last three equations. But 
since the 6th does not contain «, we may divide it by 2 and place 
the result below. To obtain the dth, multiply the 5th by 2 and 
subtract the 7th from the resuh. 

(8) x-\-iiu = i. > 

(9) 3 J + 14 w ^ 24. S 

To eliminate x from the last two equations, multiply the 8th 
by 3 and subtract the result from the 9th. 

8 w = 12 ; hence, m s= 1^ cent, price of an oiauge. 
Substitute the known vahie of u in the 8th, and we hare 

z =r: I cent, price of an ^pte. 
Substitute the values of x and m in the 5tb, and we have 

2 =: 2 cents, price of a pear. 
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Substitnte tbe Tslaea of z, z and « in the 3d, wd we hare 
jf := 4 cents, price of a peach. 

Let the learner solve this question by the second and thiid 
methods of elimination. 

From the solution of the foregoing questions, it is easj to see, 
that the three modes of elimina.tion given in the last section, may 
be extended to any number of equations. 

To (4>ply the first method for the purpose of eliminating a par- 
ticular quantity from several equations, it is only necessary to 
operate upon these equations t^en two and two. 

In applying the second method to several equations, we must 
find, firom each equation that contains it, the value of the un- 
known quantity to be eliminated, and then put any two of these 
expreBsioDS for its value equal to each other. 

To extend the third method, we must, after having found firam 
one of the equations the value of the unknown quantity to be 
eliminated, substitute this value in every other equation that con- 
tains this unknown quantity. 

If a question involves five unknown quantities, and gives rise 
to five different equations, we should hist deduce from them fooi 
equations with only four ditferent unknown quantities ; secondly, 
from these we should deduce three equations with only three un< 
known quantities ; thirdly, from these three, two with only two 
unknown quantities ; and, finally, from these two, one equation 
with only one unknown quantity, from which tbe value of tbis 
unknown quantity might be determined. 

Or if six equations containing six unknown quantities, were 
given, we should first obtain from them five containing only five 
unknown quantities, and then proceed as before ; and bo on, ifa 
still greater number of equations were given. 

If either of the equations does not contain tbe unknown quan- 
tity to be eliminated, that equation may be put aside to be placed 
with the next set of equations, viz : those which contain one less 
unknown quantity. 
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Eidiet of tbe methods of eliminatioD maj be used, bnt the 
first will generally be found most convenient, because it does not 
gire rise to fractions. It will, however, be useful for the leaner 
to perform every example by each method, in order to familiar- 
ize him with the process, and enable him to judge which will be 
best in any particular case. It is not necessary that the same 
mode of elimination should be pursued throughout the solution 
of a question, but either of them may be resorted to whenever it 
shall seem the most convenieaL 

4. A merchant bought at one time 4 barrels of flour, 3 barrels 
of rice, and 3 box.eB of sugar for $72 ; at another, 2 barrels of 
flour, 6 bands of rice, and 3 boxes of sugar for $84 ; and at 
a third time, 5 barrels of flour, 9 barrets of rice, and 8 boxes of 
sugar for $197. What were the flour and rice per bairel, and 
what was the sugar per boxT 

5. There are three numbers, such that if 3 times the 2d be 
BubtTBcted from 4 times the 1st, and twice the 3d be added to 
the remainder, the result will be 9; if twice the 1st and 5 times 
the 2d be added, and from the sum 3 times the 3d be subtracted, 
the remainder will be 4 ; and if 5 times the 1st and 6 times the 
2d be added, and from the sum twice the 3d be subtracted, the 
remaindei will be 18. What, are these numbers? 

6. Three boys, A, B and C, counting their money, it was 
found that twice A's added to B's and C's, would make $5.25 ; 
that if A's and twice B's were added, and from the sum C's were 
subtracted, the result would be $3.00 ; and the three together had 
$3.25. IIow much money had each ? 

7. Three men owed together a debt of $1000, but neither of 
them had sufficient money to pay the whole alone. The first 
could pay the whole, if the second and third would give him ^ 
of what they had ; the second could pay it, if the first and third 
would give him -^ of what they had ; and the third could pay it, 
if the first and second would give him -fj of what they had. Row 
much money had each T 
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8. The ages of three men, A, B and C, are such, that ^ of 
A'e, i of B'b and ^ of C'b make 80 years ; J of A's, J of B's and 
■^ of C'8 make 78 years ; and ^ of A's, ^ of B's and ^ of C'b 
make 35 years. Required the age of each, 

9. Four men could earn together in one day 26 shillings. If 
the Ist wrought 6 days, the 2d 8, the 3d 9 and the 4th 12, they 
would all earn 2373. ; if the 1st wrought 2 days, the 2d 5, the 
3d 7, and the 4th 9, they would earn 16ls. ; and if the Ist 
wrought 4 days, the 2d 3, the 3d 2, and the 4th 1, they would 
earn 60s. What were the daily wages of each? 

10. A merchant had four kinds of tea, marked A, B, C and 
D. If he mixed 7 pounds of A, 10 of B, 12 of C and 18 of D, 
the whole mixture would be worth $22.90 ; if he mixed 4 pounds 
of A, 5 of B, 8 of C and 11 of D, the whole would be worth 
$13.80 ; if he mixed 4 pounds of A and 9 of C, the mixture 
-would be worth $5.70 ; and if he mixed 18 pounds of A, 12 of 
B and 36 of D, the mixture would be worth $31.80. What was 
each kind worth a pound ? 

11. I find that I can buy in the market 1 bushel of wheat, 2 
hushels of rye, 3 of barley, 4 of oats and 6 of potatoes for $12; 
3 bushels of wheat, 4 of rye, 8 of barley, 3 of oats, and 4 of po- 
tatoes for $24^ ; 5 bushels of wheat, 2 of rye, 10 of barley, 6 of 
oats and 8 of potatoes for $32 ; and 8 bushels of wheat, 7 of rye, 
6 of barley, 5 of oats and 4 of potatoes for $35^ ; moreover, that 
a bushel of wheat and a bushel of oats cost as much as a bushel 
of rye and a bushel of barley. Required the price of a bushel 

, of each. 
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SECTION XXVI. 

RVlflKlCAi. svatTnjmiiTt or aloibbaic qnAiTTiTm. 

Art. 74. Find the munerical value of the foUoHing qnanti- 
.ies, when s =5, b =: 6,c = 7, and d = 10. 



1. ab. Ana. 6.5 = 30. 


IS. a + hcd. 


3. a»6e. Ans. 53.6.7=1050. 


19. 2 a 6 -{- 3 ff. 


3. abed. 


20. a=» + A + c + d. 


4. a^be d. 


21. aii> + e(j». 


5. ab^cd. 


22. a + 4 + i». 


6. a3 6». 


2». o + 6 — t. 


7. o e <P. 


24. , + i — c — d. 


-F^ 


62. o« — J — < + iR 


26. (a +4 + .) A 


."--. 


27. (4 + . + d)a. 


28. a4(e + d). 


a 


29. (a + 4)(« + <0. 


30. (. + 4)(d-,). 


"■'^■ 


31. (a + 4)(.-i). 


32. (a-4)(.-i). 


•=-^- 


33. (4»_a«) (e + d). 


34. (a + 4)(.« + d').' 


13. o+i+«. 


35. (4'— nSXd" — c«). 


]4. a6 + «. 


36. (a«— 4")(e" — <i«). 


15. a + 6 e. 


37. (a + 4)». 


16. ah + cd. 


3S. (a + 4)».i. 


17. o 6 c + d. 




Find the value of the following ejtpresaione, when a = 1 


& = 3,n = 4,and»i = 6. 




39. + 6— » + ». 


42. 6a_5a4n. 


40. 3a + 2b-i-n — m. 


43. 3nt— 7a4n. 


11. ab + rnn. 
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6 + mo [m — ay 

Substitute the following equivalent expressions, showing their 
identity whalevei nutiiber» are put instead of the letters, obserr- 
ing however to give the same value to the same letter in the two 
members of an equation. 

50. {a+b)c = ac + bc. 
Suppose a = 2, i = 3, and c = 6. 
Then, (<i + 6)c = (2 + 3)6=5.6=^30. 
Also, a« + ic = 2.6 + 3.6=12 + 18 = 30. 
61. (a+6)(a— i) = aa — 63. 
63. (a-\.bf = a^~\.^ah-\-}fl. 
63. (d— M)» = aa — aaw + m". 

B,3 1 



' 


m — 1 ~ 


T*- 




56. 


^=-" 


» + m-l. 




57. 


^=-" 


4 + S». 




58. 




» + 4. 




59. 


(»+i) («+.) = 


= «' + o(4 + «) + 4e. 




60. 


(o + 4) (»+«)( 


o + <;) = »' + oM» + 


r + J) + 


o(6c + 


d + ed)+bed. 








h a—b 


a^ 




61. 


5 + 4+ 4 ~ 


«4 + 4«- 




62. 


ajrh.a-b 
a-b+a+b 


2(<.« + 4«) 
«'-4« ■ 
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SECTION XXVII. 



Art. tS, In the problems of the first six, u also in those of 
tbe ^th and 25th sections, letters have been used to represent 
unknown quantities only, and the results, expressed in definite 
ttombers, correspond to the particular questions only, from which 
Ihey were derived. 

But in pure algebra, letters may also represent known quui- 
titiee, or they may be used indefinitely, and afterwards any num- 
bers may be substituted in their place. Also the results of pure 
algebra, which are called formula, show by what operations 
they were obtained, and furnish rules for the solution of all 
questions of the same kind. 

1. Two men, A and B, are to share $420, of which B is to 
lure 3 times as much as A. Required the share of each. 

Here the object is to separate $420 into two parts, such that 
one shall be 3 times as great as the other. 
Let I = A's share ; 
then, 3x=: B's share. 
Hence, i + 3z = 420; 

E — J105, A's share; 

3z=:$315, B's share. 

loBtead of 420, in this question, put the letter a ; then the 

problem will be, to separate the number a into two parts, one of 

fftiich shall be 3 times the other. 
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Repreaentiiig the shares as befwe, we have 
x-\-3x=a. Hence, 

X =: J-, A'b shue, ) 

> Gweral fcmnnle. 
8x = ^,B'ashare ) 

If we now put |430 instead of a in these formnle, we h&Te 
4<H} 



z =: — = $105, A's share, ) 

3. = »-^=.3i5,B'..h„., r"" 



Particular answers. 



We perceive, from the general formnls, that one part is k 
fimrth, tmd the other three-fourths, of the number to be divided, 
without regard to Uie particular value of that number. 

Let the learner put other numbers instead of a iiitheformale, 
and find the two parts. Any number divbible bj 4 will pia 
wfMrie numbers for these parts.. 

2. A father left by his will $4500 to be divided between hifl 
son and daughter, with the condition that the son waa to receiTe 
9500 more than the daughter. What was the share of e^cht 

In this problem it is required to separate 94500 into two parts, 
such that one shall exceed the other by 9600. Instead of 
94500, let us suppose that the number to be separated into parts 
ia indefinite, and that it is represented by a ; also, that 6 repre- 
sents the excess of the greater part above the less. Then the 
problem is, to separate the number a into two parts, such that 
the greater shall exceed the less by 6. 
Let I = the less part ; then, 
X -{- 6 = the greater part. Hence, 
z-\-x-\-b = a. Reduce and transpose b, 
Zx^a — b; divide by 2, 
a b a~b ^, , 

'=a-5--2-''*''"'^'^'' 
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To obtain the greater we add & to the less, and we have 

7i-\-b^-^ — a~l" *■ Change b to halves, 

, t « 6,26 . 
^ + 6^___ + _j reduce, 

* + &=f + ^ = ^^-^, the greater part 

tf we examine the formulfe for the two parte, and recollect 
that a and b may stand for any numbers, provided that b is less 
than a, we see that the; furnish the following rule for separating 
a quantity into two parts. 

TAe kis part is found by suhtracUng kalf tke excess of tkf 
greater above the less from half the number to be separated; or, 
by subtracting the excess of the greater above the less from the 
Aumber to be s^araled, and dividing the remainder by 3. 

The greater part is found by adding kalf tke excess of the- 
greater above tke less to half the Toimber to be separated; or, by 
adding the excess of the greater above the less to the number to be 
separated, and dividing the sum by 3. 

Let the learner separate each of the following numbers into 
two parts by means of the formula:, or by following the rule. 

Numbers to be separated. Excess of one part over the other, 

150 30. 

230 50. 



70 a 

47i . 13. 

99 33*. 

11. Separate a number a into three parts, such that the mean 
shall exceed the least by 6, and the greatest shall exceed the 
mean by e. 

10 
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Let X =: the least part ; 

then x-\-b ^ the mean part ; 

and x-^b-\-c= the greatest part. 
Hence, z-|-z-|-fi-|-x-|-i-|-c:= a. Reducing, 
3x-|-3&-|-c:=a; tran^Kiaing, 
3x = a— 36 — e; dividing, 

«=-^-.-3— 3== 3 , the leaat part 

Adding b to the least, we have 

■i" 3 3 3 "'" 3 3 3"*" 

36 a , b e a + b — e , 
^ = 3+3-3= 3—. the mean part. 

Adding e to the mean, we have 

'"*-' + ' = 1 + 5-5 + ' = ! + 5— g- + 

3=¥+3 + -3= 5 .'hoP^Wp""- 

Let the learner translate these formulx into rules, recollecting 
that a representB the number to be separated, b the excess of the 
mean above the least, and e the excess of the greatest above the 

12. A man bought sugar at a cents, flour at 6 cents, and cof- 
fee at c cents per pound, and the whole unounted to d cents. 
How many pounds of each did he buy, if he bought the same 
quantity of each? 

Let I =: the number of pounds of each. 
Then, ax -{-bx-^cx =d. 
Separating the 1st member into factors one of which ie x, 
(a -\- b -\- c) X = d. Dividing by the coefficient of x, 
X = ■ -, the number of pounds of each. 

This formula may be translated into the following rule, viz : 

Dividetheprieeofthevholeby thestimoftAeprictsofaptmnd 

of each sort ; the yuotient mil be the numbtr of pounds of each. 
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1 the formula we substitute the numbers 7, 6, 10 and I 
b, e, and d respectiTely, we have 



-r ^ §f =: 4 lbs,, particular answer. 



' — 7+6+10" 
13. A farmer found he bad a times as many cowa as oxen, 
and b times as many sheep as cows, and that his whole stock 
amounted to the number e. Required the number of each. 
Let E ^ the number of oxen ; 
then ax=: the number of cows ; 
and a 6 z =:= the number of sheep. 
Hence, i + ai + aJx^c. 
Here z is taken 1 + a + a 6 times ; therefore, 

(1 + a + o 6) I =: c. Dividing by the coefficient of x, 
^, number of oxen. 



— l + a+af 

a%-=. ,— T ; X o, number of cows. 

l+d+oft 

ahxzzL —- ; X « i, number of sheep. 

1 -^a-^ab 

If 3 be put for a, 4 for 6, and 128 for c, in these fonnulte, we 
have 

128 
The number of oxen := ^ ■> T T i a ^ W ^ ^■ 

The number of cows = 3 . 8 = 24. 
The number of sheep = 4 . 3 . 8 = 96. 

14. What will be the particular answers in the preceding ques- 
tion, ifa=5, 6 = 7, and £ = 3697 

15. Two men had engaged to perform a certwn piece of 
work ; the first could do it alone in a days, and the second in 6 
days. How long would it take both working together to do it? 

Iiet z =: the number of days in which both would do it. 
Then, as the first could do the whole in a days, in 1 day he 

would do — of it ; and, as the second could do the whole in b 
a 
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days, in 1 day he would do -r- of it ; so that both would pei- | 

fi>nii — |--r of it in 1 dar, and in z days, h -;-■ But in i 

days we have supposed that they would perform the whole. 



1- -T ^1, piece of work. 

Multiplying by a and b, 
bx'\-ax = ab; or, 
(6-|-o)x=a6; dividing by ft -|- a, 

X ^ r-i — . Answer, 
ft + o 

From this formula we derive the following rule for any simi- 
lar case, in which two workmen are employed. 

Divide the product of the numbers exprening the times tx 
tohich each would perform it, by the sum of those miwihers. 

Let the learns find the answers to the following questions, by 
substituting the preceding formula. 

16. If A could perform a piece of wM-k in 6 days, and B could 
perform the same in 5 days, how long would it take both together 
to perform it 1 

IT. By a pipe A, a certain cistern will be filled with water 
in 5^ hours, and by another pipe B, it will be filled in 8^ faonrs; 
in what time wdl it be filled, if water flow through both pipes at 
the same time ? 

18. Let it be proposed to find a rule for dividing the gain or 
loss in partnership, or, as it is commonly called, the ruk offei- 
loaship. First, take a particular case. 

Three men traded in company and put in stock in the follow- 
ing proportions, viz : A put in $5 as often as B put in $3 and 
as ollen as C put in $3. The company gained $650. Required 
each mao'a share of the gun. 



.,M,icdB,Goo«lc 



JLXVIL aUflEAUSUTIOH. 118 

Let % =r A'a share. TheD, since B furniahed \ u much stock 
as A, he must have % as much g&in ; therefore, 

— ^ B's share. !□ like manner, 

-^ = C's share. Hence, 

i-f ^ +^ = 650. Multiplying by S, 

5i; + 3i + 2i = 3250, or 
101 = 3250; 

% = 9325, A's share. 

~ = 9195, B's share. 

^ = $130, C's share, 

To generalize this question, suppose that A put in m as often 
as B pat in n and as often as G put in p dollars, and that they 

trained a dollars. Then B puts in ~, and C ~ as much as A. 
■ "^ m m 

I^t x=: A's gain; then, 

— = B's gain, and 
^= C's gain. Hence. 
x-| 1 =za. Multiplying by m, 

mx-\-nx+pz:=ma; or, 

(«t + " -\~P) x = «ia; dividing by the coefficient of x. 



B'b share is — of A's ; — of m X - 



m-^n+p n + n+p' 
and — of it it n times ae much ; therefore. 
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', C's share is — of A's ; or 
^=pX . " . ■ C's share. 

By examining these fonnule, we perceive that the whole gain 
a is dirided by >n-|- n -{-p, the sum of the proportions of the 
stock furnished by all the partners, and that this quotient ii 
mnltiplied by m, A's propor^on, by n, B's prqwrtion, and bjj, 
C's proportion of the stock, to obtain their respective shares of 
the gain. Hence, obserying that a may represent the loss as wdl 
U the gain, to find each partner's share of gain or loss, we htre 
the following rule. 

Divide the whole gain or loss by the sum of the proportions ftf 
the stock, and tiutltiply the quotient by each partner's proportiai- 

This rule is applicable, whatever be the number of partners. 

19. Suppose A put in $400, B $300, and C $200, and tbit 
they gained $450. By the preceding forzuuls or by the nils, 
what was each partner's share of the gaini 

Remark. When the sunis actually put in are given, the shn- 
plest proportions of the stocks will be found by dividing these 
Bums by the greatest number that wi\] divide them all without 
any remainder. Thus, 400, 300, and 20O are all divisible bj 
100 ; and the quotients, 4, 3, and ii, express the prop(»tu>n9 of 
the stock. 

20. What would be each man's loss, if A furnished $300, B 
$150, and C $100, the entire loss being $99? 

2J. What would be each man's share of $500 gained, if fooi 
putners fbrnished respectively $800, $600, $400, and $200T 

22. A put in $200 for 6 months, B $150 for 5 months, wi 
C $300 for 2 months. They gained $272 ; what was each nun's 
^are ef this gaini 

liemavl:' tt is evident, that, if the stocks aj« employed nn^ 
qaal times, each partner's stock, or his proportion of the stock, 
must be multiplied by the number expressing the time dnriog 
which it is is trade, and ^at then the prt^rtions of these p^ 
ducts must be ttsed. 
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. In genera], known qnaotities are represented by the first, and 
unknown quantities by the last letters of the alphabet But, in 
some oases, it is more confenient to use the initial letters of the 
names ot quantities, whether known or unknown. 

In the following questions relating to simple interest, let p rep- 
resent the principal, r the rate, ( the time, i the interest, a the 
amount, and d the discount. In these questions, r is supposed 
to be a fraction, as .06, .05, &c, according as the rate is 6 per 
cent, 5 per cent, &c., and the time is supposed to be expressed 
in years and fractions of a year. 

23. What is the simple interest ot p dollars, for ( years, at r 
per centT 

The principal multiplied by the rate gives the interest for one 
year ; hemce, 

rp ^ the Interest for 1 year ; and 
trp= the interest for t years. Therefore, 

This formula gives the following rule. 

To find the interest when the principal, rate, and time are 
known, multiply together the principal, time, and rate. 

!!4- The principal being $356.35, the time 4^ years, and the 
rate 6 per cent, what will be the interest T 

In the equation I rp ^=: i, provided any three of the quantities 
^e given, the other may be found- Let the learner find the for- 
multe and make rules for the following general questions, and 
solve by the rules the particular esaniples subjoined. 

25. The interest, time, and rate being given, to find the prin- 
cipal. 

26, If the interest, for 7 years at 5 per cent, is $36.35, what 
is the principal ? 

S7. The interest, time, and principal given, to find the rate. 
08. The interest being $74.4711, time 6 years, and the prin- 
cipal $325.67, what is the rate? 

29. The interest, rate, and principal given, to find the time. 

30. If the interest is $103, rate 4^ per cent, and the princi- 
pal $320, what is the time? 

D,M,IcdB,GOO«IC 



116 OENKRALIZATION. AiLVU. 

31. What is the amoont of^ ddlare, for ( yeus, at the rate r, 
simple interest? 
The amount being the Etum of the principal and interest, we 

a=p + trp; oi, a = p (1 -\- 1 r). 

This formula gives the following rule. 

To _find the amount, wlien tke principal, lime, and rate art 
Icnmon, multiply the time and rate together, add 1 to the product, 
and multiply this sum hy the principal. 

82. The principal being $650, rate 4J per cent, and the time 
7 years and 3 mouths, what is the amount by the preceding 
rule? 

The equation, p-\-trp = a contains four different quanti- 
ties, any three of which being known, the other may be deter- 
mined. 

Let the learner find formula and rules for the following 
general questions, and solve the particular examples by the 
rules. 

33. The amount, time, and rate being given, to find the prin- 
cipal ; that is, to find what sum of money put at interest, at a 
ffven rate, and in a specified time, will amount to a given sum, 

N. B. The principal, in this case, is sometimes called the 
present worth of the amount. 

34. What is the present worth of $300, due in 3 years and 4 
months, the rate being 6 per cent ? 

35. The amount, principal, and time given, to find the rate. 

36. The amount being $405.09, principal $321.50, the time 4 
years, what is the rate 1 

37. The amount, principal, and rate given, to find the time. 

38. Amount $352, principal $275, and rate 8 per cent, re- 
quired the time. 

30. The amount, time, and rate given, to find the discount. 

Remark. The formula for the discount may be found by sub- 
tracting the formula for the present worth from the amount a, 
and simplifying the result. 
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40. Required the discount on £100, due in 3 months, the rate 
being 5 per cent. 

41. At a given rate, in what time will a aiun be doubled? In 
irhat tima will it be tripled T 

Remark. Take the formula for the amount, put Up and 3p 
successively instead of a, and then find the value of t. 

42. In what timewill asum bedoubled atCpercentl Inwhat 
time will it be tripled? 

43. In what time will a sum be doubled at 5 per cent J In what 
time will it be tripled? 

44. Separate the number a into two parts, one of which shall 
be n limes the other. 

45. Separate a into two parts, so that the second may be the 

— part of the first. 
« "^ 

46. Separate a into three parts, such that the second shall be 
m times, and the third n times the first. 

47. Separate a into two parts, so that if one of them be di- 
vided by b, and the other by c, the sum of the quotients shall 
be d. 

48. Separate a into two parts, so that the mth part of one shall 
exceed the nth part of the other by 6. 

49. What number is that whose mth part exceeds its nth part 
byi»? 

50. After paying away — and — of my money, I had a guin- 
eas lefi. How many guineas had I at first? 

51. After paying away the — and the - parts of my money, 

I had a dollars left. How much money had I at first ? 

52. A and B together could do a piece of work in a days; B 
could do it alone in b days ; in how many days could A do it 
alone? 

53. A company at a tavern paid a shillings each ; but if there 
had been 6 persons less, each would have had to pay c shillings. 
How many persons in the companj- 1 
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64. A gendemsD has 6 sona, each of whom is a years (dder 
than his next younger brother, and the eldest is b times as old as 
the youngest. Required their ages. 

55. A person borrowed as much money as he had in his purse, 
and then spent a shillings ; again he borrowed as much as he 
had left in his purse, after which he spent a shillings ; he bor- 
rowed and spent, in the same manner, a third and fourth time ; 
after the fourth expenditure he had nothing left. How much 
money had he at first 1 

56. A man agreed to work n days, with this condition, that be 
should receive a shillings for every day he worked, but should 
forfeit 6 shillings for every day he was idle. At the end of the 
time agreed on, he received a balance of c shillings. How many 
days did he work, and how many was he idle? 

57. A gentleman gave some beggars a cents apiece and had b 
cents left ; but if he had given them e cents apiece, he would 
have been obliged to borrow d cents for that purpose. How many 
beggars were there? 

The following questions may be solved by means of two un- 
known quantities. 

58. Said A to B, the sum of our ages is a years, and their dif^ 
ference is b years. Required their ages, A being the elder. 

59. One pair of boots and a pairs of shoes cost b dollars ; and 
e pairs of boots and one pair of shoes cost d dollars. Required 
the price of the boots and shoes a pair. 

60. There are two numbers, such that if 7 part of the sec* 

ood be added to the first, the sum will be a ; and if — part of the 

first be added to the second, the sum will also he a. Required 
the two numbers. 

61. What fraction is that, to the numerator of which if a be 

added, the value of the fraction will become — ; but if a be ad- 
ded to the denominator, the value of the fraction will be — ? 

9 

DkIzc.J;.G00«Ic 



XXVm NEOATITE QUANTITIES, ETC. 119 

6Sl What fiaction is that, from the numerator of which if a be 

subtracted, the value of the fraction will become — ; but if a be 

Bubtiacted from the denominator, tbe value of the fraction will 

become =-. 
7 
GH. What will be the particular answer to the Blst, if a = 3, 

— ^ 8, and — ^ A- ; and what will be the particular answei 
» J 

lo the 62d if a = 3, — = t^, and ^ = i^T 



SECTION XXVIII. 

HXaATIVX QDANTITIES AND THI IKTaHPBKTATIOIT ( 



Art. T#. It may h^pen, in consequence of some absurdity 
or inconsistency in the conditions of a problem, that we obtain, 
for a reeult or answer to the question, a quantity affected with 
the sign — . Snch a result is called a negative solution. 

Negative results not only indicate some absurdity or inconsis- 
tency in the conditions of a question, but also teach us how to 
modify the question, so as to free it from all inconsistency. 

As such negative quantities frequently occur, we shall proceed 
to show, that, when isolated or standing alone, they are subject 
to the same rules as when connected with other quantities. 

We remark, in the first place, that negative quantities are de- 
rived from attempting to subtPact a greater quantity from a leas. 
The greatest quantity that can be taken from another, is that 
quantity itself Thus 7 is the greatest number that can be sub- 
tracted from 7, and a is the greatest number that can be sub- 
tracted from a. In such a case the remainder is zero; thus 
7 — 7=0,aiida— a=0. 
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If it were required to subtract 9 from 7, we represent it thus, j 
7 — 9, or 7 — 7 — 2; this being reduced becomes — 2. Tlie ■ 
sign — before the 2, shows tliat there were 2 out of the 9 units, 
which could oot be actually subtracted. If 7 be subtracted bom 
9, the remainder is the same, except that it has the sign -\-. 

In like manner, if we subtract b from a, b being the greater, 
the remaiDder, a — b, will be negative ; but if we subtract a from 
b, the remainder, b — a, will be the same as before, except that 
it will be positive. 

Art. T7. Suppose it were required to add 6 — c to a. It is 
evident, that we are to add to a the quantity b, and subtract frtmi 
the sum the quantity c, and the result ib a-{-b — c. j 

Now, as the reasoning does not depend at all upon the value 
of b, the method of proceeding must be the same when 6 = 0, 
which reduces the espreasion 6 — c to — c or — c, and 
a -)- 6 — c becomes o-|-0 — cor a — e; that is, — c added to , 
a gives a — c, which accords with the rule already given for ad- 1 
ding polynomials. Hence, 

Adding a negative quantity — c, is equivalent to subtractiag 
an equal positive quantity +c. j 

Art. '^8. Sine 6 — i = 0,a4-6 — fi is of the same value I 
as a, and may be regarded as the quantity a under a different form. 
Now, in order to subtract -j- b from a, it is sufficient to strike it 
out from the expression a-\-h — h, and we hare a — J; or if 
we would subtract — i, strike that out, and we have a-\-h; that 
is, -\-b subtracted from a gives a — b, and — b subtracted from 
a gives a-^-b, which accords with the rule already given for 
subtracting polynomials. Hence, 

Subtracting a negative quantity — 6, M equivalent to adding 
C« equal positive quantity +i. ] 

Art. 70. With regard to multiplication, in Art. 30, we have | 
already seen that the product of a — 6 by c — d la 
ac-^bc—ad-^-bd. 
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; Now it is manifest that the sign of &iiy term in this product, 
ifi entirely independent of the absolute value of the letters, a, b, 
c, and d. 

Let us suppose then, in the first place, that a and d are each 
equal to zero. Upon this supposition, the quantities to be mul- 
tiplied together become — b and c — 0, ot — 6 and c; and the 
product becomes O.e — be — 0.0+^-0, or — be. Hence, 
— b multiplied by -|- c, produces — be. 

Secondly, suppose b and c each equal to zera Then the quan- 
tities to be multiplied together become a and — d; and the pro- 
duct, a e — be — ad-l-bd, is reduced to — ad. Hence, -|- a 
multiplied by — d, produces — ad. 

Lastly, let the value of each of the letters a and e be zeio. 
We then have to multiply — 6 by — d; and the product, ac — 
be — ad-\-bd, b reduced to -{-bd. Hence, — 6 multiplied 
by — d, produces -\-bd. 

From these several results we deduce the sane rule for the 
signs in multiplication, as that given in Art. 31. 

Art. 80. Since in division, the product of the divisor and 
quotient must reproduce the dividend, it follows from the prece- 
ding demonstration, that the rule for the signs in the division of 
isolated quantities, is the same as that given for polynomids. 

We conclude then, in general, that the four fiuidamental op- 
erations are performed upon algebraic quantities when isolated, 
according to the same rules, in respect to the signs, as when they 
constitute terms of polynomials. 

Art. 81. It is manifest from what precedes, that addition in 
algebra does not always imply the idea of augmentation ; for, if 
we add — b to a, the result a — A is less than a by the quan- 
tity b. 

Nor does subtraction ia algebra always imply the idea of dimi- 
nution; for, if we subtract — & from a, the result a -{-& is greater 
than a by the quantity b. 

To distinguish these results from those of addition and sub- 
traction in arithmetic, we use the terms aigebraic jum and afge- 
II 
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braie ^Jiraut. Thns a- — i ia the «lgebruc sum of a md 
— b ; and a -^b a the algebraic diffbienct betwew a and — b. 

Art. S9. I> If a rectangular field is 10 rods long and 7 rods 
wide, how much must be added to the length, in order that the 
field may contain 49 square rodat 

Suppose X rods added to the length; then 

10 -f- X ^ the length aflei x rods are added ; hence, 

7 (10 + 1) — 49, or 70 + 71 = 49. 

This equation gives x = — 3 rods. 

Here the value of z being negative, indicates some absurdity 
in the question. 

If we return to the equation 70-^-7x^:49, we perceive that 
the absurdity consists in supposing, that something must be 
arithmetically added to 70 to make it equal to 49. 

The result, x=. — 3, shows that — 3 rods must be algebraic- 
ally added to the length, that is, 3 rods must be subtracted 
from it. 

Let us then put — x instead of -{- x in the original equation, 
and it becomes 

7 ( 10 — i) = 49, or 70 — 7 X = 49. 

This gives x := 3 rods. 

The quesdon therefore should have been as fbllowa : 

If a rectangular field is 10 rods long and 7 rods wide, bow 
much must be subtracted from the length, that the field may con- 
tain 49 square rods 1 

.We are conducted to this modification in the question, metdj 
by changing the sign of x in the original equation. We see, 
moreover, that both equations give the same result, exc^t with 
regard to the sign. 

2. If a field is 9 rods long and 5 rods wide, how much most 
be subtracted from the length, so that the caei of the field may 
be 65 square rods 1 

If z=: the number of rods to be subtracted, we have 
€(9 — z)=:66, or45 — 5x=65. 
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This equation gives xt= — 4 ; hence, — 4 rods are to be suIh 
trscted from the length, that Is, 4 rods are to be added to it 

Indeed the equation 45 — 5i^ 63 ie evidently Bbsurd, 8tn«e 
it supposes that something must be talien irom 45 to make it 
equa] to 65. 

Let OS put -f* z instead of —z in the original equation; this 
equation then becomes 

5 (9 + 1) = 65, which gives r = 4 rods. 

We see therefore that the inquiry should have been, how much 
must he added to the length. 

3. A father whose age is 68 years, has a son aged 30 ; in 
itfm many years will the son be one finirth as old as his father T 

Suppose X =z the number of years ; then 

30 + X = — ^I_, This equation gives a; = — 4. 

Changing the sign of x in the original equation, we have 

'Sfi—'X:^ — 2 — , which gives z=3 4 years. 

The question therefore should have been ; how many years 
ago was the son one fourth as old as his father? 

4. A laborer wrought for a gentleman 7 days, having his son 
with him 4 daye, and received 37 shillings ; at another time he 
wrought 9 days, having his son with him 6 days, and received 33 
stullmga. What were the daily wages of the laborer and his son 
respectively I 

Let z ^ the daily wages of the man, 
and y := the daily wages of the boy. 
Hence, 7x-\-itf = Z7, 
and 9z-i-6yz=33. 
These equations give z ^ 5, and y ^ — 3. 
Changing the sign of y in the original equations, we have 
7z-4y = 27. 
and9z — 6y = 33. 
These equations give x = 5 shilliDgs and y := 3 shilliags. 
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It Bi^an then that the boq wu an expense to his father, and 
that the inquiry should have been : how much did the labwer 
receive per day for himself, and how much did he pay per day 
for his Bon ? 

5. What fraction is that, to the numerator of which if 1 be 
ftdded, the value of the fraction will be ^ ; but if 1 be «dded to 
the denominator, the value will be |1 

Let — be the fraction. 

y 

Then^i^ = 4, 

y 

and 
and y=: — 9. 

Here the values of x and y are both negative. Changing the 
eigns of z and y in the original equations, we have 

^^ = 4, and r-; = i- But we may 

— y — y + 1 

change the signs of the numerators and denominators of the first 
members without altering the value of the fractions ; we then hare 

= t. and ; ^ #. 

y ^ y-i ' 

The question should, therefore, have been as follows : 

What fraction is that, from the numerator of which if 1 hd 
subtracted, the value will be f , but if 1 be subtracted from the 
denominator, the value will be |1 

The preceding problems render it manifest, that a negative 
result indicates some absurdity in the conditions of the question, 
and show us, that the conditions are modified so as to remove the 
absurdity, by rendering suhtractive, quantities which had been 
previously considered as additive, or by rendering additive, quan- 
tities which had previously been considered as suhtractive. 

We see moreover, that, in order to ascertain what the condi- 
tions should have been, we have only to change, in the original 
equations, the signs of those quantities for which we have ob- 
tained negative values, and modify the question accordingly. 
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Negative quantities are sometimes said to be less than Eero, 
and, in an algebraical sense, they may be so considered. But 
strictly speaking, no quantity can be less than zero. When we 
iij, for example, of a bankrupt, that he ia worth $5000 less than 
nothing, ne mean simply, that be owes {5000 more than he can 
pay. 

Negative quantities do not, in reality, difier from positive quan- 
tities, and are merely positive quantities taken in a sense differ- 
ent from that first supposed. 

Let the learner solve the following questions, and show how 
Ibe negative results are to be interpreted. 

8. What number is that, -h of which exceeds ^ of it by 5 ? 

7. A man, when he was married, was 30 years old, and his 
wife 20. How many years before their marriage was bis age to 
hers as 7 to 6 1 

6. What fraction is that, whose value, if its denominator be 
diminished by 2, will be ^, but whose value, if Its numerator be 
^inunished by 2, will be -,^? 

8. Find two numbers, such that their difference shall be 30, 
and the difierence between 6 times the greater and 3 times the 
less shall be 96., 

10. A cistern is provided with two stopcocks, A and B, through 
which water flows. Afler the stopcock A had been open 5 min- 
utes, and B 3 minutes, there were found 34 gallons in the cis- 
tern ; but if A had been open 7 minutes and B 5, there would 
have been 33 gallons in the cistern. How much water flows into 
the cistern through each stopcock in a minute 1 

11. Three times A's money, twice B's, and four timee Cs 
make $13000; four times A's, three times B's, and twice O 
make 935000 ; and six times A's, four times B's, and once C? 
viake $40000: Required the estate of eacfa^ 
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Art. 83- When a question has been resolred generally, tbit 
IB, by asing letters to represent the known quantities, we aome- 
times inquire what values the unknown quantities will aaaume, 
in consequence of particular eup^itions with regard tn the 
known quantities. The determination of these values, and the 
interpretation of the remarkable results which we may oblun, 
constitute what is called the diseussioa of the problem. 

The discussion of the following problem, which is originally 
due to Clairaut, preseDta many remarkable circumstances. 

1st case. Two couriers set out, at the same time, from two 
points, A and B, which are a miles asunder, and travel towards 
each other. The courier from A goes b miles per hour, and the 
courier fiom B, e miles per hour. At what distance from A 
and B will they meet 1 



Let R be the point of meeting. Suf^Kise x = the distance 
from A to R, and y =: the distance from B to R. Then we 
have 

(1) x + !, = a. 

As the courier from A goes b miles per hour, he wiU be 
r hours in going x miles ; in like manner, the courier from B 

will be - hours in going y miles ; and since they aie equal 
times on the road, we have 

(S) ^ ^ ^. Multiply the 2d equation by b. 

bv 

X ^ -= ; substitute this value of z in the Is^ | 
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bu 

-^ + y = a ; multiplf by c, 

bjf-{-ej/^::ae,oi {b-\-e)j/ ^ ae; hence, 

y = = distance of the point of meeting from B. 



Substituting the value of ; in the equation 



t = ^ i 



*-c b+c 
point of meeting irom A. 

As the atga — does not occur in the values of x and y, these 
values will always be positive, whatever numbers are put instead 
of a, b and c. Indeed it is evident, that since the couriers travel 
towards each other, they must necessarily meet between A 
and B. 

2d case. Suppose now that the couriers, setting out from the 
points A and B, as in the diagram below, proceed both in the 
same direction, and travel towards the point C, at the same rates 
as before. What distance will each travel before one overtakes 
the other ? 

A B R C 

Suppose R the point where they come together. Let z = A R, 
and jf = B R. Then, 

(1) X — y ^=a, and 

These equations being solved, give 

X - ^i*- and - "" 
b — e' " b — c 

Here the values of x and y will not be positive, unless b is 

greater than c ; that is, mdeis the courier from A travels faster 

thiJt the courier &om B. 
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Suppose b =^ 10, and e ^ 8 ; then we b&rfl 
10a 10a , 

*=io^r8 = -2-=^''* 

, 8a 8a ^ 

'"<'y=iozn=^=^'^ 

But if we suppose that b is less than e, uid that 6^8 and 
c = 10, we hare 

8a 8o , , 

10a lOa 

'' = 8^rio = ^ = -5''- 
Here the ralues of x and y are both negative, and show that 
there is some inconsistency in the question ; and indeed it is ab- 
surd to suppose, that the courier from A can overtake the couri- 
er from B, both travelling towards C, unless the former travel 
faster than the latter. 

In order to see how the question is to be modified, let us 
change the signs ofz and t/ in the original equations. 
We then have 

y — i = a, and 

-F— ^ — ^. The last equation, by a change of 
the signs, becomes 

1—t 
b— e' 
It is evident that the 2d equation will remain the same as be- 
fore, because it merely expresses the equality of the times. 

The equation y — x^a shows that y is greater than z, or 
that the point where they come together, is fiirther from B than 
it is from A ; and since this point cannot be between A and B, 
it must be on the other side of A with respect to B, as at R' in 
the subjoined diagram. 



C R' A B R C 

When, therefore, 6 is less than c, the qoestion dioald be aa 
bllows : 
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Two couriers set out from the points A and B, a miles distant 
Irom each other,- and travel towards C ; the courier from A goes 
6 miles per hour, and the courier from B, c miles per hour ; how 
far will each travel before the courier from B overtakes the one 
from A? 

In this case the equations, 

y — x:=a, and -^ r= — , will give 

ah , ae 
X ^ :, and V =: r. 

Ifi = 8andc:=10, we have 

We see, in this question, thst a change of sign indicatea a 
change in direction. Numerous instances of similar indications 
occur in the application of algebra to geometry. 

3d case. Resuming the formulte, 

*=;t— ^,andv^ . , let ua suppose b^c: then 

b — c'b — c' *^^ 

b — c being 0, we have 

o6 , ac 

x = -,andy = -. 

in order to interpret these results, let us go back to the ori^ 

iaal equations, x — y = a, and |- =: ^. By putting 6 instead 

of c in the second equation, it becomes — = ^, which gives 
x=jf ; and substituting z for ^ in the first equation, we have 
x — x=a,otO = a. 
This result is manifestly absurd, since we have a known quan- 
tity equal to zero ; and it is evident, that since the couriers 
travel equally fast, it is Impossible one should overtake the other. 

We regard therefore -j^, or any similar expression, as a sym- 
boS of impossibility ; and when a question gives = a (a being 



any known quantity diflbrent from zero), or wben the unknown 
qawtity is found = ^ , tbe question is to be considered as im- 
pOMiUe. 

There is, however, another eigniflcation of such an ezpreaaicM 

as jT, which it is important to notice. 

Let ns take the expressions for % and y, riz : z ^ , and 



Making & ^ 10 and 
c =: 9.9, we have 



C 10a 10a 

5^=10=9:9 = .— =='«»- 

\ 9,9o 9.9 a ^ 



J, = ™ = 10000. 



Making 6 = 10 and 1 * 
c = 9.99, we have \ _ 9.99 <, _ 9.99 a 
r ^ — in aoo ni 



Making & = 10 and 
c ^ 9.999, we have ' 



"10—9.999" .001 



= 9999 a. 



We here perceive that the value of the fraction iiM 
portion as the denominator is diminished; if then the denomina- 
tor be less than any assignable quantity, that is 0, the value of 
the fraction will be greater than any assignable quantity, or infi- 
nitely great Hence mathematicians consider a fraction, whose 
numerator is a definite quantity, and whose denominator is zero, 

as a syvAol of infinity. Thus, g, -^, — jj— , are symbols of in- 
Jinity. 

Remark. In the problems of geometry, solved by the aid 
of algebra, there are many instances, in which an infinite quan- 
tity, instead of deno^g an absurdity, is the true result sought 



DucvmioN er pkobuum. 



If a definite quantity be divided by an infinite or impoesible 
quaatity, the quotient will be zero. Thas a divided b; jr- gives 



ilA case. Suppose now, ibat, in the formuln [or x and jr, 
i ;c= c and a s= 0. 

Tiie distance between the points A and B being notliiiig, these 
ptHnts nuist be coincident, aa in the following diagram, 

A 

1 
tnd the fonnals for x and y become 

0X6 0, OXcO „„, 

.= -5-=5,iu.dy=-5- = 5iorxxo = l),th.l 

is, = 0, and y X =: 0, that is, = 0, 

Now, aa the couriers set out from the same point, and travel 
equally fast and in the same direction, they cannot be said to 
come together at any particular point, since they are constantly 
together throughout the whole route. 

But in order to see the general import of the egression }, let 

us return to the original equations, x — y ^ a, and -^ = —. 
Putting instead of a, and b instead of e, we have x — y =z 0, 

The first equation gives xz=y, and this value of x being Bub- 

Btitated in the second, gives -^ z= -? . 

This last equation, iu which the two members are preotBely 
alike, is called an idmtical equation, and is verified by putting 
any quantity whatever instead of y. The value of y therefore 
cannot be determined from this equation. 

Moreover the equation -^ = ■^, gives x:=.y, and therefore 

e^resseB nothing more than the first. 
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Hence the expresuon S i" b st/titbol of an indeterminate quan- 
tity ; and whea a problem results ia giving ^ 0, or when the 
unknown quantity is found = %, the question is to be regarded 
u indetermmate. 

There are however some precautions to be used, before we 
decide that a quantity is indeterminate. 
o3 t3 

Thus, —, when a=:h, becomes g ; but the numerator 

and denominator both being dirisible by a — fr, if the frtction is 
reduced, it becomes (^-t-oft + J^orSo", which is & determin- 
ate quantity. 

When, therefore, we arrive at a result ^ %, before we pro- 
nounce it indeterminate, we most see whether the fraction which 
r^tesenta this result, has not a factor common to its numerator 
and denominator, which being struck out, will render the quan- 
tity definite. 

Let the learner solve the following problems and interpret the 
lesults. 

1. A boy being asked how much money he had, replied, that 
^ and ^ of his money, increased by 40 cents, would he equal to 
^ of his money, increased by 49 cents. How many cents 

, had het 

2. Four men, A, B, C and D, talking of their ages, it was 
found that B was 10 years older than A and 10 years younger 
than C, and that D was 34 years younger than A ; moreover, 
that ^ of B's age, ^ of C's, and I- of D's would be equeJ to twice 
A's diminished by 10 years. Required the age of eacb. 

3. How many ducks have you killed to-day, said a fanner to a 
iportsman ; the latter replied, one half of the number I have killed 
UMlay, exceeds -^ of what I killed yesterday by 5 ; and the num- 
ber I killed yesterday, is 5 less than once and a half the number I 
have killed to-day. Required the number he killed each day. 
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SECTION XXX. 



Art. 84. What numbeT ia that, which, being multiplied b; 7 
times itself, gives a product equal to 448 T 

Let z represent the number; thea z . 7* or 71" = 446. 

This is called an equation of the second degree, because it 
contains the second power of the uaknown quantity. Such an 
equation is also sometimes called ajnire quadratic eguation. 

In order to solve this equation, we first divide by 7, and have 
i' = 64, or I . z ^ 64. 

Hence, x must be a number, which multiplied by itself, will 
give 64 ; and we know that 8 . 8 = 64 ; therefore z ^ 6. 

The first power of a. quantity, in reference to the second, is 
called the root, and finding the first power when the second is 
given, is called extracting the second root. The second root of 
a quantity then, is such as being multiplied by itself, will pro- 
duce the given quantity. 

The'second powers of the first nine figures, are as follows. 
( 1, 3, 3, 4, 5, 6. 7, 8, 9. Roots, 
t 1, 4, 9, 16, 25, 36, 49, 64, 81. Powers. 

We perceive from this table, that when a number coataioB 
only one figure, its second power cannot coataui more thaa two 
figures. The least number containing two figures is 10, the sec- 
ond power of which is 100, consisting of three figures. 

In order to find a rule for extracting the roots of numbers cou- 
tainiog more than two figures, let us see how a second power is 
formed fi'om ita root. 

The secMid power of o-|-6 is a^-\-^ai-\-b^. Supposes 
= 20 or 2 tens, and 6 = 5 , then a3 = 400, 2afi = 2.30.5 = 
200, and 6!' = 25; hence aa + 2ai-{-&»==4O0 + 2OO-f 25 



12 
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When, therefore, a tuimber eontaini tau and units, its iecoiid 
power vriU contain the second power of tie tens, plut boiee tie 
produet of the tens by the units, plus the second power of tie 
units. 

Now let us reverse the process, and see by what meanB th« 
root could be foimd Irom the power. 
Operation. 
6'25(25^ Root. 35 . 25 = 62S. 

4 
22'6(4. Divisor. 

Since the second power of the tens of the root can coatain no 
significant figure below hondreds, it must be found in the 6, ihtt 
IB, 6 (hundreds) ; we therefore separate tbe last two figures frcHu 
the 6 by an accent, placed orer the top. Now, because the sec- 
ond power of 3 (tens) ia 9 (hundreds), and that of 2 (tens) is 4 
(hundreds), the latter is the greatest second power of tens cmt- 
tained in 6 (hundreds), and the root is 2 (tens). We place 2 at 
the right of the proposed number, separating it by a line, as is 
done with the quotient in division, and subtract the second 
power, 4 (hundreds) or o', from 6 (hundreds). 

To the right of the remainder 2, we bring down the two figures 
cut off, and have 225. This number corresponds to 2 a i 4"'^' 
that is, it contains twice the product of the tens of the root by 
the units, plus the second power of the units. If it contained 
Sab only, or twice the product of the tens by the units, we 
should obtain the units exactly by dividing by 2 a, or twice tbe 
tens. As it is, if we divide by twice the tens, disregarding the 
remainder, we shall obtain the units exactly, or a number a little 
too great. 

But since twice the tens multiplied by the anits, cannot hare 
any significant figure below tens, if we take 4 merely as the di- 
visor, we must reject the right hand figure, 5, of the dividend. 
Or, in other words, since the divisor is ten times too small, if we 
make the dividend ten times too small, tbe quotient will not ba i 
affected by this change. The divisor 4 is conttuned in 22 five 
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times. Putting 5 at the right of the 3 in the root, we have 35, 
which raised to the aecoad power gives ^5, Hence 35 ia the 
tbe root sought. 

We shalJ now e]q>laiii how the correctness of an; figure in 
the root may be ascertained, without raising the whole to th^ 
second power. 

Let it be required to extract the root of 1521. 
Operation. 
15'21(39. Root. 

6;i'l(69. Divisor. 
621 ' 

"oT 

Reasoning as before, we find the greatest second power of 
tens contained in IS (hundreds), to be 9 (hundreds), the root 
of which is 3 (tens) ; putting 3 as the first figure of the root, and 
subtracting the second power from 15, we bring down the next 
two figures, and have for a dividend 621. This corresponds to 
2 a 6 + fcs, which ia the same as 6 (2 a + J). Dividing 62 by 6, 
twice the tens, we have for a quotient 10 ; but as the unit figure 
cannot exceed 9, we put 9 in the root at the right of the 3, and 
we have 39 for the entire root. 

In order to-determine whether 9 is the proper unit figure of 
the root, we observe that the divisor 6 (tens) corresponds to 2 a, 
and 9 is the figure which we have found for b ; hence, 60 4- 9 
or 39 corresponds to 2a-{-b; therefore we place 9 at the right 
of the divisor and multiply 69 by 9; the product 621 answers to 
b{2a-\-b); this subtracted from the dividend leaves nothing. 
Therefore the true root is 39, 

Let the learner extract the roots of the following numbers by 
the process last explained. 

1. 784, 4. 841. 

2. 2809. 5. 1296. 

3. 6084. 6. 8649. 
7. What is the second root of 127449? 
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The second powers of 10, 100, 1000 are respeetively TOO, 
lOOOO, 1000000 ; hence tiie second poirer of any whole ninnber 
between 10 and 100, that is, consisting of two figures, wil] be 
between 100 and 10000, that is, it will contain three or fonr fig- 
«res ; also, the second power of a number contdsting of three 
figures, will contain five or six figures. We can, therefore, as- 
certain the number of figures in the root of any pnqmsed num- 
ber, by beginning at the right, and separating it into parts or 
periods of two figures each. The left hand period may consist 
of one or two figures. There will be as many figures in the 
root, as there are periods in the power. 

Separating 137449 into periods, we see that the root most 
contain three figures, or hundreds, tens, and units. 

Let a represent the hundreds of the root, b the tens, and e the 
units ; then a-\-b-\-e, regard being paid to the rank of the fig- 
ores, wdl represent the root. 

The second power of a-f-6 + e is a'^+2ab + b<^ + 2ae + 
26c+ca, or <^ + 2a6-f 6»+2(a+6)e + c». Hence, the 
second power contains the second power of the hundreds, pins 
twice the product of the hundreds by the tens, plus the second 
power of the tens, plus twice the sum of the hundreda and tens 
multiplied by the units, plus the second power of the units. Wo 
proceed now to extract the root 

Operation. 
12'74'4&(357. Root 
9 

37'4(6S =2« + 6. 
825 =(2« + 6)ft. 

494'9(707 = 2 (a + 6) + e. 
4949 —{2(a + b) + e]e. 

0. 
We first seek the second power of the hundreds of the root, 
which must be found in the 13, (120000) ; the greatest second 
power in this part is 9, (90000), the root of which is 3, (300). 
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Putting 3 aa the first figure of the root, and subtracting its 
second power from 12, we bring down the next period at the 
right of the remainder. We now consider 374 as a dividend. 

This dividend contains 2 a 6 + 6", or twice the product of the 
hundreds b; the tens, plus the second power of the tens, together 
with the hundreds arising from multiplying twice the sum of the 
hundreds and tens by the units. 

It is now our object to tind b, or the tens of the root ; and for 
this purpose, we divide by 2 a or twice the hundreds. But as 
the product of twice the hundreds by the tens, can have no sig- 
nificant figure below the fourth place, in dividing we reject the 
right hand figure of the dividend, separating it by an accent. 

We double the hundreds, and obtain 6 for a divisor, which u 
contained in 37, six times. 

But if we put 6 at the right of the divisor and multiply 66 by 
6, we obtain a product greater than 374. We next try 6, which 
we place in the root and also at the right of the divisor, and we 
have 65 corresponding to 2a-^b; this multiplied by 5 gives 
325, corresponding to (2 a -^ b) b. 

We now subtract 325 from the dividend, to the remainder 
annex the figures of the last period, and obtain for a new divi- 
dend 4949. 

This dividend contwns 2 (a + 6) <; + e» = [2 (a + 6) + c] c, 
or twice the sum of the hundreds and tens multiplied by the 
units, plus the second power of the units. To obtain the units, 
therefore, we must divide by twice the huadreda and tens already 
found. 

But as hundreds and tens multiplied by units, can have no 
significant figure below tens, we reject the right hand figure of 
the dividend, separating it by an accent. Double the hundreds 
and tens makes 70, (700), r=: 2 (a + 6), which is contained in 
494, (4940), seven times. 

We then put 7, which corresponds to e, in the root, and also 
at the right of the divisor, and we have 707:=2(a+ 6) + e; 
this multiplied by 7 gives 4949 = [2 (o + *) + «] *=. which sub- 
13* 
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tracted from the dividend, leaves no remainder. Therefore 357 
is the root sought. 

If the root contains more thai three figures, repreaeating the 
G^re of the highest rank by a, the next by 6, &,c., we hare 
for the second poww tfi + iab + lfi + ii{a + b) e-j-^-^ 

(2a + b)b-\- [Z(a + b) + c]c+{2(a~\-b~\-c) + d]d+ 
[2{a-j-b-\-c + d)-\-d]dSi.c.; the first fimn of which shows, 
that, after the first figure has been found, each of the saccesaive 
figures is obtained by dividing by twice the whole root already 
found ; and the second form shows, that, in each case, the quo- 
tient is to be placed at the right of the divisor, and that the divi- 
sor thus increased, is to be multiplied by the qnotient 

Moreover, from a consideration of the rank of the figures, it ts 
plain, that twice the root already found, maltiptied by the nert 
tower figure, can produce no significant figure below the eeoond 
from the right in each dividend. 

8. What is the second root of 1034832169? 
Operation. 
10^'83'21'69(32013. Root. 




Operating in this questi<Hi as in the precediDg ones, we find 
that the second divisor 64, is not contained in the dividend 83, 
the right hand figure being rejected, which shows that there are 
□0 handreds in the root sought; in this case, we place a zero in 
the root, also at the right of th^ divisor, and bring down the next 
ttvo figures to form a dividend. 
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We may observe, that, if the last figure of the preceding divi- 
sor be doubled, the root will be doubled; for that divisor con- 
tainB twice the whole root, with the exception of the figure last 
found. 

Art. 8*S. From the preceding analysis we derive the follow- 
ing 



I. Begin at the right, and, by means of accents, separate the 
number into periods of into figures each. The kji hand period 
tnay contain one or tmofgures. 

3. Find the greatest second power m the left hand period, 
place its root at the right of the proposed number, separating it 
bjf a Hne, and subtract the second power from the left hand 
period. 

3. To the right of the remainder bring down the next period 
to forma dividend. Doubh the root already found for a divisor. 
Seek how many limes the divisor is contained in the dividend, re- 
jecting the right hand figure. Place the quotient in the root, at 
the right of the figure preeiousJy found, and also at the right of 
the divisor. Multiply the divisor thus increased by the last 
figure of the root, and subtract the product from the whole divi' 
dend. 

4. Bring down to the right of the remainder the next period, 
'to form a new dividend. Double the root already found for 

a divisor, and proceed as before to find the third figure of the 

Repeat this process until all the periods have been brought 

Remark. If the dividend will not contain the divisor, the 
right hand figure of the former being rejeettd, place a xtro in 
the root, also at the right of the divisor, and bring down the next 

Extract the roots of the following numbers. 

[,MZC.J;.G00«|C 



140 EXTKACTIOH OF TRK ■BCOHD ROOTS OF MUHBBIUI. JLAA. 

1. 1369. 7. 36100. 

2. 2401. a 1100401. 

3. 361. 9. 1433809. 

4. 123201. 10. 151905625. 

5. 502681. 11. 90126O44I. 

6. 11881. 12. 2630995481. 

Art. 84. There are comparatiTely but few numbera which 
are exact second powers ; and the roots of such as are not per- 
fect powers, cannot be obtained exactly either in whole numbers 
OT fractions. For example, the root of 42 is between 6 and 7; 
but no number can be found, which, multiplied by itself, will 
produce exactly 42. We shall however see hereafter, that the 
root of any positive number may be approximated to any degree 
of exactness. 

Since the rootsof numbers, which are not perfect powers, cba- 
not be obtained exactly, either in whole or fractional numbers, 
they are said to be irrational, or incommensurable; that is, these 
roots and, unity have no common divisor. Roots of other de< 
grees, besides the second, are also called irrational, when thej 
cannot be exactly obtained. 

The second root of a quantity, whether that root can be found 
exactly or not, ia indicated either by the exponent J, or by this 
character ^/, called the radical sign. Thus, (25)" or ^'zB 
^ 5 ; and (3)^ or ^ 3 means the second root of 3. 

But the second root of a negative quantity cannot he obtained, 
even by approximation, since there is no number, which, multi- 
plied by itself, can give a negative quantity. The second roots, 
therefore, of negative quantities are called imaginary, in opposi- 
tion to those of positive quantities, which are real, although they 
carmot be exactly obtained. Thus, ( — 16)' or ^/ — 16 ia im- 
aginary. These imaginary quantities indicate absolute absurdity 
in the questions from which they arise. 
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Art, ST. The secoDd power of a fraction is found by raising 
both numerator and denominator (o the second power ; for this 
ia equivalent to multiplying the fraction by itself. Thus, 



©' = 



Hence, the second root of a fraction is found by extractitig 

the root of the numerator and that of the denominator. Thus, 

o^ a 
the root of f| is ^, and that of ^ ia y , 

Let the roots of the following fractions be found. 

1. «. 4. m- 

2. M. 6. -ffJi. 

3. -AV- 6. -WWr- 

Art. 88. If, however, either the numerator or denominatDr ia 
not a perfect second power, the root of the fraction can be ob- 
tained by approximation only. Thus, the root of ^ ia between 
f and }. It is nearer to ^. 

The denominator of a fraction, however, ma; always be ren- 
dered a perfect sectmd power, by multiplying both numerate 
and denominator by the denominator, which does not alter the 
wine of the fraction. For example, -^ ^ j^, the approximate 
rdot of which ia ^ — . By this mode, the root has the same de- 
nominator as the given fraction. 

Semark. The sign -\-, placed after an approximate root, si^ 
nifies that it is less, and the sign — , that it is greater than the 
true one. 

When a greater degree of exactness is requisite, we may, after 
having mnltiplied both terms of the fraction by its denominator, 
multiply both terms of the result by an; second power. 
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which,.--. 

Let the learner iind the roots of the following fractions, in the 
denomination of their respective denominators. 

1. ». 4. A. 

2. A- 5- A- 

3. ^. 6. H- 

Art. SO. The root of a whole number may be approximated 
in the same way, b; converting it into a fraction, having a sec- 
ond power for ita denominator. If, for example, we would find 
the root of 5, exact to I^lhs, we change 5 to the fraction ^, 
the approximate root of which is f ^ — . 

But it is most convenient to change the number into a frac- 
tion, having the second power of 10, 100, or 1000, &,c., for a de- 
nominator; that is, convert the number into lOOtha, lOOOOths, 
or lOOOOOOths, &.C., and the root will be found in decimals. 

Thus, 5 = 4ft$ = tmS = iSMSM ; that is, 5 = 5.00 = 
5.0000 = 5.000000; the tqtproximate root of the first is 
^ + = 2.2 -f , of the second ^% + = 2.33 +, and of the third 
fgM + ^2.236-1-. 

In the example just given, we perceive that twice as many 
zeros are annexed to the number, as we wish to have decimals 
in the root. Indeed, it is plain, that there must l>e half as many 
decimals in the root as there are in the power, because the se^ 
ond power of lOths produces lOOths, the second power of lOOths 
produces lOOOOths, &.c. 

Moreover, we need not add all the zeros at once, hut may annex 
two to each remainder, in the same manner as we bring down 
the figures of successive periods. 

As an example, let us extract the second root of 3. 
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176. 

The operation might be continued to any extent. 

The process will be the same for aaj number containing dec!- 
tnals ; and any fraction may be converted into decimals, and the 
root may be extracted in the same way, care being taken to 
make the number of decimals even. 

It is best, when the number contuns decimals, to begin at the 
decimal point, tmd separate the decimals into periods by pro- 
ceeding towards the right, and the whole numbers by proceeding 
towards the left. 

Art. OO. In approximating a second root, we may sometimes 
be in doubt, whether the last figure found is so great as it should 
be. This may be determined in the following manner. 

The second power of a ia a^, and that ofa-|-l is a*-|-2o 
+ 1. Now the root of a= + 2 o -I- 1 isa+l; but if we should 
caU a its root, and subtract the second power of a, there would re- 
%iiain 2 a -f- 1. Hence, when the root admits of being increased 
by 1, the remainder will contain at least twice the root already 
found plus I, the local value of the figures being disregarded. 

Thus, if, in the last example, we had obtained 1.731 instead 
of 1.732 for the root, the remainder would have been 3639, 
which exceeds twice 1731 by more than 1. 

Let the roots of the following numbeia be found in decimals, 
carried to four decimal places. 
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1. % 


7. A- 


2. 27. 


a ^. 


3. 33.75. 


9. (. 


4. 147.307. 


lO- rfr- 


6. 34f 


11. rAr. 


6. 32S«. 


12. 4jft. 



SECTION XXXIl. 
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Art. 01. A pure eguatitm of tie stceitd dtgret, or a pure 
quadratic equotitm, is one which contains the secoDd powM, bat 
no other power, of the unknown qu&ntitj. 

1. A'a age is to B's as 7 to 9, and the sum of the second pow- 
ers of their ages is 1170 yeus. Required their ages. 

2. Two couriers set out, at the same time, Irom two places 
220 miles asunder, and traveled towards each other till they oaet; 
when it was found that the first had traveled only g- as fast as the 
second, and that the number of hours they had been on the road, 
was equal to the number of miles the first traveled per hour. 
Required the rate per hour and the distance each traveled in the 

3. A gentleman has two square rooms, the sides of which are 
as 5 to 6; and he finds that it takes 11 square yards more of 
carpeting to cover the floor of the larger, than it does to cover 
that of the smaller. Required the length of one side of each 
room. 

4. A farmer had an orchard, in which the number of trees in 
each row was to the number of tows as 6 to 5 ; and the numba 
of bushels of apples, gathered from each tree, was to the number 
of rows as 4 to 5 ; moreover, the number of bushels in the 
whole was equal to 80 times the numbM of trees in one lov. 
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How many rowa were there, how many trees in each row, and 
how many bushels of apples were gathered 1 

6. A gentleman has a rectangular piece of land SO rods long 
ind 18 wide, which he wishes to exchange for another of the 
same area and in a square form. What must be the length of 
one side of the square t 

6. A man wishes to make a cistern containing 600 gallons, 
the bottom of which shall be a square, and the height 6 feet. 
Required the length of one side of the bottom. 

Nott. A gallon wine measure is 231 cubic inches. 

7. An acre contama 160 square rods. What is the length of 
one side of a square containing an acre of land ? 

8. What would be the length of one side of a square contain- 
iDg 12 acres? 

9. What number is that, to which if 10 be added, and from 
which if 10 be subtracted, the product of the sum and ditference 
will be 156 7 

10. The product of two numbers is 900, and the quotient of 
the greater divided by the less is 4. What are those numbers? 

11. There la a house, whose breadth is to its length as 5 to 
6, and whose height, exclusive of the roof, is to its breadth as 4 
to 5. Required the dimensions of the house, supposing that it 
takes 2300 square feet of boards to cover the four sides. 

12. A merchant bought two pieces of cloth of equal length; 
the one cost 5 shillings a yard more, and the other 5 shillings a 
yard less, than the number of yards in each piece. The price 
of the whole being ^136 18a., how many yards were there it) 
each piece, and what was the price of each per yard T 

13. A company at a tavern found that their whole bill was 
$45, and that each had to pay 5 times as man; cents as there 
were persons in the company. How many persons were there, 
and how much had each to pay 7 

14. There are two numbers, the sum of whose second powers 
is 5274, and the difference of these powers is 1324. Requirwl 
the D umbers. 

13 
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15. A mm lent a certain Hum or money at 6 per cent a fear, 
and found that if he multiplied the principal b; the uiunber rqy 
resenting the interest for 8 months, the product would be 9900. 
Requited the principal. 



SECTION XXXIII. 

ATFZCTID aQUATIOITI OT THI ■■CORD SIOUM. 

Art. 03. The equations of the second degree, which we 
have hitherto considered, involved the second power only of the 
unknown quantity. But, in its most general sense, an equation 
of the second degree, with one unknown quantity, is composed of 
three kinds of terms, viz : one kind containing the stcond pouier 
of the unknown quantity ; another containing the Jirit power of 
the unknown quantity ; and a third composed wholly of known 
quantities. 

Such are called affected equations of tht second degree, or af- 
foeted quadratic equations. 

1. There is arectangular field whose length exceeds ita breadth 
by 8 rods, and whose area is 180 square rods. Required the 
length and breadth. 

Let X = the breadth in rods ; 

then a + 8= the length. 

Hence, a!S + Si = 180. 
If we compare the first member of this equation with the sec- 
ond power of c -|- a, which is i^ + 2 a x + o^, we see that it con- 
tains two terms which correspond retf»ectively to the first two 
terms of this second power, viz : 

3«ii=8b. Hence, 
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Now since 16 corresponds to a', if we add 16 to both mem- 
bers of the equation, x^-\-8z= 180, the first member becomes 
a perfect second power corresponding tax*-\-2ax-\-efi, and we 
have 

(i9 + 8i + 16 = 180 + 16=:196. 
We DOW take the root of each member. The root of the first 
member is x-\-4, for (x + i) (i + 4) — i9 + 6 z + 16 ; and 
that of the second member is 14. We have therefore, 
. + 4 = ±U. 
Every positive quantity has two second roots, one positive and 
the other negative; for the second power of — a, as well as that 
of-|-(i, is -\-a^. Therefore, since in an equation such as x~j-4 
r= ± 14, the value of x is not determined until the known quan- 
tity is transposed, and it may happen, that the negative as well 
aa the positive root will answer the conditions of the question, 
we place the double sign ± before the second member. This 
siffi is read plug or minmi— - 

In the above equation, transposing 4, we have 
z = — 4 ±: 14. Calling 14 plus, 
z =: 10 rods, the breadth ; and 
X -[- 8 = 18 rods, the length. Calling 14 minus, 
x=: — 18, and 7 + 8 = — 10. 
The first value only of x answers the conditions of the ques- 
tion. The second value will however satisfy the equation ; for, 
(_ 18)3 + 8 (— 18) = 324 — 144 =: 180. 

In order to interpret the negative value, we substitute — x for 
-|- z in the original equation, and we have x* — 8 x ;:^ 180, or 
x(x — 8)= 180. This shows that x now represents the longer 
side instead of the shorter. The solution of the equation, 
z9 — 8 X =: 180, will be similar to that of the following question. 
3. Twenty times a certain number exceeds its second power 
by 75. What is that number ? 
Let X := the number. 
Then, a« + 75 =20 1. Transposing, 
*«— 30* = — 75. 
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In this equation the term containing the first power of x being 
negatire, in order to render the first member a perfect second 
power, we compare it with the second power of i — a, which is 
*' — a o I + •**' ■"'' *^ '■^''^ 

— 2ax = — 20z. Hence, 
—2a =—20 
— a = — 10 
a^ = too. 
Adding 100 to each member, we have 

iK _ 20 a + 1 00 = — 75 + 100 = 25. 
We now take the root of each member. The root of the first 
is*- 10; for {r— 10) {r- 10) = i»— 20i + 100, and thai 
of the second is ± 5. Therefore, 

X — 10 ^: ± 5. Transposing, 
i^: 10±5; hence, 
t ^ 15, or z ^ 5. 
Both values of % are positive, and, therefore, both answer the 
conditions of the question. Indeed, 

15X 15 + 75 = 20 X 15; also,5X 5 + 75 = 20X5. 
Hence we see the propriety of giving the double sign to the 
root of the second member. 

Art. 93. Any affected equation of the second degree may be 
reduced to the form q^ 3?'\-px = q, p and q being any known 
quantities, positive or negative. 

It is manifest that an equation may be reduced to this form in 
the following manner. 1. CUar tAe equation of fractions if 
necessary ; transpose alt the terms eontaining x^ and % into Ihe 
first member, and the knoien terms into the second ; reduce the 
terms lehich contain x^ into one term, and those tphich contain x 
into another ; also, reduce the known quantities in the second 
member to one term. 2. If the tern containing x^is not positive, 
make it so by changing all the signs. 3. If the coefficient of x^ 
is not 1, divide all the terms bg that coefficient. 
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1. A driper bovght a qusntit; of doth for i£S7. If he had 

Wiught 3 yards lees for the same lum, it would have cost him 15 

ihillinga a yard more. How many yards did he buyT 

Let z ^ ths nnmber of jwAb. 

27 
Then — ^ the price per yard in pounds, and 

= the price per yard, if he had bought 3 yards 

less. Hence, ^^ |-t- Clear the equation of ftactions, 

z — 3 I ' 4 

l»Bz=106z— 324 + 3z>— 9z; 
transpose, reduce, and change the signs, 

3 x^ — 9 x = aSii; divide by 3, 

x9 — 3z=10S. 
Herej>=: — 3, and j=108. 
Comparing the first member with z^ — 2ax-\-ifi, we have 

— 2ai = — 3z 

— 2a = — 3 

- a =-i 
03 =|. 

Adding J to each mendier of 2' — 3z=;: lOS, we have 

We now take the root of each member. The root of the first 
w«— J, because (i — J) (z — }) = !« — 3x + i; and that of 
the second is ± V- 
Hence, z — $ = ± V- Trau^sing — |, 

z = J±V=V = l*: orz = — y= — 9. 
The first value only of z answers the conditions of the quefr 
tion. 

In order to interpret the second value of z, viz : x = — 9, we 
substitute — z for +z in the original equation, which then be- 
'^ 27 , 3 27 27 , 3 . 

« + i'«'-.J+8 = -T+4' '^'^ 
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when the denominator is negatire, it is the Bome as if the de- 
Bominatof were positive and the whole fraction were preceded 
bj the sign — . 

This last equation becomes by tranqmsition, 

— =: , ^ -{- -J, which bubwcts to the following question. 

A draper bought a quantity of cloth for <£37. If he had bought 
S jards more for the same Bum, it would have cost him 15 Bhil> 
linga per yard less. 

Let the learner sohe the question as now staled. 

3. Since p may always represent the coefficient of the Sjtl 
power of the unknown quantity, and q the known term, let us 
■olve the general equation z^-^jiz^g, by comparing the first 
OMinber with z* -|- 8 a j; + a'. We have 



.. = ?, 

Adding^ to each member, we have 

We now take the root of each member. That of the first 
member is i + £, since (a + |-) (' + |) =^+j»* + 
~ . The root of the second member can only be indicated, 
untd definite values are assigned tap and g. We have then, 

.+«=±(,+0;h»,o., 
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Remarle. The second root of a quantity is properly expressed 
by the exponent j^. For the Becoad root of a quantity multi- 
plied by itself, must produce that quantity. Now, according to 
the rule for e:fponents, Art. 19, a* X a* = a* "I" * = «• or a ; 
therefore the second root of a is a^. Id like manner, the secoiid 
root of 5 -|- J is expressed thus, ± ( j -f" ^ ) ■ 

Art. 9'4. From the solution of the preceding genera] equa- 
tion, we deduce the following 
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1. Reduce the equation to the form of x" -\-p xi=.q. 

2. Make the first mtmber a perfect second power, by addiitg to 
both members the second power of half the coefficieal of x (or of 
the first pouter of the unknown quantity). 

3. Extract the root of each member, T^e root of the first 
tH&nber will consist of two terms, the first of which is %, or the 
unknown quantity, and the second is half the coefficient previous' 
ly found, and the root of the second member must have the double 
Miffnzt. 

4. TVanspose the known term from the first member to the sec- 
mtd mtd reduce, and the value of % leill be found. 

Since /I and q may be either positive or negative, it is evident 
that the general equation admits of four forms, differing only 
with regard to the signs of these known quantities, viz : 

(1) .>+j,. = s; whence, , = _|-±(,+^)*. 

(2) >:'-),. = ,i whence, .= +|± (5+^)*. 

(3) .«+j,.=-,; whence,. = -|±(^-{)*. 

(4) .«-y,x = -5: whence,. = + |±(^'_,)*. 

Art. 95. These formule for x enable us to solve an affected 
equation immediately according to the following 
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fntntietquatiemisrtdMcedtotluformofx*+px=q, iJu 
MNfawim quatOUy istqmal to half the eoijidemtwf its Jirst power, 
taktM with the contrary »ign, plus or mitus the root of the aige- 
braie svm, obtained by adding the second power of half that eoejt- 
dent to the knoien temt, 

1. Tea timea a certun number exceeds its second power by 9. 
WhUia that number T 

Suppose z ^ the number. 

Then, 10 2 ^ «' + 9. Transpose and change the signs, 
X* — 10s = — 9. Hence, by tbelaetrule, 
« = 5±(25— 9)* = 5±4=9i or = 1. 
8. Divide the number 20 into two parts, such that their pro- 
duct shall be 130. 

Let X = one part ; then will 90 — x ^ the other ; and 

20x — 1''=120; orxa — 20i = — 120. 
.Solving this equation, we have 

J = 10 ± ( 100 — 120)4 = 10± (— 20)*. 
As the second root of a negative quantity is imagi*arff, this 
problem is impossible. 

Indeed, to generalize this question, let us suf^Ktse it is i» 
quired to divide the number p into two parts, such that tbnr 
product shall he q. 

Representing the two parts by x and p — z, we have 

px — j*=:5; or x^ — p z ^ — q. This equation gives 

The quantity ± f ^ — j J* becomes imaginary whenever g 
IS greater than-—. The greatest valoe that can be given to g, 
without rendering die prcMem impossible, is ^. Then 
[-7 9 j becomes zero, and z, as wdl asj> — x, is equal to^. 
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The product of the two parts is then equal to ^. Hence, the 

greatest product that can be produced b; multiplying the two 
parts of a number together, is the second power of half that nuin- 

3. There is a square garden, the number of square rods in 
which exceeds the number of rods round it by 165. Required 
the length of one aide. 

4. A man built a certain piece of wall for $27 ; and he found 
that the number of dollars he received per rod, was 6 less than 
the number of rods in the length of the wall. Required the 
number of rods and the price per rod. 

5. The difference of two numbers is 5, and the difference of 
their second powers is 875. What are those numbers T 

6. A farmer bought, at$1 per square rod, a rectangular field, 
the length of which was to the breadth as 5 to 3. After having 
built a wall round it, which cost $2 a rod, he found that the pui* 
chase money, together with the expense of fencing, amoimted to 
$6640. Required the dimensions of the field. 

7. A drover bought a certain number of sheep for $50, and a 
number of calves, greater than that of his sheep by 3, for $53. 
Moreover, the price of a sheep and a calf together was $9. Re- 
quired the number of each kind. 

6. A man having traveled 160 miles, found that if he had 
traveled one mile more per hour, he would have been 8 hours 
less upon the road. Required his rate of traveling and the num- 
ber of hours he was upon the road. 

9. A jockey sold a horse for $150, and gained half as mu<^ 
per cent as the horse cost him. How much did the horse cost 
bimT 

10. A man bought a square piece of land for $2 per square 
foot After having sold from it, at the rate of $3^ per foot, a 
rectangular piece, the length of which was equal to one side of 
the square and the breadth 30 feet, he found that what remained 
had cost him only $4400. Required the length of one side of 
the square. 
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1 1. A grocer bought 60 lbs. of coffee and 80 lbs. of tea far 
946; but he found that $1 would buy 8 lbs more of coffee than 
it would of tea. Required the price of the tea and coffee per 
pound. 

13. There is a public square whose side is 80 rods long, snT- 
rounded by a walk of uniform breadth, which containe 1341 
square rods. Required the breadth of the walk, 

13. What number is that to which if it» second root be added, 
the sum will be 240 1 

14. A father left an estate of $30000 to be divided equall; 
among bis sons ; but one of these dying immediately after his 
father, the estate was divided amoDg those remaining, each of 
whom received $1500 more than he would have received, if all 
had been living. How many sons did the father leave 1 

15. A poulterer had a certain number of fowls, each of which 
produced, during the year, three times as many chickens as there 
gSf £ foffls 'r- ssd, 21 ths end of the year, heJound that his whole 
stock, young and old, was 444. How many fowls had be at 
first? 

16. Two men, A and B, traded together. A pnt in a certain 
sum for 4 months, and B put in $350 for 2 months. They 
gained $99, and A received for principal and gain $136. How 
much stock did A put 'ml 

17. A gentleman has a pleasure garden 80 rods long and 60 
rods wide, surrounded by a walk of uniform breadth. The walk 
contains 576 square rods. Required the breadth of the walk. 

18. A grocer filled a cask containing 40 gallons with wine. 
He then drew out a certain quantity and filled up the cask with 
water. After this he drew out the same quantity of liquid as be- 
fore, and found that there remained in the cask only 22^ gallons 
of pure wine. How many gallonsof liquid were drawn out each 
time? 
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Art. 99> Find three numbers which are to each other as I , 
Q, and 3, and whose continued product is 384. 

I,et X = the first number ; then 3 z = the 2d, and Sx^the 
3d. Hence, 6x'> = 384. 

Id order to solve this equation, we divide by 6, and hare x^^;:- 
64, or z X X = G4. We eee now that x must be a number, whdeh, 
multiplied twice by itself, will produce S4, and we find by trial 
that z = 4. 

The numbers required, therefore, are 4, 8, and 13. 

The equation arising ft<Hn the preceding questicMi, is called 
an equation of the third degree, because it invotves the th^d 
power of the unknown quantity ; and the process of finding the- 
first power of a quantity, when the third is given, is called exr 
tractiitg the third root. The third root of any quantity, is that 
quantity which, being multiplied twice by itself, will produce the 
prf^msed quantity. Thus, 4 is the third root of 64 ; x is the third 
root of x3. 

To facilitate the extraction of the third roots of numbers, we 
shall give the third powers of those integral numbers, which god- 
sist of but one figure. They are as follows. 

Roots. 1,2, 3, 4, 5, 6, 7, 8, 9.) 

Third powers. 1, 8, 27, 64, J2S, 216, 343, 512, 729. i 

The numbers in the 2d line are the 3d powers of those inuno- 
diately over them, and the numbers in the first Hue are the third 
roots of those immediately beneath them. 

The third power of 10 = 1000 ; that of 100 — 1000000, and 
that of 1000 = lOOOOOOOOO. Hence, the third power of an in- 
tegral number between 10 and 100, that is, of a number consist- 
ing of two figures, must be between 1000 and 1000000; that is, 
it cannot contiun less than four nor nunc than six figures ; and 
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tbe ihnd power of >n istegTBl number between 100 and 1000, or 
of a number couBiBting of three figuies, must be between lOOOOOO 
and 1000000000 ; that is, it cannot contain less than seven nor 
more than nine figures. In libe manner, it may be shown, thai 
the third power of a number consisting of four figures, cannot 
contain less than ten nor more than twelve figures ; and so on. 

We can, therefore, immediately determine how many figures 
tbe root of any number will contain, by commencing at tbe right, 
and separating the number into portions, oi periods, of three fig- 
ares each. The left hand period may contain one, two, or three 
figures ; and the root will contain as many figures as there are 
periods in the power. This separation may be denoted by oc- 
cents, as in the extraction of the second root. 

It appears also from the table given above, that, among inte- 
gral numbers, consisting of one, two, or three figures, there are 
only nine which are exact third powers ; consequently, the roots 
of the intermediate numbers cannot be obtained exactly, although 
they may be t^iproximated, as we shall see hereafter, to any de- 
gree of exactness. Thus, the third root of 73 is between 4 and 
£; the former being nearer the true root than the latter. 

When a number consists of no more than three figures, pro- 
vided it is a perfect third power, its root may be found imme- 
diately by inspection or trial ; when there are more than three 
figures in tbe power, its root is, in some measure, obtained by 
trial, but a rule may be found which will greatly facilitate tbe 
(^ration. 

Let us consider a number of more than three figures, as 50653, 
which is the third power of 37. Let a =z the tens and b = the 
units of the root. Then, a+6=:30 + 7 = 37. The third 
power of a-|- h is 

a3+3a'A + 3<i 63 + 63. 

By putting 30 instead of a, and 7instead of 6, we bare 

o3=(30)3=27<N>0 

3 a" 6 = 3 X (30)3 X 7 = 18900 

3«6az=3X30x (7)" = 4410 

63 =(7)''= 343. 
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Hence, o3 + 3 a" 6 + 3 fl 6" _{_ js — 2700O + 18900 + 4410 
4-343=1 50653. 

Therefore, the third power of a number consisting of tens and 
units, contains the third power of the tens, plus three times the 
second power of the tens into the units, plus three limes the tens 
into the second power of the units, plus the third power of the 
units. 

Now let it be proposed to find the third root of S0653, that 
root being supposed unknown. 

Operation. 
50'653(37. Root. 

27 

Si3653(27. Divisor. 
(37)3 = 50653 
0.' 
Separating the number into periods, we see that the root must 
contain two figures, tena and unita, The third power of the 
tens can contain no significant figure below thousands ; it must 
therefore be found in the 50 (thousands). The greatest third 
power of tens contained in 50 (thousands), is 27 (thousands), 
the root of which is 3 {tens). Subtract 27 (thousands) frmn 
50653, and there remains 23663. 

This remainder contains 3 a^ 6 -{- 3 a 6^ + 6^, or three times 
the second power of the tens into the units, three times the tens 
into the second power of the units, and the third power of the 
units. 

If it contained exactly 3 a' 6, or three times the second power 
of the tens into the units, we should find b, or the units of the 
root, by dividing by 3a^, or three times the second power of the 
tens; but, as it contains something more than three times the 
second power of the tens into the units, if we dinde by three 
times the second power of the tena, our quotient may be greater 
than the proper unit figure. Three times the second power of 
the tens or of 30, is 27 (hundreds), which is contained in S8663 
14 ^ 
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ugbt times. If 8 be pnt with the 90 alreadjr found, it would 
moke the root 38. But (38)' z= 54873, which, in greUei tho 
the given Dumber. Therefore 8 is greater than the true unit 
figure. We next try 7, and find that (37)* = 506S3. Hence, 
S7 b the third root of 50663. 

Afl a second example, sa^^MMe it is required to find the third 
root of 43614208. 

Operation^ 
43'614'20e(353. Root 

27. . 

Ist Diridwid = 166 ( 27 = Ist Divisor. 

(35)3 = 42875 . . . 
2d Dividend = 7392 . .( 3675 . . = 2d Divisor. 
(352y = 43814203 
0. 
Note. The points in the above operation are used to bUo* 
tbe rank of the flgores which precede them. 

Separating tbe number into periods of three fipires each, w 
see that the root must contain three figures, viz : hundreds, teiB> 
and imits. Let a ^ the hundreds, ( =^ the tens, and e = the 
units of this root The third powerof a-|-6-f-c= oS-f-So'i 
+ 3a6a + 63 4-3aac + 6a6e + 3Aae + 3ac» + 3 6c» + «'' 
oro3_|_3a9j + 3a6»_j_j3_j_3(a + J)ae + 3(a + 6)c'+(*; 
for, 3tfle+6abc + 3b^e=3{a^-\-2ab+^)e, a 
3(<i + 6)ae, and3ae3 + 36ca = 3(o + 6)c». 

We aie first to seek the third power of the hundreds of the 
root, which must be found in the 43 (millions). Tbe greitest 
third power of hundreds in 43 (millions) is 27 (millions), tbe 
root of which ia 3 (hundreds), which we place at the right Sah- 
tracting 27 (millions), or a^, ftom the given number, we hsfS 
for a remainder 16614208, or 3 a* ft + 3 o i« + A3, &.c. 

Our next object is to find 6, or the tens of the root. The (f- 
mula 3a^b-\-3ab^ + b^ shows, that, if we divide by 3 a*, <" 
three times the second power of the hundreds, we shall olitaini, 

D,M,IcdB,GOO«IC 



ZXXIT, THIRO BOOTS OP NQIIHB8. 159 

the tens of the root, or a number a little too great. But since 
three times the second power of hundreds multiplied b; tens, 
can produce no significant figure below huudreda of thousands, 
that is, below the sixth place from the right, it is sufficient to 
subtract o^, or 37 (millioos), from the first period, and to bring" 
down, at the right of the remainder, the sixth figure, that is, the 
first figure of the next period. 

Taking then 166, (16600000), and difiding it by three times 
the second power of 3 (hundreds), which is 27, (270UOO), the 
quotient would be 6 (tens) ; but that being found by trial to be 
too great, we take 5 (tens). Placing the 5 (tens) in the root at 
the right of the 3 (hundreds), we raise 35 (tens) to the third 
power, which gi?es 43875 (thousands), or 03-1-3036-1-30 &> 
■+■ b^. This being subtracted from the given number, 43614206, 
leaves 739208, or 3 (o -I- 6)" e + 3 (a + 6) e^ + A 

Now in order to obtain the units c of the root, we must evi- 
dently divide the remainder by 3 (a + 6)^, that is, by three times 
the seccmd power of 35 (tens), which is 3675 (hundreds). But 
ainoe the second power of tens multiplied by units, can have nQ 
Bignificimt figure below hundreds, that is, below the third figure 
from the right, it is sufficient to subuact the third power of 35 
&om the first two periods, and to the right of the remainder 
bring dawn the first figure of the next period to form a dividend. 
This dividend, 7392 (hundreds), divided by 3675 (hundreds), 
gires 2 for a quotient, which we place at the right of 35, and 
obtain 352 for the entire root. This root raised to the third 
power, gives 43614308, showing that 352 is the true root 
sought, 

■ In the process just explained, it is necessary, after finding a 
new figure in the root, to raise the whole root, so far as it has 
been found, to the third power, and subtract the result from as 
many of the left hand periods, as there are figures already found 
in the root. But, by considering the local values of the figures, 
we may shorten the procesa of extracting the third root. To 
show the mode of doing this, we shall reaiune the last question. 
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43'614'30e(352. 






27.... 




= tfi. 




IBffU. 


'.'.(^.... 


, = 3oa. 






45... 


. = 3aft. 






25.. 
3175 . . 


= 69. 






= 3a9 + 3a64-6». 






6. 


= 6. 




15875.. 






7392'08(3675 . . 


= 3(a + 6)«. 






210. 


= 3(<. + 6)c. 






4 

369604 


= c3- 






= 3(« + 6)a + 3{« + 6), 


;-f-e». 




2 


= c. 





738208 =3(a + 6)ae+3(a + 6)c'' + ca. 

0. 

We proceed, until we find the second figure of the root, in the 
manner already explained ; except that we annex to the remain- 
der the whole of the second period, separating by an accent the 
two right hand figures. At this stage of the process, we have 
already subtracted the value of tfi, and our remainder with the 
second period annexed, contains 6 (3<^ + 3o6-f- b^) and some- 
thing more. We next wish to find the value of i (3(|3-|- 3a & -|- Ifi), 
and subtract it from what remains of the first two periods, after 
the subtraction of a-'. 

Now 3<i» = 27, (270000), is our divisor, and 3a& = 3x3 
(hundreds) X S (tens) ^ 45 (thousands), is three times the pro 
duct of the last figure found and the preceding figure of the root; 
but as 6 is of the order of units next below a, the value of 3 ah 
will contain a significant figure one degree lower than is found 
in the value of 3 a^ ; therefore 45, ^ 3 a £, is to be placed undei 
27, = 'itfi, one figure further to the right. 

We now find b^z^S (tens) X 5 (tens) = 25 (hundreds), and 
as this contains a significant figure one degree lower than a 
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found in the value of 3 6, it should be placed under this last. 
Due place further to the right. 

These three results being sdded as the figures now stand, will 
give 3175 (hundreds), =3tfi -i-3ab -\-bS^ which multiplied 
by 5 (tens), = b, gives 15875 (thousands), = 3 a^ 6 + 3 a 6^ + ^> 
Subtract this product from the dividend, including the two fig- 
ures separated from the right, bring down the next period to the 
right of the remainder, and we have 739208, = 3 (a -f- b)^ e + 
3(a + i)cS + .3. 

Separating the two right hand figures, we take those remaia- 
ing for a dividend, and find 3 (a -|- b)^, ^ 3 times the square of 35 
(tens), f{» a divisor ; the resulting quotient is 2, i::^ c, which we 
place ID the root. We now multiply the preceding figures of the 
root by 3, ^ e, and take three times the product, which gives 
210 (tens), ^ 3 (a -f- £) c, and [Aace the result under the divisor 
one figure further to the right, under which, one figure still fur- 
ther to the right, place 4, r= c^; adding these numbers as they 
Stand, wB have 369604, = 3 (a -|- 6)» -f- 3 (a 4- 6) c + c^, which 
multiplied by 8, = c.gives 739208, — 3 (a + 6)^ e -j- 3 (« -|- 6) c^ 
-J- e\ This [ffoduct subtracted from the last dividend, inclu- 
ding the figures separated on the right, leaves no remainder ; the 
work is therefore complete. 

Art. 07. From the preceding examples and explanations re^ 
suits the following 



1. CotHmenciTig at the right, separate the number into periods 
of three figures each ; the left hand period may contain one, two 
or three figures. 

2. Find the greatest third power in the left hand period, 
place its root at the right, and subtract the poteer from that 

3. To the right of the remainder bring doan the next period, 
separating by an accent the two right hand figures, and the re- 
sult will form a dividend. For a divisor take three times the 
second power of the root already found. Divide the dividend by 

14* 
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the divisor, rejtctittg ihe fteo figures of the former, hefort itf- 
crated, andput tke quotient as the secandfigure of the root. 

4. Take three times the product of the figure last found by the 
prtctding part of the root, and place it under the divisor, one 
figure further to the right : under which, one figvre further M 

the right, place the second power of the figure of the root last 
found. Add together the divisor and the numbers placed ttrnder 

it, as the figures stand, and multiply the sum by the figure of the 

root last found. Subtract this product from the dividend, ittcim- 

ding the two figures separated. 

6. To the right of the remainder, bring doom tke next period, 
forming a new dividend, in the same maniter as the first v>as 
formed. Take for a divisor three times the second pouter of the 

whole root so far as found; divide, reeding the two righi- hamd 
figures of the dipidend, and place the quotient as the next figure 

of the root: 

6. Find three t&nes the product of the last figure by the whole 
of the preceding part of the root, and place it under the divisor 
one figure further to the right: under ^is, place, one figure fia- 
ther to the right, tke second powa- of the last figure of the root 
found. Add the divisor and nutnhert placed under it, as the fig- 
ures stand, multiply the sum by the last figure of the root found, 
and subtract the product from ike dividend. 

7. Repeat the operations stated in the 5th asd 6th parts i^the 
rule, until tke given number is exhausted. 

Remark I. If the divisor is not contained in the ^iridend, 
ftfter the two right hand figures have been rejected, put a zero in 
the root, and bring down the next period; the divisor (<n finding 
the succeeding figure of the root, will then be the sam« as be- 
fore, except with the addition of two zeros at the right. 

Remark 2. If the number to be subtracted exceeds that from 
which it is to be taken, diminish the last figure found in the root, 
until a number is obtained which can be subtracted. 

Art. 08. We can always ascertain from the remainder, 
whether the figuTC last placed in the root, is so great as it should 
be. The third power of a is tfi, and that ofa-|-l iaa^-^3^ 
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-{- 3 a -f- 1. Here the roota differ bj 1, and the powers differ 
by3oa + 3a + l. Hence, 

If the remainder after subtraction, contain three times the see- 
and power of the root already found, plus three times that root, 
plus 1, or tnore,the last figure of the root is not sufficiently gretd 
by \ at least. 

Thus, in the last example, if we had taken 4 instead of 5 for 
the second figure of the root, the remainder would have been 
4310, which exceeds 3 X (34)a -|- 3 x 34 + 1. 
1. What ia the Uiird root of 127263527 ? 
Operation. 
I27«I63'527(603, Root. 
125 




Find the third roots of the following numbers. 

2. 300763. 6. 37595375^ 

3. 59319. T. 48228544. 

4. 753571. 8. 751089429, 

5. 456533. 9. 27243729729, 



SECTION XXXV. 



Art. 99. A fraction ia raised to the third power, by multiply- 
ing it twice by itself; but as fractions are multiplied together by 
taking the product of their numerators for a new numerator, and 
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that of their denomiaators for a new deDOminatOT, it follows that 
a firactioD is raised to the third powei by raising both niuner&bw 

and denominator to the third power. For example, ( r ) = 

a a a a^ 

b ' b ' l ~W 

Hence, the third root of a fraction is found by taking the third 
root of both numerator and denominator. Thus, the third root 

of^isg;thatof^.s^. 

1. Find (he third root of $^. 

2. Find the third root of ^V^. 

3. Find the third root of t'^- 

4. Find the third root of H^. 

5. Find the third root of 63^. 

Art. 100. When either the numerator or denominator is not 
an exact third power, the root of the fraction can be obtained 
only by approximation. For example, if the third root of ^ be 
required, we may multiply both terms of the fraction by 49, the 
second power of the denominator 7,, and the fraction becomes 
^^. The denominator ia now a perfect third power, the root 
of which is 7, and the nearest root of the numerator is 5. The 
^proximate root, therefore, of i^ is f- -(-, which differs from the 
true root by leas than if. 

If a more accurate root be required', we may, after having 
multiplied both terms of the fl-action by the second power of the 
denominator, multiply both termsof the result by any third power, 

4 4 XS' 

and then find the nearest root For example, — := j^ =: 

4x5axl 2'_ 

5 X 5» X 12^ ~ 6^'X 123' ■ 

is ^ — . This root is exact to within ^V. the product of ^ by ^. 
What is the third root of ^, accurate to within ^ X A = ^^ 
^ , 2 2 X 39 2 X 3« X I5» 60750 
^^ ''^^^ 3 ^ 3X3-^ = 3X^X1^ = 3^X15^' '""^ '«" 

of which is J4+. 

^izcjj.GooqIc 
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Remark. To find the thiid root of a fraction to within a given 
limit, divide the denominator of the limit by that of the given 
fraction ; then multiply both terms of the given fraction by the 
second power of its denominator and the third power of the quo 
tient previously fonnd ; after which take the nearest root. Thus, 
in the last queatton, -^ is the limit. The denominator 45 divi- 
ded by 3, gives 15 for a quotient We then multiply both terms 
of §by 3^ and 15^. 

1. Find the third root of f to within ■^. 

2. Find the third root of ^ to within t^, 

3. Find the third root of -xV to within t^t- 

In a similar manner, we may approximate the third roots of 
.whole numbers which are not perfect third powers, by convert- 
ing them into fractions, whose denominators are third powers. 

„, „ 2 X 12^ 3456 , ^ . . , . 

Thus 2 = — T^^ — =: -Tqa"! the approximate root of which is 

-^ 4~i cxB<>t to within ^. 

Art. lOl. But the most convenient way to approximate the 
third root either of a whole number or a fraction, is to change it 
into a decimal, whose denominator is the third power of 10, 100, 
or 1000, &c., and take the root of the result. Thus 3 = 

t^ =f5^, the ™„ of which i. rt + = 1.4 +. If . 
more accurate root is wanted, we may reduce 3 to a fraction 

t X 100= 
1003 

— i^j^jg J, the root of which is ^^ + — 1 .44 +. Hence we 
see that three zeros are annexed for every additional decimal of 
the root. Indeed, this is evident ; for the third power of .1 is 
.001, and the third power of .01 is .000001; thus, there are 
three times as many decimals in the power as there are in the 
root. 

We may therefore omit the denominator, and merely annex 
three times as many zeros to the number as we wish to have 
decimals in the root. Nor is it necessary to add them all »t 
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<mee, but only to annex three to the remunder , when s new fig- 
nn of the root is required. 

In like mannei, to find the root of ■ vulgar fraction, c<Hivert 
it into a decimal, with thrice aa matxjr deoinak as are re^ujre<l 
in the root 

If the number whose root is sought contain integers and deci- 
mals, and the number of decimala b« not a multiple of three, 
make it so b; annexing zeros to the right, which does not 
change the value, but only the depomination ; or, point the 
number both ways from the decimal point, and then complete 
the right hand period, if necesBHry, by annexing zeros. 

AAer these preparations, the third coot of a number contain- 
ing decimals, is found in the same way as that of an integral 
number, care being taken to point off one third as many deci- 
mals in the root as there are in the power. 

Extract the third roots of the fdlowing numbers, biding tbies 
decimals in each root. 

J. 2. 9. t 

2. 7. 10. ^. 

a us. II. 7i. 

1.5. 12. 12^. 

25.7. 13. 3|. 

.025. 14. tJ^ 

12.374. 15. 8fJ. 

1256.4. 16. ®*, 



SECTION XXXVI. 



QITXSTIOIO 

Art. 103. A pure equation of the third degree contains the 
third power, but no other power, of the unknown quantity. 

1. Three numbers are to each other as 2, 3, and 5 ; and tbeii 
product ifi 240. What are these numbers 1 

oou Ic 
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!2. A Tectasgular box cootains 315 cubic feet. The brekdth 
19 |- and the depth is j- of tbe length. Required the three di<- 
meoBions. -. 

3. There are two numbers, such that the second power of the 
greater multiplied by the less is 500, and Uie second power of 
the less multiplied by the gretiei ie 350. What are Uie uimi- 
bers? 

4. The depth of & cellar is to its length ss 4 to 15, and the 
breadth is to the depth as 11 to 4 ; moreover, the cellar holds 
6380 cubic feet Required the three dimensions. 

5. A pile of bricks is 8 feet high, 16 feet wide, and 32 feet 
long. What would be one of its sides, if it were in a. cubical 
form? 

6. A gentleman bought carpeting, sufficient to cover the floor 
of a square room, for $S4. The carpet cost per square yard 
halfjis many shillings, as there were feet in one side of the room. 
Required the side of the room. 

7. The less of two numbers is equal to one third of the sum 
of both ; and the square of the greater multiplied by the less is 
864, What are these numbers? 

8. A bushel is 3150^ cubic inches. Required one side of a 
cubical box, which shall contain 5 bushels. 

9. The number of cubic feet in a pyramid is found, by multi- 
plying together the number of square feet in the base, and one 
third of the altitude. If the base of a pyramid is a square, aod 
the altitude is four times one side of the base, what is the alti- 
tude, and what is one side of the base of a pyramid, which con- 
tains 40000 cubic feett 

10. The solid contents of a cylinder are found, by taking the 
continued product of the length, the square of the radius of the 
base, and the number 3.14159. Required the radius of the 
base, and the length of a cylinder, if the length is to the radius 
as 7 to 3, and the cylinder contains 87.96452 cubic feet. 

11. The solidity of a sphere is i of 3.14159 multiplied by the 
cube of the radius. Required the radius of a sphere, which con- 
tains 23 cubic feet 

DioLJo, Google 
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SECTION XXXVII. 



MWlmi or MONOKIALI OR ■IMrLE ALOBIKAIC CtlTAimTIKt. 

Art. 103. Any power of a quan^ty may be fouod by molb- 
plying it by itself a number of times denoted by the index of the 
power minus one. Thus, the second power of a or a' is a. a^ 
a' + 1 ^ a' >< ' =: a*. Art. Ill ; the third power of a is a . a . a 
^ fli + 1 + 1 =: fli X 3 =5 ^ ; the fifth power ofaiaa.a.a.a.a 
^a' + ' + ^+^ + ' = a''^'' = a*. The second power of aft ii 
a4.a6 = a>x»6>xt — (^69. the third power of 2be ia 
26c.26c.2i« = 2ix'6»x3eix3 — 2363e3=:8fe3c3;and 
the fourth power of 4 i" c' d" ia = i* b^^* e^^* tP^^* = 
256 bfi c'" d'B. In these esaoiples, adding the exponent of any 
quantity to itself, ia the same as multiplying this exponent 
Hence we hare the following 



Raite Ihe nvmerieal coefficient to the required power, and wad- 
tiply the exponent of each letter by the nwnber ahieh marks the de- 
gree of that potBtr. 

li is moreover manifest that any poaer of a product, is the pro- 
duct of that power of each of its factors. Thus, the fourth power 
of 4 fts c3 (P, which \b 256 6^ (ia rfie^ jg the product of the fourth 
powers of 4, 6", c', and d*. 

Remark. With regard to the ugns, when the index of the 
power is even, the power will always have the sign -{• ; but wheu 
the index is odd, the power will have the same sign as the root 
This manifestly follows from the rules for multiplication. 

1. Find the 2d power of 7 a n^. 

2. Find the 2d power of 8 ft^e I*. 

3. Find the 2d power of 15 a* m^p''. 

4. Find the 7th power of 2 1* y^. 

- ■■■ '-■ ; ;- : . DiMiicdByGoogle 
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6. Find the 13th power oil^tfitP. 

6. Find the 10th power of 2 63 «« d». 

7. Find the mth power of p*^x. Ans. j>*"g*"«"'. 

8. Find the mth power of p" q'. 

9. Find the mth power of 2*Sy'. Ana. 9"z'"y'". 
JRetnark. In the preceding example, since m is indefinite, the 

power of 2 must be represented merely. 

10. Find the mth power of ap'y*. 

11. Find the 4th power of — Sp"?". 

12. Find the 5th power of — 2i3y'. 

13. Find the 3d power of — 7«*6"ed. 

14. Find the 6th power of — 2<un*n'p*5'zy. 

15. Find the 2d power of ^. Ana. ^-^. 

16. Find the 2d power of — j. 

f 5"*^ 
6i3y«' 



SECTION XXXVIII. 



Art 104. Any power of a polynomial may be indicated by 
enclosing it in a parenthesis, and placing the index of the power 
over it at the right. Thus, {2b-\-c)^ represents the second 
power of 2 6 -|- c. The same thing may be indicated by a vin- 
culom and the exponent, thus, 2 6 -|- c . 

Powers thus indicated may be raised to other powers in the 
same manner as simple quantities, that is, by multiplying the 
exponents. For example, the fourth power of (a -\- b)^ is 
15 
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(a-|-i)"<*^(<i-f-6)i'. Moreover, when several compound 
quantities are represented as multiplied together, the whole is 
raised to an; power bj raising each factor to the power required. 
Thus, the second power of (2 e + if) (Sm ~ n)^ is (2 c + d)^ X 
(3 » — »)« ; the third power of 2 a (6 -f c)^ (« -f n)* is 
8a3(6 + cf (]|| + R)>^ When some of the factors are numo- 
mials, they should be raised to the power required^ in the manner 
already explained. 

1. Indicate the 4th power of 6n( — tt-\-p- 
3. Indicate the 3d power of (6 + c-|~d)^ 

3. Indicate the 7th power of (4a4-^4iy)'. 

4. Indicate the 13th power of (x — y)^. 

6. Indicate the 2d power of (a + &) {a — bf. 

6. Indicate the 5th power of 3 (z — y)^ {p — g)\ 

7. Indicate the 3d power of 2 (a -|- 6 -{- e)'. 

8. Indicate the 4th power of am(e — d)"* (x -\- tf)\ 

9. Indicate the wth power of (a-\-b-\- e)^. 

10. Indicate the nth power of (a-j-6)' (c — d)*. 

11. Indicate the mth power of (i4"3y)" 

12. Indicate the mth power of (« -j- 1)* (n — i)*. 

^dr^\7^d)- 



Indicate the i 



15. Indicate the 4th power of . ■ 

»+» 

16. Indicate the 3d power of , T"L . 

(P + J)' 

17. Indicate the 4th power of ^ (" + <') I." — ))■ 






18. Indicate the 7th power of 



mc+d)' ■ 



Art. 103. But if we would have the powers of polynomials 
in a developed form, they may be obtained by multiplication, in 
the manner of simple quantities. For example, (ni-|-n)3=: 
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(m + n) (n + n) (m+n) = mS-^SmOn+Smn" +»>; ind 

To derelop the expTeBsion a(b-\~ e)", we must firat find the 
value of (6 -\- e)^, which ia tfi + ^be + c^, and then multiply by 
a, which gires ab^-\-2abe-\- ae^. If the multiplication had 
been performed before raieing 6 -|- c to the second power, the 
leault would have been a^ 6* -|- 3 a' 6 c -f- a" c'j which ia enoD^ 

OU8. 

1, Develop (m — x^. 

5. Develop c(a + 6)3. 

3. Develop (a + 6 4- «)'(»' + «)■ 

4. Develop a' {x -\- y)^. 

6. Develop (Se + ad)". 

But the iinding of the powers of polynomials by multiplication 
becomea, when the power is of a high degree, exceedingly t&- 
dioua; and a more concise and expeditious method has been de- 
vised. The principle of thla method is called the Binomial The- 
orem, and was discovered by Sir Isaac Newton. It is primarily 
^>plied to binomial quantities, but may be extended to polyno- 
mials. 

Art. 100. As a table of the powers of a binomial will some- 
times be found convenient for the purpose of reference, we sub- 
join a few of the powers of a -|- x, obtained by multiplicadon. 

{a-\-xy = a-lrz. 

(a + i)* = a*-|-4a3x-|-6aai9+4aa:'-f i^. 
(a-i-a)s= a5-i-5a<z-t-10a'r'' + 10a2i3_^5at*-|-i5. 

If the second term of the binomial is neg^ive, the powers will 
be the same as when it is positive, except that the successive 
terms will be alternately positive and negative ; that is, all the 
terms in which an odd power of the negative term enters, will he 
negative, all the others being positive. This follows from the 
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Tules for tnultiplicaUon ; because, when the ntimber of negative 
factoiB is even, the product is positive, but when the Dumber of 
negative factors is odd, the product is negative. The first five 
powers of a — z, therefore, are as follows, viz : 

a — z)^~a —%. 

a— j;)a = a"— 2 ai + i". 

a — i)' = a3 — 3 a« j; -f- 3 a i» — x3. 

(o— j;)s = o» — 6o«i-|-10a3x>— 10a='2^ + 5oi<— x5. 



SECTION XXXIX. 



Art. 107. The most concise demonstration of this theorem 
is that of it^ientiinate coefficients ; and, as subsidiary to the 
demonstration, we shall prove the following proposition, viz : 

If, Khatever be the value of x, (cmy indefimte quantity), two 
polynomiali involving successive powen aft, as A-|-Bi-|-Ci' 
+ D x3 + E »«, 4-e., and A' + R'»+C'x^ + D' x^ + E' x*, 
^c, are equal, Ke shall always have A =: A', B ^ B', C ^ C', 
D =: D", E ^ E', ^c. ; that is, the terms wkick do not contain % 
are equal, as are also the coefficients of the same poteers oft. 

Since, in the equation.^ + Ba; + <?»" + Da', &.c., = j1'-(- 
B' I -|- <7 1* + U* i*, &c,, the two members are equal, inde- 
pendently of z, they must be equal when x = ; but, in this 
case, the terms all vanish except the first in each member, and 
the equation becomes A = A'. Subtracting these equal quan- 
tities, and dividing the remainders by z, we have 

B + Cz + flxa.&c. =B'+Cri+Z»' x\ &.c. 

Again suppose x:=Q, and this last equation becomes B^B'. 
In like manner, it may be proved that C := <7, i> ^ i>', Sua, 
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Art 108. The binamial x-\~a may be put under the form 
of I fl + f Y BO that {x -f a)" = 1" A + -Y, Art. 103. To 

aroid fractions, put y^ — , and bysubatitutioo weha*e(x-(-a)" 

= r~(14-y)'"; hence, to obtain the value of the mth power of 
z--|-a, it will be sufficient to find that of (1 -t-y)" developed, 
then restore the value of y, and multiply the whole by i^. 

From the manner in which a binomial is raised to any power 
by actual multiplication, it is manifest that (1 + y)" developed, 
will be of the form of .4 + By + Oyf + I) y» + £y*, &c., in 
which the values of A and of the coefficients B, C, D, &c., aa 
veil as the number of the terms, are wholly independent of the 
value of y, and are determined entirely by that of the eqmnent 
n. To make this more evident, we subjoin a few of the powers 
ofl+,. 

(1 +,)■ = !+,. 

(!+?)■= l+2y + »'. 

(l + ,)»=l+3j. + 3j,« + ,=. 

(l+y)' = l + 5> + I0!I«+10y' + 5y< + j'. 

We see, therefore, that in each power A = i, whereas B, the 
coefficient of the second term, is different in different powers; 
the same is the case with C, &c., except with regard to the co- 
efficient of the last term, which is always ]. Moreover, in each 
power the number of terms exceeds by I the number which 
marks the degree of that power. Hence we infer that in the mth 
power there will be w + 1 terms. 

Art. 100. Suppose, then, 

[1] (l+y)''=^ + By+Cya + i>y3 + JSy*,&c., 
in which the values of ^, B, C, &c. arc to be determined. 

We have already inferred that A is always 1 ; this however 
may be demonstrated; for, since equation [1] is true for all Val- 
ues of y, it is true when y := 0, which reduces the equaticm to 
15" 
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{ty:=A. Bnt, noce may powa of 1 ia 1, we necesaarilj 
luTe 1=.A. 

We proceed new to ioTestigate tbe other coefficients S, C, D, 
Slc Since these coefficients are entirely independent of the 
Talue of jr, we have, in like manner, 

Hence, bj eabtraction and the uniiHi of terma which ha*e a 
comnMm coefficient, 

[8] {i+y)--{i+«r = S(y-*) + c{i,»-x^) + 

Each of tbe factoisy — s, y^ — **, &c., ia divisible by y — *; 
actnally dividing, therefore, the second member of equation [3j 
by y — z, and representing the division of the first member, we 
bare 

[4] C+ri--(-+^)- ^« + e(, + .) + 

Add 1 — 1 to y — z, which does not change its value, and it 
becomes y-|-l — z — 1, <»r(l -\-y) — (l-^-*)- The first mem- 
ber of eqaation [4] then becomes -rrr ^\ / i— r^- The 
division can now be performed, and gives, Art. 40, 

m Y+l)-l' :^ " =(' + »—+"+ rt— X 
...- + (1+')— • 

Suppose y = z, and substitute y for z in the second member 
of equation [5] ; the terms then become alike, and, as the num- 
ber of them ism, the sum of the whole is w(l + y)— i. Sub- 
stitute this instead of the first member of equation [4], and, in 
the second member, put y instead of s tmd reduce, and we have 

[6] «{l + yr- i = B+2Cy + 31>ya + 4£y^tc. 

Multiply both members by 1 -|-y, arrange the second member 
of the result aooording to the powers <^ y, and equation [6] be- 
comes 

DkIzc.J;.G00«Ic 
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m «(I+y)- = B + (B + 2C)y+(2.C+3i>)ya + 

By flubstituting now for (1 -j- y)", its value, given in equation 
[1], and putting 1 instead of A, equation [7] becomes 
«{l + ByH-Cya + l)y3 + £y^,&c.) = B + {B+2C)y+ 

[8] m^-mBy + mCt/^-\-mDy^+mEy*,&.c. =B + 
(B + 2C)y + (2C+3i))y''+(3Z> + 4£)y3, &c. 

But, as was proved at the commencement of this section, the 
terms not involving y are equal, aa are also the coeffici^nte of 
the same powers of y. 

Hence, B :^ m. 

B + 2C==mB; hence,C=^<^^='"Jf:Ll); 

2C+3I> = ™C; hence.B=£(|=^>=^fc^l!f^)= 
_ I>(m-3) _ 



5D-\-4E = mD; hence, JS = 

m(ro— l)(w — 2)(w — 3) 
1.3.3.4 
These results are sufficient to enable us to continue the fwma> 
tion of the coefficients as far as we please. The next coefficient 
would evidently be "'("'- 1) ("■-2H'^-3) ("—*) ^ ^d 

the succeeding one — '^ — i 2 3 4 5 6 

Substitute these values of A, B, C &.c. in equaUon. [1]» and 
it becomes, 

Restoring the value of y, viz ; y = — , we have, 

D,M,IcdB,GOO«IC 



\ ^t) - ^ 1 »^ 1.2 «» + 
«(.-l)(._!i) rf .■(»-l)(„-a)(.-3) a" 

1.3.3 ^'3^ 1.2.3.4 ■,f°^ 

Multiplying both memben by x~, 
.-A J a\" / • ^. J. I ■• *"« I "•('"—1) *"<^ 

, «(.-l)(ii.-2) ,-tf ■.(»-l)(i.-2)(»-3 ) 
"I 1.2.3 ' ^ "•" 1.2.3.4 '^ 

—J-, &.C. 
Reducijig the fractions to lower terms, 

-("■- t)("-a) I «(--l)(.».-3)(».-3 ) 

12.3 ^ 1.2.3.4 ^ 

^~' a*, A'C. 

Art. IIO. Such ia the formula for any power of a biuomiil ; 
from which we readily deduce the law both of the letters and the 
coefficients. 

First, with regard to the letters, we see Oiat, in the first term, 
X, which is the first term of the binomial, is raised to the power 
to which the binomial was to be raised, and that the powers of 
X in the Buccessire terms go on decreasing by unity. 

Secondly, a, the second term of the binomial, is found in the 
second term of the power with 1 for its exponent, and, in the 
successive terms, the powers of a go on increasing by unity. 

Moreover, the sum of the exponents of x and a in the same 
term, is always equal to m, the exponent of the power to which 
the binomial is raised. 

With regard to tbe coefficients ; we perceive, that the coeffi- 
cient of the first term ia 1 ; that of the second term is equal to 
m, the exponent of the power to which the binomial is raised. 

., = C<.<,glc 
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To obtain the coefficient of the third term, we multiply that 
of the second, which is m, by — s — | that is, we multiply by 
M — I and divide by 2. 

To obtain the coefficient of the fourth term, we multiply that 

m 2 

of the third by — - — , that is multiply by m — 2 and divide by 

3, and so on. 

Art, 111. Hence, having one term of any power of a bino- 
mial, the succeeding term may be found by the following 

Muhipljf the given term by the exponent of x in IhiU terra, that 
is, by the exponent of Ike first or leading quantity of the hinit- 
mial, and divide the product by the number which marks the place 
of the given term from the first inclusive; diminish the exponent 
ofxby\, and increase that of a by 1, , 

The coefficient of the first term always being 1, and that of 
the second being the same as the index of the power required, 
we can, by the preceding rule, write any power of a binomial. 

Let it be required, for example, to find the 9th power of 

The first term is x^; the second is 9^8 a; the third is found 

' by multiplying 9, the coefficient of the second, by 8, the expo 

nent of x in the same, dividing the product by 2, which marks 

the place of the second term, diminishing the exponent of x and 

increasing that of a each by unity. The third term then is 

--~~ z' a^=9 X 4 i' a* = 36 i'' a". The fourth term is 

~~3fii^=lZXT^a^ = 843fit^. Finding, in a similar 
nwnner, the succeeding terms, we have 

(x + «)» = i9 -I- 9 x8 a + 36 xT o« + 84 i« a3 + 126 16 o^ + 
126 E< a* + 84 »:> a« + 36 1" flT + 9 1 fl« -I- a». 

Since any quantity with zero for an exponent is I, we may 
■appose a" to enter into the first term, and z" into the last. If 



we abould tttampt to find nnother tenn Bucc«ediiig a* ot afitf, 
we ibould obtUD for ita coefficient -rjr- = — = 0. No ad- 
ditional terms therefore can be obtuned. 

Applying the nile and remembering thai odd powers of negt- 
tire quantities are negative, we have also 
{a — b)"> = a^0—l0ifib + 45a^b»—l20a'lfl + ^\0tfib* — 

From the preceding examples, as well as from the table of 
powers given in the Art. 106, we infer, 

1. That the number of terms in each power of a biaomial ei- 
eeeda by 1 the index of that power. Thus, in the fifth power, 
there ore six terma; in the ninth power, there are ten terms. 

3. When the number of terms is odd, there is one coefficient, ' 
in the middle of the series, greater than any of the others ; bvt, 
when the number of terms b even, there are two coefficients in 
the middle, of equal value and greater than any of the others. 
Moreover, those which precede and those which succeed the 
greatest or greatest two, are the same, only arranged in an in- i 
verse order. 

Therefore, when half, or one more than half of the coefficient! 
have been found, the others may be written down without the 
trouble of calculation. 

1. Find the seventh power of a -|- 6. 

2. Find the tenth power of z -|- y. 

3. Find the fifUi power of m — n. 

4. Find the eleventh power of 6 -{- c. 

5. Find the thirteenth power of z — y. 
8. Find the sixth power of 3 a -|- 6. 

In this last example, the numerical coefficient of a must be 
raised to the requisite powers by multiplication. 

First write the power, merely indicating the (^rations with 
regard to 3 a, and we have 

(3a)8 + 6(3<i)H + 15(3<i)Ha + 20(3o)3 63+15(3a)"6* 
+ 6(3<i)6s + 6«. 

. .IZC.J;.G00«|C 
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Raising 3(1 to the several powers indicated, and subetitnting 
tfae results, 

729 aS + 6 . 243 a« 6 + 15 . 81 o^ ja + SJO . 27 a3 63 ^ 
15 . 9ifib* + 6.3aJfi + 6». 

Performing the multiplication, we have foi the final lesuit, 

739 a8 + 1458 o* 6 + 1215 a*b^ + 540 oS ft3 + 135 rf" 6< + 
IS ab^-\-bf. 

7. Find the fifth power of i -|- 2 y. 

8. Find the third power ofQa-{-5x. 

9. Find the fourth power of a-|-6 — 2 c. 

When a quantity containing several terms, as a -}- & — 2 c, is 
to be raised to a power, it is convenient to substitute other lei- 
tera, so as to render the quantity a binomial, raise this binomul 
to the required power, and then reetore the value of the letters 
substituted. 

Thus, in the present example, let & — 2e^m; then a-\-b — 
2c = a + m. Now {a + m)* = a* + *a?m + Qa^tifi + 
4 o «' + »»*. But, 

m=:b — 2c. 

»i»a = (6 — 2e)a= 63 — 4 fie + 4e» 

Mi3 = {fi — 2e)3 = fi» — 36a{2c) + 36(2e)S— (2c)8, or, 

»i3 = A3— Sfi^c+lflfica— 8c3. 

»*^{4— 2c)* = fi* — 463(2e) + 66a(2c)a_46(2c)' + 
(Zc)*, or, 

«< — 6* — 8 63 e + 24 fis cO _ 32 6 c3 + 16 c*. 

Putting these values instead of nt, m^, Slc, and performing 
the multiplication by itfi, Gtjfi, &c., we have 

{a-\-b—2cY = a* + iai^—8<^c + 6a^l)^—-ii4tfibc + 
24a»e» + 4<i63 — 24o6ac4-48a6e3 — ffiJae^ + ft*— Sfiae 
+24 6''c3— 326c3+l6c<. 

10. Find the fifth power of 3 a -f 3 1. 

11 . Find the third power of 4 1 — 3y-\-a. 

12. Find the eleventh power of a + 6 + « + '^^ r 

.ooulc 
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Let a + ft = «, tnd e'\-d=.n; then a-\- b -\- c -{- d= I 
«. + n. 

13. Find the wxth power of a + 2 6 — c. 

14. Find the fifth power of a -|- ft — 3c — Zd. 

In this example, let a -|- ft =: m, and2c-|-3d=:ni then a -|- 
b—2c—Zd=m — n. 

SECTION XL. 



Art. 119. The different powers of a binomial suggest the 
meaiu of extracting roots to an; degree, both of numerical and 
literal quantities. 

Let it be required, for instance, to find the fifUi root of 
9765625. 



97'65625 {25 = a+6. 



(i56 (80 = 5 a*. 

9765625 = (25)5 = (a + &)'. 
As the fillh power of 10 ia 100000, consisting of six figures, 
and that of 100 is 10000000000, consisting of eleven figures, the 
fifth root of 9765625 must be between 10 and 100 ; that is, it 
must consist of two figures, tens and units. Let a represent the 
tens and 6 the units of the root. The formula for the fifth power 
of a binomial U {a + ft)'^ a5 + 5o*6+ lOa^ia, &.c. Thia 
shows us that we are first to seek the fiflh power of the tens, 
which must be found in the 97, (9700000) ; or, what is the same 
thing, we are simply to seek the greatest fifth power in 97. Now 
as = 32, and 3^ = 243. The greatest fifUi power, therefore, in 97 
is 32, the root of which is 2. Place 2 as the first figure or tens 
of the root, subtract 32 from 97, to the remainder annex the rest 
of the figures, and we have 6565625. 

..,. = Cooslc 
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This remainder contains 5 a* 6 + 10 o' b^. Sec, or five times 
the fourth power of the tens into the units, and something more. 
If, therefore, we divide by five times the fourth power of the 
tens, the quotient will be the units, or a number a httle too 
great. But, as the fourth power of tens into units, can contain 
no significant figure beiow the fitlh from the right, it is sufficient, 
after having subtracted 32 from 97, to bring down 6, the next 
figure, to the right of the remainder, and to take 656 for our 
dividend. Five times 2* ^ 80, which is contained in 656 eight 
times, fiut if we put 8 in the root, at the right of the 3, 
and raise US to the fifth power, the reauh will be greater than 
9765635. The same would be the case with 27 and 36. But if 
we take 5 as the unit figure, we find (25)^ = 9765625. There- 
fore 25 is the true root. . 

If there were more than ten figures in the given number, there 
would be more than two in its root. We should, in that case, 
let a at first represent the highest order of units and b alt the 
rest, until we found the second figure of the root ; ailer which a 
might represent the two figures found and b the rest, and so on. 

Moreover, it is easy to see, that the number is to be separated 
into periods of five figures each, exc^t that the lefl hand 
period may contain less than five ; that the root will contain as 
many figures as there are periods ; that the fifth power of the 
first figure is to be subtracted from the first period, the fifih 
power of the first two, from the first two periods, that of the first 
tiiree, from the first three periods, ^c. ; and, that, in each case, 
we are to take the remainder with the first figure of the next pfr 
riod for a dividend, and five times the fourth power of the flgarei 
already found for a divisor. 

Similar explanations might be given for the extraction of 
fourth, sixth, seventh and other roots. The mode of procedure, 
in each case, may readily be deduced from the formulte. 

Art. 113. We may, therefore, take the general formula for the 
binomial theorem, and deduce from it a rule for extracting roots 
of any degree whatever. This formula ia 
16 
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*r +■! a— > 6 + ^^^^^^ «r -» M, &c., in which m denotes 

the degree of the root to be found. The first two terms aloo^ 
in connection with inferences which are eaail; drawn firom whit 
precedes, determine the rule, which is as follows. 



1. Btginning at the right, separate the number into periods of 
m figures each; the left hand period may contain from one to ra 
figures. 

9. Find the greatest mthpoaer in the kft handperiod, attdput 
its root at the right of the given nuntber, tu the first figure of the 
required root. Subtract the rath pomer of this figure from the 
first period, and tg the right of the remainder bring dmon the 
first figure of the next period to form a dividend. 

3. For a divisor, take ai times the {m — l)th power of the root 
already found. Divide and plate the quotient as the second fig- 
ure of the root. 

4. Raise these two figures to the aith power, and if the resuH 
does not exceed the first two periods of the number, subtract it from i 
these two periods, and to the remainder annex the first figure of 
the succeeding period to form a new dividend. But, if the lath 
power of the first two figures exceeds the corresponding periods, 
diminish the second figure of the root, until an mth power is eb- i 
fmntd which can he subtracted. 

6. For a new divisor, take m times the (m — \)th power of the 
whole root already found. The division will enable us to find tht 
third figure of the root. Then raise the three figures to the utth 
power, and subtract the result from the first three periods ; and 
thus proceed until all the periods have been used. 

Remark 1st. It ia manifest that the second and third roots 
may he extracted according to the above rule, as well as accord- 
ing to the rulea previously ^ven. The particular rules are 
preferable, only because they render the operations shorter diui 
the general rule would. 

Remark 2d. When the number expressing the degree of the 
root, can be separated into factors, this may be done, and we 
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ina; find Baccessively loots, the degrees of which are denoted b; 
these factors. Thus, instead of finding the fourth root imme- 
diate!)', we ma; first find the second root, and then the second 
root of that result For example, the second root of a* is a^, 
and the second root of o^ is a. In like manner, to obtain the 
sixth root, first find the second root, and then the third root of 
that result. To obtain the eighth root, extract the second root 
three times, and to get the ninth root, extract the third root 

1. Find the fourth root of 625. 
3. Find the fourth root of 20736. 

3. Find the fourth root of 28398241. 

4. Find the fifth root of 2073071593. 

5. Find the fifth root of 41.8227202051. 

Remark. Point off both ways from the decimal point. 
• 6. Find the sixth root of 4820309. 



SECTION XLI. 



Art. 114:. From the method given in Art. 103, for obtain- 
ing powers of monomials, results the following 



Extract the root of the numerical co'e^icient, aad divide the tx- 
ponent of each literal factor hy Ike niMMfter teMch marks tht de- 
gree of the root. 

The reason for this rule is manifest, since extracting a root is 
the reverse of finding a power. Thus, the second power of 5 a & 
ia 25 o^ fi^ ; consequently, the second root of Z5e^tt^ is & a' b' 
= 5 a^ &' or 5 a 6. In like manner, the third root of 125 o^ 6> c3 
is6<^(3c. 
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Art. 119. With regard to the signs which afiect the loott tt 
monomials, obserre, that 

Every root of an eetn degret may hoot either the sign -{■ 
or — . This is manifest &om the formation of powers. Thus, 
the fourth power of + a ia + a*, and the fourth power of — a 
IB also -f- a*. Therefore the fourth root of -f- a* b either + a 
or — a. Hence, to any root of an eien degree, we commiHilj 
prefix ±. 

Bui roots of an odd degree have the same sign as the petoer. 
The third power of + o is + o^ j whereas, the third power rf 
— a is — a'; -j-ais therefore the third root of -|- a^, and — a, 
that of— (i3. 

It has already been staled in Art 80, that the second root o( 
■ negative quantity is imaginary. The same is the case with any 

even root of a negative quantity. Thus, ( — 16)* , ( — o)*, 

(— a)^, or the equivalent expressions, ^/ — 16, ^/ — a, t/ — a, 
are imaginary quantities; for no quantity raised to a power of 
an even degree, can produce a negative quantity. 

1. Find the second root of <Hni*i'. 

2. Find the second root of 64 z^y^. 

3. Find the third root of 343a9j>» ^. 

4. Find the third root of — 729 o« *3 c». 

5. Find the fourth root of 16 a* i" c">. 



7. Find the third root of - 



3125 I* y"' 
218 7 g'^ 
163S4»;'»yM- 

The preceding examples, as well as what was said in Art. 
103, relative to the powers of products, show, that any root a/* 
a product mill he the product of the roots, to the tame degree, ef 
each of the factors of this product. Thus, the second root of 
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tfi Ifl c* is a b e^, whicb is the product of the second roots of a^, 
6" and c*, the factors of a» 6^ c*. 

In like manner, if any numerical quantity is divided into fac- 
tors which are enact powers of the required degree, (and this 
may always be done, when the number itaelf is an exact power 
of that degree), we may extract aeparately the roots of these fac- 
tors, and then multiply theae roots together. For example, 1764 
= 36 X 49, the second root of which is 6 X 7 = 42. 

Art. lis. From the preceding mode of finding the roots of 
literal quantities, it follows, that, if the exponent of any factor is 
not divisible by the number which expresses the degree of the 
root, the division can be expressed only, and givea rise to frac- 
tional exponents. Thus, the second root of a is a^ ; the third 
root of a is a^ ; the fourth root of cfi is o*. 

The expression a* indicates either the fourth root of a' or the 
third power of a* ; for the third power of a* is o* =: a*. In 

like manner, d^ denotes either the fourth power of a* or the 
fifth root of ffl<. 

The radical sign may be used to indicate a root of any degree, 
if we place over it a figure denoting the degree of that root 
Thus, \/ denotes, the second root ; \/ , the third root i 
^/ , the fourth rwt, and ao on. HencCj 



/»« = 



,» 



V>5» = o*. 

Observe, that ^/a" is the same as ya^ the 3 over the sign be- 
ing generally understood. We see, therefore, that in the prece- 
ding equivalent expressions, the number over the radical sign is 
the same as the denominator, and the exponent under the sign is 
the same aa the numerator, of the fractional exponent 
16* 
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ArL 117. By means of exponcntB either entire or firactkmal, 
any quantity may be expiesaed in ■ great raiiety of forms. 
Thus,(i3 = a=.a = o.a.a — aa.a*.o* = fl.a*.a*.«^.a*=^ 
a* . o* . o* . a* . a^ . a^, &.c. Also, /ST» — a^ 6^ = 
o't 6^ = a . fl^ . A* . 6* = a* . «^ . a* . ft* . ft* &c. 

Hence, any quantity may be separated into an indefinite num- 
ber of factors ; the only restriction is, that the sum of the expo- 
nents of those factors, which are dike except with t^ard to 
their exponents, shall be the same as in the given quantity. In 
the first example gireo above, the sum of the exponents must be 
uniformly 3 ; in the second, the sum of the exponents of a must 
be i, and that of the e.;q>oaeats of ft must be f. 

1. Separate <fi into three factors. 

2. Separate a* into seven factors. 

3. Separate o^ into six factors. 

4. Separate a into ttu'ee factors. 

5. Separate a^ ft into four factors. 

6. Separate 3 a" into six factors. 

7. Separate 35 into three factors. 

8. Separate 10 into seven factors. 



SECTION XLIl. 



Art. 118. Let it be required to find the second root of 4 m^ 
-12(»» + 9na. 

Operation. 
4Bia-f 12ni« + 9«^ 2m + 3n . Root 
4nia 



12ww-f 9n^ (4nt4-3«, 



;. Google 
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B7 lecurrisg to the second power oTa-^-h, which ia a^-\-Si ab 
+ 6*1 we see thit 4 m* corresponds to t^. We therefore take the 
second root of 4 tn^, which is 3 nt, and place it at the right, as the 
first term of the root sought, and subtract its second power from 
the given quantit}'. The remainder, 12 m n -|- 9 n^, answers to2 a ft 
+ 6^, or (2 a -|- 6)6. Dividing the first term of this remainder by 
4 m, corresponding to 2 a, we have 3 n for the second term of the 
root, which we annex to the 2 nt in the root, and also to the divi- 
sor. The divisor thus increased, becomes 4,m~\-3n,^2a-^-b. 
We then multiply 4m'\-3n by 3n, =b, and we have 12 m n + 
9n', which subtracted from the dividend, leaves no remainder. 
Hence, the second root of 4 »b» -f 12 »b n + 9 n" is 2 n» + 3 n, or 
— 2di — 3n; or rather, ± 2 m ± 3 n. 

The double sign may be omitted, until the operation is com- 
pleted, and then all the signs of the root may be changed, if both 
roots are required. 

When there are more than three terms in the power, the sec- 
ond root will contain more than two terms. But the mode of 
proceeding will be almost the same as that for finding the second 
roots of numbers. We form a second dividend, in the same 
manner as the first was formed, and for a divisor double the 
whole root found. The division will give the third term of the root. 
The process is manifest from the formula, (a-f- 6 -f-'^ + rfi&'C)* 
= rf' + 2a6 + 6a + 2(a-|-6)c-|-c> + 2(a-f6 + Od + d«, 
&C-, in which o, 6, c, Alc. represent the terms of the root. 

The following example will serve to illustrate the process. 

Required the second root of a< 4- 6 (t" I -f- 11 o? xS -|- 6 a i3 _j_ j4. 

Opgratum. 
«* -f 6 a3 X + 1 1 o" s' -f 6 a I' -i- x«(^+3oH-^. 



C<i3i+lloax«-l-6ai3 + g< (2fl^ + 3fl 






The root required iaa^-\-Zax~{-x^. 

.IZC.J;.G00«|C 
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From the preceding sndysia we derire the foUowing 



1. Arrange lAc quantity according to the pmeers of torn* 
Utter. 

2. Find the root of the first term, and place it as thejirst term 
of the root sought, sublrael the second power of this term from tht 
gieen polynomial, and call the remainder the first dividend. 

3. Double the term of the root found, for a divisor, by leiici 
divide the first term of the dividend, and place the quotient, mtk 
its proper sign, as the second term of the root, also at the right of 
the dieisor. Multiply the divisor, u>ilh the term annexed, by the 
second term of the root, and subtract the product from the divi- 
'dtnd. 

4. Tlie remainder will form a new dividend, which is to be di- 
vided by twice the whole root found, and the quotient is to be 
placed as the next term of the root, also at the right of tie divi- 
sor. Multiply the divisor, with the term last annexed, by the last 
term of the root, and subtract the product from the last dividend, 

&. The remainder will form a new dividend, with which pro- 
ceed as before ; and thus continue, until all the terms of the root 
are found. 

Remark X. Each of the remainders must be arranged in Uie 
same order as the given polynomial was firat arranged. 

If the given quantity contains no fractions, and a dividend oc- 
curs, the first term of which does not contain all the letters of 
the first term of the divisor, or which contains any one of them 
with a less exponent than it has In that term of the divisor, we 
may he assured that the given quantity is not an exact E«coDd 
power, and, therefore, does not admit of an exact root. 

Remark 2. In dividing we merely divide the firat term of the 
dividend by the first term of the divisor ; and, since double the 
first, the first two, the first three, &c. terms of the root, will have 
the first terms alike, it is manifest that the successive divisors 
will have their first terms the same. 

Find the second roots of the following quantities. 
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I. 34ia + 9i:*-|-20a; + 12i3 + 25. 

3. 10z< — 10i3 — 122S + 5i''+9e« — 2s+l. 

4. 9 a* — 20 ais— 12 03 6+34 03 63 _|. 25 H 

5. 4i* + 8ai3-f 4o»i''+1669i9+16o6'i+I66*. 

6. j^ + 4i5 + 2i« + 9«;a — 4i + 4. * 

7. 4x« + 6i3+ ^^"+151 + 25. 

Art 119. The lule for extrsctiog the third rooteof numbers, 
might, with slight modiflcationa, be applied to the extraction of 
the third roots of algebraic polynomials. But it is generally the 
moat convenient to use the rule, derived from the binomial theo- 
rem, for the extraction of roots to any degree. This rule, a^ 
plied to literal quantities, will, as is evident from the formula for 
the inth power of z -|- a, be as follows. 



1. Arrange the quantity according to the powert of some 
tetter. 

2. Find the mth root of tht first term, place it as the first term 
if the root smight, and svbtrad the mth power of it from thtpoly^ 
nomial. 

3. The remainder will form a dividend, tehich is to be divided 
hy m (intes the (m — I )th power of the term of tht root found, 
and the quotient is to be placed as the second term of the root 

4. Raise the whole root to the joth power, and subtract (he rt- 
sulifrom the gtTien polynomial. 

5. The remainder will form a new dividend, which is to be di- 
vided by m times the (m — ))lh power of the whole root already 
found, and the quotient placed as the third term of the root. 

G. Raise the whole root to the mth power, subtract the result 
from the given polynomial, and with the remainder proceed as 
before ; and thus continue until all lite terms of the root are 
fmmd. 

Remark. It is manifest that the first term of each successive 
divisor will be the same; and, since we always divide the first 
term of the diridend by the first of the divisor, it is sufficient to 
find the first term of the first divisor and use that throughout- ' 
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and, in subtracting, cue term onl; of the remHinder needs to be 
brought down, viz: that which contains the highest power of the 
letter accoiding to which the given quantity was arranged. 

As an example, let it be required to extract the third root of 
8 13 + 60 i3 y + 150 z y« + 125 y3. 
Operation. 
e»3 + 60i«ff + 150iy'' + 125y3 <2» + 5y . Root. 



60 z^p{ 12zK DiFisor. 

The index m of the general formula, when applied to this 
question, is 3 ; and, aAer having arranged the quantity according 
to the powers of i, we find the third root of 8 x^, which ia 2 1 ; 
subtracting the third power of 2z, we have, for the first term of 
the remainder, 60i'y, which we divide by 12 r', i^ three times 
the second power ofSx. The quotient is 5y, which we put as 
the second term of the root, and raise 2x-|-5y to the third 
power.* The result is the same as the ^ven quantity, and, 
when subtracted, leaves no remainder. Therefore, 2z-|-5y is 
the root sought. 

As a second example, we shall trace the operationa for extract- 
ing a root consisting of three terms. 

Let it be required to extract the fifth root of i" — lOi^a-f- 
45 i8 o!» — 120 i' a3 + 210 (r« a* — 252 z* a* + 210 i* a« — 
120:t3a'+45iaa9— lOifflS-f-aio. 

The quantity being arranged according to the powers of x, we 
find the 6th root of x^°, which is x^, and subtract the 5th power 
of this root from the given quantity. The first term of the re- 
mainder is — 10 1* a. This term we divide by five times the 4th 
power of x^, which Is 6z^, The quotient, — 2 az we place as 
the second term of the root, and rdse jfi — 2 ox to the 5th 
power. The 6th power of x«— 2ai is ii"— 10 1^ a + 40^0= 
— 80 a' a3 + 80 1^ (H — 32 7^ a5_ which subtracted from the given 

■ Lst the leamer ui 
■jiiuitity coMutiiig of 
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quantity, gives a lemBiiider the firat term of which is 5z*a'. 
This tenn being divided by 5 x^, the first term of five times the 
4th power of x^ — 3az, gives for a quotient a^, which we place 
as the third term of the root. We then raise i^ — 2 a x -|- a^ to 
the 5th power, and it produces the whole of the given quantity. 
Hence, i^-T-Sai-f-t^ is the root sought. 

1. Findthe3drootof27a3 + 81aj;3-|_8Ia=>E-f-27i3. 

2. Find the 4th root of 16 i'^ -j- 1000 x^ cfi -\- 600 i^o*.^ 
160i9aa + 625a8. 

3. Find the 4th root of 625 c^ — 1000 c^ y i + 600 c* y^ *« — 
160eSi/3i3+16y*2*. 

4. Find the5throotof32a" — 80oB63+80o868— 40a*69 
-j-10aajia_ji5, 

5. Find the 6th root of 729 j8 + 2916 ■^y -\- 4860 t*y^-\- 
4320 13 y3 + 2160 x" y* + 576 1 yS -j- 64 y\ 



SECTION XLIII. 

\0H of IXRATIONAI. OB BADICAI. 4UAIITITIi:i. 

Art, ISO. When a quantity is not an exact power of the de- 
gree required, its root cannot be found exactly. In such a case, 
the root is commonly expressed either by a radical sign or by a 
fractional exponent. Expressions indicating roots which cannot 
be accurately obtained, are called, as has already been stated, irro- 
tional or xncomnteni'urabh quantities. They are also sometimes 
called surds or simply radical guanlities. Thus \/2 or 2* and 
^/i or 4^ are irrational quantities. 

In like manner, ne are obliged to express the second root of a 
by a sign, thus y/o^ or a' ; although, perhiq>s, when a has been 
replaced by its numerical value, the root may be exactly fonnd. 
Algebraically considered, however, such expressions are in the 
condition of irrational quantitieis. 

..,. = Cooslc 
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ExpresBions of thU kind may, in many Cases, be simplified, j 
The root of a product, as was ehown in Art. I1«C, is fonned b; 
multiplying together the roots of all the factora of that product 
Hence, we may take the roots of such factors as are exact pow- 
ers, and indicate the roota of the other factora, leaving these roots 
to be approximated afterwards if necessary. 

Let it be required, for example, to find the second root trf 
192 o" 63 c, The root is indicated thus, \/i92^Fc. But 
192o363e — 64X Qa^b^b c oi Ma^b^ X^bc. Now the first 
three factors, 64, <fi and tfi, are second powers ; we may, there- 
fore, take the roots of these and place their product as a coeffi- 
cient to the expression indicating the root of 3 6c. We hare 
then \/ia2 a^b^c = 8ab /3 6e. It only remains now to ap- 
proximate the root of 3 6 c, the value of the letters supposed to 
be known, and multiply the result by 6 a 6. 

In separating an irrational quantity into factors for the pur- 
pose of simplifying, the learner has merely to find the greatest 
numerical factor that is an exact power, and the greatest expo- 
nent of each literal factor, not exceeding its given exponent, that 
is divisible by the number which marks the degree of the root 

1. Simplify v/l'^SoSfis 

a Simplify(80a6c<)*. 



a Simplify y/IOSaS 66 
4. Simplify /45T6V 



5. Simplify \/320a3 6 — 640*63, 

The greatest numerical factor in this quantity that is a third 
power is 64, and the greatest literal factor that is a third power 
isaS. Hence, SiO i^ b — Giifib^ = Mt^ (5 6— oaja). Tak- 
ing the root of 64 o^, and indicating thatof 56 — a^63,wehare 



v/320a*6— 64a5 63 = 4a\/56 — a'ft' or 4a(5ft— «a63)*. 



6. Simplify v/24 a<— 8 o3 6. 

7. Simplify (2 o^ 6* + o^ 6 c)*. 
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8. Simplify ^a^ -\- (^ 63. 

9. Simplify t/768a« — 256 a*. 
10. Simplify v/3456aH— 1728. 

If the quantity which is under the radical sign, or which ia en- 
closed in a parenthesis with a fractional exponent, ie a fraction, 
the expression may be simplified in the following manner, Tiz ; 

Multiply both terms of the fraction by iuch a quantity, as will 
render the denominator an exact power of the requisite degree, 
then take the roots of the denominator and of such factors of the 
numerator as are exact powers. 

Remark. This preparation of the fraction ia rarely advisable, 
except when the denominator is a monomial. 



I. hie m«,ner, y/ —^y -^^ = 

12. Sm.pl,f, l^-jjij-J . 

13. Stoplif,,^^. 

14. Simplif, (I?)*. 

15. amplify y/'^. 

16. Simplify l/i 



ii = 



37 c*— 9cSd" 



Google 
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,8. s™„.,f.. /320«.t + MO^ 



Art 131. As we can extract the root of aaj factor and place 
it as a factor before the radical sign; so, if we would put 
under the sign any factor standing before it, we must raise that 
factor to a power of the same degree as the radical. 

Thus ab]/7=\/^W7; and J^^= t/W^, 
Reduce the following quantities entirely to a radical form. 
6. 2 a (3 6)*. 

6. B{xt,)K 

7. 3o»(x+3y)* 
8 ^(m"!* 
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Art. 133. In general, operations are performed on quantities 
with fractional exponents, in the same manner as if the expo- 
nents were entire. 

Add 4 a^ and 3 a^. 
The sum is 4 a* + 3 o* = 7 a*. 

Add oA*and eb^. 

The sum is a 6^ + c 6* = (o-f e)b^. . 

OOQ If 
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From 9 1* subtract 4 1^. 

The difference ia 9 z* — 4 1^ = 5 z*. 
From8aa!*y* subtract 2ii*y*. 

The diffeienceisSaxi^y*— 2 6i;^y^=(3o— 36)i*y*. 
Add 3 . 8* and 5 . 18*. 

The sum indicated is 3 . 8* -f- 5 . 18*. But these terms 
may be simplified and the expression reduced. For, 3.8'^ 
3 . 4* . 2* = 3 . 2 . 2* = 6 . 3* ; and 5 . 18* = 5 . 9* . 2* = 
5.3.3* = 15.3* Hence, 3.8* + 5.18* = 6.2* + 15.2* 
= 31 . 2*. 

In asimilar manner, (192fr')* + (34e3)* = 4 6.3*+2c. 33^ 
= (4 6 + 2 () 3*. 
Add (j^)* and {i)\. 

The sum expressed is (^)* + (i)*. But (^}* = (|4)* 
= (A . 6)* = 1 . 6*; and (i)* = (A)^= (3^ - 6)^ = J . 6^. 

Hence (^V)^ + (J)* =: ^ . 6* + i . 6* = A ■ 6* + -fV ■ 6^ 
= A ■ 6 ■ The result therefore in its simplest form ia -^ . 6* 
We deduce therefore the following 



QCAITTITIEI. 

Express the addition or subtraction as usual by , signs, nm- 
plify the terms if possible, and reduce similttr terms. 

Remark. Irrational quantities, indicated by means of frac- 
tiona] exponents, are similar, when the factors having fractional 
exponents are alike in all, and have severally the same expo- 
Multiply a^ by a*. 

This is performed by addine the exponents. Thus, a* . o* 

i + i ?r 

= flt * = a* 



190 OUATIOKAL QDANnnn XUV. 

Multiply 3 o^ 6* by 5 a' i*. 
The product is 15 a* "^ * 6^ "'^ * = 15 o*^ 6*. 
. Multiply 2 a^ by 3a^. 

Reducing the expoaents to a commoo denomiaator, we 
have 2a^ = ^a^, and 3a* = 3a^; therefore, 2 a*^ . 3 a^ = 
3 a^ . 3 a A = 6 a^. 
Dif ide a' by o*. 
This IB performed by subtracting the exponent of the latter 

from that of the former. Thus, —=: a^ ^ _. „t 
Divide 15 a^ i* by 3 a*" b^. 
The quotient ia — ^r—r = 5 o* ^. 

DiTide3fl^6* by 5 a* 6*. 
Reducing the exponents of the similar factors to a common 

3 o* 6^ 3 a* 6^ 3 a* 6^ 

denominator, we hare — r — - =:= — ^ — r- = = ■ 

5 o* 6* 5 a* h^ 

Find the second power of 3 a''^. 

This ia performed by raising the coefficient to the required 
power, and multiplying the exponent by the index of the power. 

Thus, (3 a^) ' = 9 a*. 

In like manner, (sa^^ 6*)* = 61 a* 6*. 

Conversely, the root of an irrational quantity ia found, by taking 
or expressing the root of the numerical coefficient, and dividing 
the exponents of the other factors by the number which marks 
the degree of the root. 

Thus, the second root of a" is a', and the fourth root a* 
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is a^. Also the third root of 27 a* 6^ is 3 a* 6" ; and the 

fiilh root of 7 o* 6* is 7* a^ ftA 

From what precedes, we see that the following operations, viz : 
multiplication, division, finding powers, and extracting roots, are 
performed upon quantities with fractional exponents, in the same 
manner as if the exponents were whole numbers. 

Alt. 133. In the multiplication of irrationd quantities, we 
aaaumed that their fractional exponents might be reduced to 
equivalent ones having a common denominator, without chang- 
ing the value of the quantities. This, however, may he easily 
proved. 

For, multiplying the numerator of the exponent of any quanti- 
ty, raises that quantity to a power, and multiplying the denomi- 
nator, divides the exponent, and therefore extracts the root. 
Consequently, wHen both terms of a fractional exponent are mul- 
tiplied by the same number, which is done in reducing to a com- 
mon denominator, the quantity to which the exponent belongs, b 
raised to a power of a certain degree, and then the root of the 
resnlt is extracted to the same degree ; or the reverse. The 
value of the quantity, therefore, remains unchanged. 

Accordingly, the exponents of all the factors in any product, 
may be reduced to fractions having a common denominator. 
Thus, 2 a* ft^ = 2^ o^ 6* = 64* a^ h^ = (64 a^ b^)^. 

Moreover, it is manifest that the fractional exponents may 
be reduced to decimals, and that the value of the result will be 
either exactly or approximately the same as that of the ^ven 
quantity. 

For example, a* = o"-^, and a" =z ifi-^^^ If it were required 



a* bv a", we should have a* . o' = 



1. Add(27(H*)*and(3o<i)^. 

2. Add (128)* and (72)*. 

3. Add (135)* and (40)*. 
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4. Add(12)* i!(27)*iiiid3(75)*. | 

6. Aildi!(8)* — 7(18)*uid6(7!i)* — (50)*. 

6. Add7(54)* 3(16)* and (2)* — 6(128)*. 

7. Add(4o"6)*,3oi* (27o'6)*md(125o"4)*. j 

8. Add3(JV)*«»d4(i)*. I 

10. Add (9ab)*, (c" a 6)*, f^y and (x,)* , 

11. From (18)* Bubtract 8*. 

12. Froin(10eaz'')i^Bubti8ot (48ax»)*. 

13. From(432o3fi)*Bubtract(16a36)*. 
U. From {192 a* 63)4 subtract (24 a* i9)i. 

15. Fromf{%)*Babtract |(i)i. 

16. From 6 (20)* subtract 3 (45)*. 

17. From (16a6)*—(343w)* subtract (9o6)*— 

(1000 c3m)* I 

19. Multiply 7 a* 6* by 3 J b^. 

20. Multiply2afteby5a*i*e*. 

21. Multiply fn o* c* by 3m a* c*. 

22. Multiply 25 I* y by 3 1* y*. 

23. Multiply 10(108)* by 5(4)*. 

The product is 50(108)* (4)* = 50(432)* = 60 (216. 2)* 
= 50.6.2*= 300.2*. 

S4. Multiply 6 . 6* by 3 . 8*, and simplify. 
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35. Multiply 2 . 3^ by 3 . 4^. 

The product is 6. 3*. 4* = 6. 3*. 4^ = 6. 27*. 16* = 
6(432)*. 

26. Whati8theproductof4,2(3)*aiid72*T 

37. What is the product of 6 (3)* 7 (| )* and 2^ T 

38. Multiply «r by 0". 

39. Multiply 3 a" hy S i^ 

30. Multiply together 3* 3* and 5*. 

31. Multiply (o + 6)* by (a + b)^. 

32. Multiply 3{e—<i)+by4<.(c—<i)*. 

33. Multiply 4fl»6(i— y)* hy 3(a+6)*(i— y)*. 

34. Multiply 6(ni + n)* {e— d)*by7(m + M)* (c — d)*. 

35. Multiply 3 + 5* by 3— 5*. 

36. Multiply 7 + 2(6)^ by 9— 5(6)*. 

37. Multiply 9 + 2(10)* by 9—2(10)*. 

38. Divide o* by a^. 

39. Divide o6*c by a* 6* c*. 

40. Divide 6 a^ b^ e^ by 3 a* 6 c« 

• 41. Divide 3 J b^ e^ by 4 o* A* e*. 

43. Divide 10(108)* by 5(4)*. 

43. Divide 10(27)* by 2(3)* 

44. Divide 8(512)* by 4(2)='. 

45. Divide a" by a~, 

46. Divide 3 tf' 6" hyAi^^. 

47. Divide V (S)* by V*(i)*- 
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48. Divide (a— 6)5 by(o— i)* 

49. Divide 13(i—y)* by 4a(i—y)*. 

60. DiTide 13 (a + b)^ (e — «0^ by 39 « (a + &)* (c — d)*. 

61. Find the 2d power of 2 o* b^. 

62. Find the 3d povrer of 5 a' 6* e^. 

2a^i3 

53. Find the 3d power of — - — 

3i*y 

54. Find the 4th power of ^ X 3^- 

55. Find the 5th power of ^ ■ . 

66. Find the 3d power of («+ fc)*. 

57. Find the 3d power of 3 (i — y)^. 

68. Find the 5th power of 2(i3— ya)5{fc— e)^. 

69. Find the mth power of a* 6* c. 

60. Find the tftth power of a' hr c d. 

61. Find the 3d power of - f - ?"^ - ) : 

3{c-d)i 

62. Find the 2d power of ^t» + y) (" — '^ . 

63. Extract the 2d root of a^ 6^. 

64. Ejtuactthe 3d rootof27o^6^. 

65. Extract the 3d root of 2o^ 6*. 

66. Extract the 4th root of 3 a* 6= c. 

67. Extractthemthroot of lOo^iyi. 

68. Extract the mth root of 6 a' 6'. 

.IZC.J;.G00«|C 



WITH THE RADICAL SIGN. 



69. Extract the 2d root of (a + 6)*. 

70. Extract the 2d root of 16 (a — i)^ (e — d)*. 

71. Extract the 3d root of 8a3(i?t — n)*(<! — rf)* 

72. Extract the 3d root of iii=y)?i^+^. 



SECTION XLV. 



OVXSl.TI0irS VVOK tBBATIOHAI. QDAXTITIES W. 

Art. 134:. Although radical signs maj be wholly dispensed 
with, and fractiond exponents used instead of them, yet, as these 
signs occur in almost all mathematical treatises, and are some- 
times very convenient, we shall show how to perform the various 
operations on quantities affected with them. 

Irrational quantities affected with radical signs, are commonly 
called radical quantities, the mode of simplifying which has al< 
ready been shown. 

The addition and subtraction of radical quantities are, it is 
manifest, performed in the same manner as when fractional ex- 
ponents are used. We observe, however, that radical quantities 
are said to be similar, when they are of the same degree and 
have the quantities under the sign in all respects similar. 

Let it be required to add together y^I92 and \/24. The sum 
expressed is ^192" + )/24. But \/^192 = ^64 X 3 = 
4^3, and ^24 = y'S'xS = 2^3; hence, /i^-f ^/24 
= 4 ^/3"+ 2^3 =6/37 

In like manner, the sum of m'i/a^b*e and Ifn^a^c is 
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Sabtract \/HtS from 9^4. The diffeieDce expressed is 
9y/4 — v/I08, which simplified become 9\/4 — 3y/4 = 
6^4. 

In like mamieT, ^o* fi Bubtracted from 3m^c*b, leaves 
3nteC^T~a^T= {3mc~a)^T. 

An. 133. Rules for other operations on radicals, maj be easily 
deduced from the modes given in the preceding section, for per- 
forming corresponding operations on irrational quantities with 
fractional exponents. 

The exponents />/ the quantities under the radical sign cmd the 
index over that sign, may Both be multiplied or divided by the 
stone number without affecting the value of the expression. 

For example, i/a^ or ^/a' ^ a* ^ a'" ^ l/a'^, which 
might have been obtained by multiplying the 2 and 3 of the ei- 

pression ^a* both by 5. 

In like manner, ^^F = ^^1^. 

Again, y/o^'^ = o'* = a^ = y/o* or y'oS, which U obtain- 
ed by dividing the 10 and 15 of the expression i/a'* both by 5. 

In a similar manner, i/o^ b^ = wa^ b. 

Art. ISS6, Hence, two or more radical expressions may be 
made to have the same index over the sign. Thus, t/a^ and t/b^ 
are respectively the same as ^/o* and ^6* ; also ^(fi b and t/iy' 
are respectively the same as t/(fi 6^ and yz^y^. 

This process is evidently the same as reducing fractional ex- 
ponents to a common denominator, the indices over the sign be- 
ing considered as denominators, and the exponents of the quan- 
tities under the sign, as numerators. 

The common index will therefore be the product of all the 
indices over the sign, or their least common multiple. 
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Art. ISW. Multiply y/^ by y'iT 

The product ia )/ab; for y/o" = o*, and y/6~ = b^ ; there- 
fore, ^/^ . ^b~ =a^bi = {a b)^ = y/^. 
Multiply %^'^ by Z^¥. 
We first render the indices over the sign alike ; we 
then have 2^/"^ . 3^/'63^z= 2^a^ . 3^/'6s^= 60^6^ = 

_ Wah 

Dividee^/afr by 3^0, The quotient expressed is — -= ■ 

But6i/^i = 6fl* b^, and3t/a =3a*; therefore .^i^ = 

Divide 3^a hy 5y'&. Making the indices alike and then 

,. ... , Z\/a 3v/^ 3 a* 3/*^* 

dmdmg, we have — i^ = -^ = = . — — -(_F_ 



Sv/ft 5^7*3 






Hence we have the following 



Make the indices over the radical sign alike, if they art not 
so ; then multiply or divide one coefficient by the other ; also take 
the product or quotient of the quantities under the radical sign, 
placing the latter result under the common sign, which is to be 
preceded by the product or quotient of the coefficients. 

Art. 138. Find the fifth power of 2^/ifli. 

Since 2^^fi = 2a^6* we have (2y'^)s = (2 a^ 6^)3 = 



This result might have been obtained from Si/o^ 6 by raising 
the coefficient 2 to the fifUi power, and multiplying the e]q>o- 
nents of the quantities under the radical eign by 5. 

Raise 3^a^ to the third power. 

Since 3y/^ = 3a^, we have (3^^)' = {3a^)3 = 33 X 
o* "* = 27 a* = 27 ^/o^. This result is obtained from 3 1/"^, 
by raising the coefficient 3 to the third power, and dividing the 
index 9 by 3. Hence we have the following 



Raise the colffitient to Ike power required, and either reuse tMe 
quantity under the radical sign to the same power, or divide ike 
index over it by the number expressiiig the degree of the poteer. 

ArL 139. Since extracting a root is the reverse of findiiig a 
power, we have the following 

Extract the root of the co'efficitnt, and either extract the root 
of the quantity under the radical sign, or multiply the tndez over 
it by the number expressing the degree of the root. 

Thus, thethirdroot of 8^^is2^/^; and the fourth root 
of 81^a5 i8±3y'a*. 

The fifth root of 4^^ is y/4 . (^^=J/'43' . (^tff = 
y/'^TSa" = VESTS'. 

Art 130. The division of irrational quantities often gives 
rise to fractions, whose numerators and denominators are both 
irrational. In such a case, it is often desirable to convert the 
fraction into another equivalent to it, but of a simpler form. 
This may be accomplished by multiplying both terms of the 
fraction, by any quantity, which will render one of them ra- 
tional. 
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Thus, if both terms of X_ or t y^- be mnltiplied by i/a, 
we have —-=, or if both be multiplied by i/a", we have 
In like manner, multiplying both terms of the fraction - - 



-, — ■ r ; also, -,- =: 

1+J! a-i-x 



«*. 



Since the product of the sum and difference of two quantities 
is the difference of their second powers. Art. 33, if we would 

render the denominator of — 1- — rational, we multiplv both 
3-V/2 

terms oftbe fraction by 3 + i/iTI We have then ^ = 
_ 3-1/2- 

jA (3+v/g ) _ 3^/2 +2 _ 3\/2'+2 

(3-^/2')(3+v/2") 33-(^/2-)a 9-ii 

3t/2+2 a— l/r 
— 5-— . Also, multiplying both terms of the fraction 5-tt^ 

aa_2a^/6 +6 



by a — 1/6 , we have - 



o^ — 6 



To render the denominator of - 



y/" 



first multiply numerator and denominator by i/lO -^ ^2 4~ \/<^) 



1^ J. 1/6 4- 3 
which (civea ~ !— ^ ; then niltiid]i hoth tenna of tbu 

last bj 54-2t/« , which gam -i 1 — Y. 1 II ! — 

*^ 85 — 34 

= 64/30 + 124/5+11^/6+27. 

Sinqtlificstioiu of this kind may be made in fractions involf- 
ing raidicalfl of other degrees than the secoad ; but, except when 
the quantitj to be rendered rational is a monomial, the proceaa 
becomes lo complicated as to be tnconsietent with the design of 
this treatise. 

Rtmart. In the followlDg qaestiona, let the learner aimpliij 
hia reaults, when it can be done. 

1. Add }/8 and v/SO. 

2. Add \/T6b and v'OT 

3. Add 1/99^ and t/^. 

4. Add ^500 and ^106. 

5. Add 4 v'liT and 3 y/7&. 

6. Add 34/i" and 34/^. 

7. Add 9(/3« and 104/3^. 

8. Add 12 ^f and 3 ^3^. 

9. Add Jy/^ and J 4/4*1*. 

10. Add4/«+24/27 and 3^T& — 9y/48. 

11. Add 7^51 + 3^16 and ^2~— 6^1^. 

12. Add ^/ST —i^U and 4/^+24/^ 

13. Add 4/18a5p and 4/50.1' 6=. 

14. Add 4/45^ —4/80^ and 4/6 tf e. 

OOQ If 



16. Add t /fli and l/^-t/^ 
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16. From \/50 anbtract y/8. 

17. From ^/iis subtract ^112. 

18. From ^T^ subtract ^/'2i. 

19. From 5y/20 subtract 3^45. 

20. From ^330 subtract ^M. 

21. From ^/l" subtract ^/^. 

23. FroDn/8 subtract 2 ^/^I 
33. From ^TO subtract 3^|r 

24. From i/80a*x subtract ^Wa^x'. 

25. From 8 \/^T subtract 3 ^/oH. 
36. From y/256" subtract v/32. 
87. From ^/'V subtract ^^ 

28. From 7 \/'54 + 3 ^16 subtract 5 ^1^ — ^3! 

29. From^/J — ^/j" subtract^!— y/f 

30. Multiply 3^/2" by 2^/2. 

31. MulUply v/2" by ^8. 

32. Multiply ^3" by ^4. 

33. Multiply ^a" by ^fiT 

34. Multiply 3 ^oft by 3 ^aZ 

35. Multiply 5^^a7» by a\/^. 

36. Multiply 5^5" by 3^/87 

37. Multiply 2 1/3 by 3^4" 

38. Multiply3a4-3\/5~by3a— S^r 

39. Multiply 7 + 3^12 by 3 + 4 ^27 

40. Multiply 3 + ^/rby 2—^/57 
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41. Maltiply ^2 -^^W by 2^ — ^/ST 

42. Multiply 6^^ by e^a. 

43. Multiply ^^f" by ^/'i: 

44. Multiply J ^/l" by Av/f 

45. Multiply together ^2, y/S" and ^/T2. 

46. Multiply together 2 ^37 3 /4~ and 6 ^ 

47. Multiply together 3 ^/a67 4 ^/afi anda^/iir. 

48. Multiply together J /^ J^7~ and ^67 

49. Divide 6^a" by S^/a? 
60. DiTide8^/o6by 2y/ar 
51. Divide Z^xy by BT^x^y^. 
62. Divide 8 v/ioe by 2^/0. 

53. MTideJ^/5 byi^/5: 

54. Divide ^7 by ^TT 

55. Divide 3^/aA" by 2^76? 
66. Divide o^/iy by6^4c, 
57. Dividea^-^/6~by a— y/fiT 

Hemark. In this and the two following examples, first repre- 
sent the division, and then Bimpfify by rendering the denomiua- 
tots rational. 

68. Divide4 + v/2^by3 + /27 

69. Divide\/3"by3 + i/a 

60. Find the 2d power of \/al 

61. Find the 2d power of 5 v/K 

62. Find the 2d power of 3 /a&. 

63. Find the 3d power of 4 \/ax. 
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64. Find the 4th power of a ^Z"^. 

65. Find the 5th power of x^^t^ifl. 

66. Find the mth power ofiyi/afc. 

67. Find the mth power of ^x y. 

68. Find the 3d power of ^ ^3. 

69. Find the 4th power of ^\/6a'. 

70. Find the 3d power of iy/'24r 

71. Find the 5th power of ^{^+7^. 
73. Find the 2d root of 4^^^ 

73. FiDd the 3d root of 27^^*7 

74. Find the 3d root of 64 y^o m. 

75. Find the 4th root of 16 \^a* 6* c«. 

76. Find the 3d root of Jy/<^R 

77. Find the 5th root of ^/obT 

78. Find the jBth root of ^/(a + ft)». 

79. Find the mth root of^{o — 6)«". 

80. Find the mth root of^i-|-y. 

81. Find the 3d root of 3^/fl + b. 
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Art, 131. We have already seen, that, to divide one power 

of a quantity bj another power of the wune quantity, we must 

subtract the exponent of the diTieor from that of the dividend. 

Thus, a' divided by (^ gives a'~^ =z a*. We have also seen, 

18* 
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that when the dividend aod divisiw are alike, the quotient has 
zero ton an eiqMHient, Mid ia equal to unity. Thua, — ^efi;= 

If, however, the exponent of the divisor is greater than that of 
the dividend, the quotient will have a negative exponent. Thus, 

a' 
In order to understand the aignification of negative exponents, 

let uB take any fraction as -^ , which has different powers of the 

same letter for its two terms, but in which the exponent of the 
denominator exceeds by 1 that of the numerator. This fraction, 

reduced to its lowest terms, becomes — ; but if the division tep- 

resented, be performed, by subtracting the exponent of the divi> 
sor from that of the dividend, the fraction becomes a^~^^a~i. 

These two values of the fraction must be equal, and hence, — ^ 

Again, take the fraction -^, in which the exponent (^ the de- 
nominator exceeds that of the numerator by 2. The two values 
of this fraction, obtained as in the preceding example, are 

-^ anda~"; therefore, -^ = « ~ '. Inlike manner, -j^a"'; 



("■+')-■ 

Hence, imily divided by any quantity, is equal to the stone qu<m- 
tily leith its exponent taken negatively. 

Upon the principle juat explained, the denominator of a frac- 
tion, or any factor of the denominator, may be transferred to the 
numerator, care being taken to change the sign of the exponatt ^ 
tht quantity thus transferred. 
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Thus, -^ =ab .-^. 
3 a M^ 3 a ma 



It is efident, on the other hand, that anyffietiyr of (he numtr- 
rator having a negative exponent, may be carried to the denomina- 
tor, if the sign of that exponent be changed; or, tehen any quan- 
tity contains factors having negative exponents, tee may convert 
them into a denominator, observing merely to change the signs of 
the exponents. 

Thus, ^''""°^~° =--|t.; also, o-3ft-»n.-< = -54— 4- 

Art. 133. The- fundamental operations are performed on 
quantities with negative exponents, in the same manner as if the 
exponents were positive, care being taken with regard to the 
rules for the signs. 

Let it be required to multiply Ztfid hy ^. 

By the usual mode of multiplication, the result would he 

— ^ — = — -T— , which is the same as Sa^crf-'. But bj 

transferring (J^ to the numerator, and then multiplying, we have 
3a' d . cd-' = d(fi ed^-^ = 3a^ed-^, the same as before. 

In like manner, -^ — ^ . ■ ^ := . 5 



Divide J ^ by 3 m* rt i", 

By the usual method, we have „ ^ 3 g . By the use of neg- 

46c 
ative exponents, -^— ^ i- 3ni'«iS = ibcm~^ n~^x-' -r- 
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Soi.-'j-' 9o<i-«j-> 





The third power of a"'*' is o~'6*; the fourth root of 

Let the learner perform the following questions, obserring 
that, in the multiplication of Iractions, alt the factors of the de- 
nominator, except such as are numerical, are to be transferred 
to the numerator, and then the operation may be performed as 
usual ; and, that, in diTiding by a Iraction, the divisor is to be 
inverted, and then the process is the same as in multiplication. 
Afterwards any numerical factors, common to ntuuerator and 
denominator, are to be suppressed. 

1. Multiply m^n-3 by 7w=B-aia 

2. Multiply3n-*6-»c3by 4a-a6-3ea 

3. Multiply 15a* fi*c by 2a-* i-'^c-i 

4. Multiply locate by IQ-'a* 6" A 

5. MultiplyS-ia-afc-abySaafis. 

6. Multiply ^"a hy3lfl&>m. 

7. Multiply 7 ffl^rs by ^^^. 

9ia+bf 

10 Multiply '^ "'''"+">'<''-'*> by ^^^'+y>''t'«->.) 
IW, Multiply 463(^+3,) t»y 25(m + i.)Mc — d)' 

11. Divide 6 a" m3 « by 12 o^ w< It. 
X2. Divide5a5j-Ty3by aaSiayS, 

13. Divide — j-r — by3a-3z-*m3. 

14. Divide 4 a 6 cS j5 by *^^^. 
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3(* + y) ' 9(»+y)* 



17 Divide ^'^^'" + ">' bv ^'^<"^ + "^'t'-y> 

18. Fiod theSdpower of3a-'6-Se3. 

19. Find the 3d power of4a-s 6^6-3. 

20. Find the 4th power of2a^6-^c-^. 

21. FindtheSdpower of 10Bt-^*-*y". 

22. Find the2droot of 16ffl-sfc-<A 

33. Find the 3d root of e a- » 63 c -6. 

34. Findthe4thxootof81ai-ic-Sd-«. 
25. FindtheSdrootof 27a^i-*c-*. 

36. Find the 5th root of 3a-* xy-^ m-*. 
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Art. 133. Any expression which indicates that one of two 
quantities ia greater than the other, is caUed an inequality. 
Thus, <i>6, which is read & greater than b, and n»<^n, which 
is read m less than a, are inequalities. 

As inequalities frequently occur in mathematics, it is proper 
to introduce here some explanation of them. 

It is to be remarked, that, although strictly speaking no qaan- 
tity can be less than zero, yet, in the theory of inequalities, it is 
convenient to consider negatire quantities leas than zero, posi- 
tive quantities being considered greater than zero. Moreover, 
a negative quantity is said to be so much the less, in proportion 
as its absolute ralue is greater. Thus, > — 3, and — 3 ]> — 7- 
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With a few exceptionfl, the ptinciples esUblished relative to 
equations, are also applicable to inequalities. We shall proceed 
to notice these principles and the exceptions. 

The quantities separated by the sign ^, are called members of 
the ine^alitif. An inequality is said to continue in the jorc 
' sense, when that member which was the greater previous to a 
particular operation, continues ao afterwards ; and two inequali- 
ties are said to exist in the saute sense mtk regard to each other, 
when the corresponding members are the greater members. 
Thus, a > 6 and c > d exist in the same sense, because the first 
member of each is greater than ita second. 

1. The same quantity or equal quantities may be added to both 
members, or subtracted from both members of an inequaUty, and 
the inequaUty toill continue in the same sense as before. 

Thus, if 5>3, by adding 4, we have 5 + 4>3 + 4, or 
9>7; alao, if a>6, we have a + e>6-fe. Again, if 

— 3> — 7, by adding 8, we have 8 — 3>8 — 7, or 6>1; 
also, if — a > — 6, we have c — a > c — 6. 

Moreover, the inequalities 10|>7, and a'^b, give, by sub- 
traction, 10 — 5>7 — 5, or 5>2, and a — e>6 — e. 

Hence, we may transpose from one member to the other any 
term of an inequality, taking care to change its sign ; because 
that is equivalent to subtracting the same quantity from both 
members, or adding the same quantity to both members. Thus, 
if 3 * -j- 20 > 40 — J, we have, by transposition, 3 z + a; > 40 

— 20,or4i>20. 

3, The corresponding members of two or mart iitequalitiei, ex. 
isling in the same sense with respect to each other, may be added, 
and the resulting inequality mil exist in the same sense as the 
given inequalities. 

Thug, by adding the two inequalities 5 > 3 and 15 >■ 7, we 
have5+]5>3 + 7, or20>10. Also, if a > 6, c > d, and 
«>/, we have a + t +e> 6 + rf+/. 

3. But if two inequalities existing in the same sense, be m&> 
Iraeted, member from member, the resulting inequality will lUt 
abeays exist in the same sense as the given inequaHtiea. 



3CLTIL INEQUALITIES. 215 

Indeed the result may, according to circiUDBtances, be an tne- 
quility in the eaioe sense aa those given, or one in a different 
sense, or it maj he an equation. 

Thus, 13 > 4 and 20 > 7 give, by subtraetioO, 90 — 13 > 7 
— 4, or 7^3, which is an inequality in the same sense as the 
two proposed, 

Again, 15 > 12 and 10 > 3 gire, by subtraction, 15 — 10 < 
12 — 3, or 5 <^ 9, an inequality in the opposite sense to the pro- 
posed. 

Finally, 20>17 and 12 >0 gi»e 20—12=17—9, or 
8 ^ 8, an equation. 

In general, let a|>6 and c^tf; then, according to the par- 
ticular Talues of o,6,eandd, we may have a — e|>6 — d, 
a~-c<ib—d,oT a~cz=b~d. 

4. The two members of an inequality may be multiplied or d^ 
vided bp the stune positive quantity, or by equal positive quanti- 
ties, and the result will be an inequality in the satne sense as the 
pri^osed. 

For example, multiplying both members of 11^7 by 8, we 
have8S>56. Also, if a>6, oc>6c. 

Again, dividing both members of 35^21 by 7, we have 
6>3. Also, if am'^em, we have a>-c; and if »!>■», 

5. But, if both members of an inequality be multiplied by tie 
same negative quantity, or by equal negative quantities, the re- 
sult will be an inequality in a sense opposite to that of the pro- 
posed. 

Thus, if7>-5, and we multiply by — 3, we have — 21 <[ 

— 15. Also, if a ^6, multiplying by — n», we have — am<^ 

— bm. In these examples, the sense is inverted, because a n^- 
ative quantity is less in proportion as its absolute value is 
^eater. 

6. Henct it follows, that the sense of an inequality toiil be in- 
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vtrttdfif aS the t^tu ofhot\ wumien heekmged; because tlut 
it tkt lame tu mMtMpljfing both mai^urs by — 1. 

7. Both membtrs of tm inequality, if they are positive qutrnti- 
ties, can be raited to the same power, and the result toill be aitiih 
equaUiy in the same sense as the proposed. 

Thui, from 7>2 we have 7''>8», or 49>4; and from 
o>6, <r>6-. 

8. Btit if both members of an inequaJity are not positive, tmd 
both be raised to the same power denoted by a whole numher, the 
resulting ittequaUty wilt not always exist in the same sense as tie 

proposed. 

Thua, 3>— 2 girea 3s>(--2)s, or 9>4, in the aaine 
sense as the propooed. Bui — 3> — 5giTe8{ — 3)'<( — 6)*, 
or 9 <| 25, in the reverse senae of the proposed. 

0. Roots to the smne degree, of the two members of an inequat- 
ity, may be extracted, and the resulting inequality teill be in the 
same sense as the proposed. 

Thus, 27>8 give8^^>^'87or3>2, and, in genera], 
o >■ 6 gives ^/« > t^b. 

If the root be of an even degree, it is necessary that both 
members of the given inequality be positive i otherwise one or both 
of the roots would be imaginary, and they could not be com- 
pared. 

Art. 134. There are some problems, the solution of which 
involves the principles of inequalities. The following are of this 
kind. 

1. Three times a certain number added to 16, exceeds twice 
that number added to 24, and two thirds of the number added to 
5 b less than 11. Required the number. 

Let X represent the number; then 3x-\- 16]>2x-{-24, and 

2i 

— -|-5<^I1. The first inequality, by transposition and 

reduction, girea x^6. The second, multiplied by 5, becomes 
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3x-j-25<]^55, which, by transpoeition, reduction, and division, 
gives z<^ 15. Any number, therefore, entire or fractional, which 
is greater than 8 and less than 15, will fulfil the conditions of the 
question. 

3. Says A to B, I have an exact number of dollars in my 
purse; if I had twice as many and $10, 1 ahould have more than 
$49 ; but if I had three times as many, my number would be less 
than the number I now have increased by $41. Required the 
number of dollars in his purse. 

3. A certain number divided by 17 gives an entire quotient, 
which quotient increased by 2, exceeds 4 ; but if the number be 
multiplied by 2, aod the product be increased by 4, the result 
will be less than the number itself increased by 56. What is the 
number ? 
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Art. 133. The difference between two quantities is some- 
times called their arithmetical ratio, or ratio by subtraction. 
Thus, the arithmetical ratio of 9 to 7 is 9 — 7 or 2, and that of 

Four quanUties, such that the difTerence between the first and 
second, is the same as that between the third and fourth, consti- 
tute what is called an equidifference, sometimes called also on 
arithmetical proportion. Thus 9, 7, 5 and 3 form an equidiffer- 
ence ; for 9 — 7 =: 5 — 3. This is sometimes expressed thus, 
9 . 7 : 5 . 3, in which one point denotes difference, and two poiats 
denote equality. But this notation is objectionable, because 
these characters are sometimes used, the one to represent multi- 
plication, and the other division. 

In like manner, if the quantities, a, h, c and d, are such that 
o — h = c — d, or — a-\-h=: — c-\-d, these fbur quantities 
constitute an equidifierence. 
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The quuttities, a, 6, c, d, are ealled terms of the equidilfer- 
ence. Also, a and d, the first and last terms, are called the ex- 
irewus, because they occupy the extremitiea ; b and c, the sec- 
ond and third terms, are called the wtettns, because they occupy 
the middle id the equidifiierence. 

Renutrk. In the definition of equidifierence, it is supposed, 
that, if the second term is greater than the first, the fourth is i 
greater than the third ; but, if the second ia less than the first, 
the fourth is leas than the third. 

From any equidifference, a — b ^ e — d, or — a -|- b ^ ! 
— b-\-d, we deduce, by transposition, a + d^ft-f-c; also, : 
o ^ 6 + c — d, and d:=b-\-c — a, b = a-^d — c, aod c := 
a~{~d — 6. Hence, 

In my equidifferenee, the sum of the mearn is equal to the sttm 
of the eztrtmts. Moreover, either mean is equal to the svm of the 
tT^remes, diminished by the other mean; and either extreme is 
tgttai to the sum of the means, diminished by the other eitretne. 

Suppose we have a-\-d=:ib-\-c; by transposition we obtain 
a_6 — e — d. 

Therefore, if the sum of two quantities is equai to the sum of 
two ether quoHtities, the first two may be made the means, and the 
last two the extremes, or the reverse, of an equidifference. 

When three quantities, a, b, c, either increasing or decreasing, 
are such that the diflerence between the tirat and second b equal 
to that between the second and third, that is, a — b^b — e, 
thej constitute what ia called a continued equidifference, and the 
quantity b is called the arithmetical mean between a and c. Thua, 
3, 5, and 7, or 12, 8, and 4 form a continued equidifference. 

Take, for example, a — ft i= 6 — c. From this we deduce 

ft — IXf ; alao, a = 26 — e, andc = 2ft — a. Hence, 

In any continued equidifference, the mean is half the sum of tie 
extremes, and either extreme is found by subtracting the other ex- 
treme from twice the mean. 
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I. ThemeaDaof an equidifference are 10 and 13, and the 
known extreme is 6. Required the other extreme. 

3. The extremes of an equ idifTerence are 7 and 4^, and one of 
the means is 6. What ie the other mean ? 

3. The means of an equidifiereoce are 8 and 12, and the last 
tenn exceeds twice the first by 5. Required the extremes. 

4. In a continued equidifference, the extremes are 10 and 15^. 
Required the mean. 

5. In a continued equidifference, the mean is 7 and one ex- 
treme ia 8. Required the other extreme. 

6. The mean of a continued equidifference is 14, and the third 
term exceeds the first b; 8. Required the extremes. 
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Art. 130. The quotient arising from the division of one 
quantity by another, whether the division can be exactly per- 
formed or can only be expressed, is called the ratio of these 
quantities. It is sometimes called ratio by division, or geomet- 
rical ratio. But when the word ratio simply is used, it signifies 
ratio resulting firom division. 

A ratio is most appropriately expressed in the form of a frac- 
tion. Thus, I is the ratio of 3 to 5, and r ib that of a to &. 

An equation formed by two equal ratios, is called a propor- 
tion. Sometimes the terra geometrical prt^ortion is used, to dis- 
tinguish it from arithmetical proportion or equidifference. Thus, 

3 9 J a c 

s := syi snd - = - are proportions. 

For the sake of convenience in writing and printing, most au- 
thors express division by the sign : , placed between the quanti- 
ties, and, instead of the sign ^, use the sign : : . Thus, a:b:: 



e:d is read, a is to fi as c ib to d, and is the same as ^ ^ — . 

The Bignifteation in both cases, is, that a divided by ft, is e<]ua] 
to c divided by d. la this treatise points will sometimes be used 
to denote division, but the sign := will always be preferred rather 
than : : . 

In any proportion, a : b = c : d, the quantities a, b, e, and d, 
are called the terms of the proportion. The two quantities a 
and b are called the tarms of the first ratio, c and d those of the 
second. 

Moreover, a and e are called the antecedents of the propor- 
tion, a being the antecedent of the first ratio, and c that of 
the second ; b and d are called the conscguertls of the proportion, 
b being the consequent of the first ratio, and d that of the seo 
ond. Also, a and d are called the extremes, b and c the meatts 
of the proportion. 

These names are derived from the position in which the terms 
stand with respect to each other, when the division is indicated 
by points. Antecedent signifies going before, and consequent, 
following after. Thus, in the ratio a:b, a precedes and b fol- 
lows afler it. The signification of the words means and extremes 
has already been explained. 

Art. 137. There are several important properties of propor- 
tions, which we shall now proceed to demonstrate. 

1. Take any proportion, o ; ft ^ c : rf, or - =: -> ffwe mul- 
tiply the proportion in its second form, by the denominators ft 
and d, we havo ad^b c. But a and d aie the estrones, and ft 
and c the means. Hence, 

In any proportion fht product of the means is equal to the pro- 
duct of the extremes. 

2. Suppose we have ad=:6c. Dividing both members by 4 

and d, we have 7 — -;, or a l 6 ^ c ; A Hence, 
a 
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If the product of Iwo qtumtitia is egual to tht product of two 
otitr quantities, the two factors of either product may be made 
the means, and tht two factors of the other product, the extremet 
of a proportion, 

3. Any three terms of & proportion being given, we can always 
find the remaining one. For, take any pioportion, a:h::^c:d, 

or T = ",1 which gives ad^ be; hence, by diviaion, o = -5 , 



In any proportion, either mean is egwd to the product of the 
extremes, divided by the oilier mean ; and either extreme is equal 
to the product of the means, diaided by the other extrane. 

From thie it follows, that, 

If three terms of one proportion are respectively equal to the 
three corresponding terms of another proportion, the remaining 
term of one must be equal to the remaining term of the other. 

4. The pToportitHi, a:b^b:c,ia which the two mean terms 
are the same, is called a continued proportion, and b is called a 
mean proportional between a and e. This proportion gives &" ttl 
ac, and 6 :=V^ae. Hence, 

The mean proportional belaeen two quantities, is equal to tht 
second root of their product. 

From this it follows, that. 

If the second power of any quantity is equal to the product of 
two others, the f rat quantity is a meaii proportional bttveen the 
last two. 

For the equation, ac:=:b% gives a:b=:b:c. 

5. Let there be given a:b = e:d. (1) 
This produces ad = bc. (A) 

Dividing both members of equation (A) by c and d, we have 

°=^, or a:c = b:d. (2) 
19* 
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DiTiding equation (A) by a and b, 

r — -,OTd:b=:c:a, (3) 
b a' ^ ' 

Changing the order of the ratios in proportion (1), 

c:d = a:b. (4) 
Changing equation (A) member for member, and then divi- 
ding by a and e, 

- = -, 01 b:a~d:c. (5) 

Comparing proporlions (2), (3), (4), and (5), with the given 
proportion (1), we infer, that, 

In any proportion the means may exchange places ; the triremes 
may exchange places ; the extremes may be made the means, and 
the means Ike extremes ; both ratios may, at the same time, be in- 
verted, that is, the antecedent and consequent of each ratio may 
czchimge places. 

Indeed, in a given proportion, any change may be made in the 
order of the terms, provided that, in each arrangement, the pro- 
duct of the means being put equal to the product of the extremes, 
the same equation is produced, as that arising from the given 
proportion. The same proportion, therefore, admits of eight 
forms, viz ; 



:b = c 



e — 6; 



b:a~d:c; b:d^a:c; 

c:a = d:b; c:d=:a:b; 
for each proportion gives ad =:. be. 

6. Since the value of a fraction is not changed, when both nu- 
merator and denominator are either multiplied or divided by the 
same quantity, it follows, that. 

In a proportion, tee may multiply or divide both terms of either 
ratio by the same quantity, and lee may' multiply or divide all the 
terms of a proportion by the same quantity, withmt disturbing the 
proportion. We may also multiply or divide both terms of the 
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first ratio hy one quantity, and both terms of tlu second ratio by 
another quantity, or we may multiply both terms of one ratio by 
any quantity, and dimde both terms of the other ratio by the same 
or a different quantity, without disturbing the proportion. 

Thus, if a : 6 ^ c L d, or -T- ^ j > ""^ *'*"* 
am : bm = c : d; a : b ^ en : dn; 

mm ' ' n ' n ' 

Ai I .abed 

Also, am ■.bm = cn: an ; — ; — = — i — ; 

ambm = - ■ -^ ■ ~ • - =cndn 



7. Both of the antecedents or both of the consequents of apro- 
portion, may either be multiplied or divided by the same quantity 
or by equal quantities, without disturbing Ike proportion. 

Thus, i(a:b = c:d,oi-r= "ji we hsTC 
~ - '-^, 01 am : b = cm -.d; 



Also, -:6z= — :d; a:— = c:-. 

The reason is obvious, for these several reaulu are produced 
by iDultiplying or dividing equal fractions by the same quantity. 
8, Suppose we have the two proportions, 

a : i i:^ e : d, and a : b :=. m : n. 
Then, according to ax. 7, we have 

c : d ^ m ; n. Hence, 
Jff' two proportions have a common ratio, or a ratio in one pro- 
portion equal to a ratio in the other, the tao remaining ratios art 
equal, and may form a proportion. 



T1,1J 

9. Snppoee we have the two prt^rtions 

a : b :=: c I d, and a : m i= c : n, in which the antece- 
dents are alike. Bj changing the means in each, we have 

a: e = b : d, and a : c ^ m : n ; consequently, on ac- 
count of the common ratio, a : c,ve hne 

b : d^m: n; hence, b:m = d:n. Therefore, 
If in lao proportions, the antecedents an alike or equal, Ike 
conseguents teilljbrm a proportion. 
Suppose now that we have 

a:b = e:d, and mib =zn:d, two {>raporti(»t8 in which 
the conaequentB aie alike. Changing the meana in each, we 
have 

a : e = b : d, and m : n ^ b : d. Consequently, on mc- 
Gount of the common ratio, 

a : e =:m : n; hence, a : m = e -.n. Therefore, 
If in two proportions the consequents are aHke or equal, tit 
antecedents will farm a proportion. 



10. Suppose o : 6 ^ e : d, or — r= -j-. 



Adding to OT Eubtracting from both members of the equation 

any qaantity m, and reducing to a common denominator, we 

have 

ad=bm cztdm ... , j j 

— 7 — ^ — -J — , or a± 6 1» : * =: e ± dm : d. 

The last proportion becomes, by changing the means, 
a:^bm : c^dM—b:d=: a: c, (\); 
since, from the given proportion, these two last ratios are equal. 

If, in the given proportion, a:b ^ c:d, both ratios he in- 
verted, the proportion becomes 

b:a=a:c,or — =: — . 

Adding to or subtracting from both members of this equation 
any quaiitity nt, and reducing to a common denominator, we 
hava 
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[ a 

I if the meanB be changed, becomes 

1 bdzam:d±cm=za:c = b:d. (2) 

Comparing proportions (1) and (2) with the given proportion, 
> we infer, that, 

I In any proportion, thejiTst antecedent plus or minus any num- 
ber of times its 'consequent, is to the second antecedent plus or 
minus the same number of limes its consequent, also tkejirst con< 
ieguent plus or minus any number of times its antecedent, is to 
the second consequent plus or minus the same numher of times its 
antecedent, as thejirst term is to the third, or as the second is to 
the fourth. 

II, From the proportion fii am : d±eni = a : c, which was 
obtained above, we have, by taking the plus sign, 

b-{-am:d-^cnt^a:c; by taking the minus sign, 
6 — am: d — cm = a:c] hence, 
b-\-am:d-\-cm:=:b — am:d — em; makingm=:l, 
b-\-a:d-\-e=:b — a :d — c ; changing the means, 
b + a:b — a = d-\-c:d—e. 
From the last two proportions, we infer, that. 
In any proportion, the sum of the first two terms is to the sum 
of the last two, as the difference of the first ftco terms is to the 
difference of the last two ; also, the sum of the first two terms is 
to their difference, as the sum qf the last ttoo terms is to their dif- 
ference, 

JRemorlc. It is manifest that the last two proportions might be 
written thus : 

a-l-6;c+rf=a — b:c — d, and 

o+ft:a — b = c-\-d:e—d; for these ore dedoced 
from those proportions, in one case, by changing the signs of 
both numerator and denominator of a fraction, and, in tha 
other, by changing the signs of both members of an equatioa. 
13. I^et the proportion, <i:b^ze:d,he giveit. 
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Bj changing the means, we hare 

a: c = b : d, or — = — ; whence, 

a±e» 6±dm , <. , j j 
= — -J — , ot a±em: c^b± dm -. a. 

Cban^g the means in the last proportion, 

a±en» : 6±dm = c ; d^ a : 6. (1) 
By making the means the extremes, and the extremes the 
means, in the given proportion, we ha?e 

e: aT^d:b, or — = — ; whence, 

c^am: a=d-:^hm:b; changing the means, 
c±a»i:d±6m=a:6 = c : d. (2) 

Comparing proportions (1) and (2) with the given proportion, 
we infer, that, 

/» any proportion, the first aatecedenl phts or tnimts any num. 
ber of times the second, is to the first consequent phts or minus the 
same number of times the second, also the second antecedent pba 
or minus any number of limes the first, is to the second consequent 
plus or minus the same number of times the first, as either antece- 
dent is to its consequent. 

13. Bj making m := 1, in proportion (2) of number 13, we 
have 



d±bz=a 
d-\-b = a 
d—b = a 



-c:d (1); taking the sign -|-, 
taking the sign — , 
whence, 
d-\-b=:.c — a:d — b (2); changing the means, 
— o = d + 6:d— 6 (3). 



e — a 

c -f- a 

« + o; 
The laat two proportions may evidently become 

o-j-e:4 + dz=o — e;6 — d, and 

a-\-e:a — ez=b-\-d\b—d. 
Comparing propordoDs (I), (2), and (3) with the given pro- 
portion, a ; fi =: c ; d, we infer, that, 
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In any proportion, the sum or diference of Ike antecedents, is 
to the sum or difference of the consequents, as either antecedent 
is to its consequent; the sum of the antecedents is to the sum of 
the consequents, as the difference of the antecedents is to the dif- 
ference of the consequents ; also, the sum of the antecedents is to 
their difference, as the sum of the consequents is to their differ- 
ence. 

14. If in any proportion, the antecedents are alike or equal, 
the consequents must be equal ; also, if the consequents are alike 
orequal, the tmtecedents must be equal. 

For equal fractione having equal numerators, must have equal 
denominators; and equal fractions having equal denominators, 
must have equal numeratore. 

Thus, if a lb ^ a -.m, then 6 ^ m; orifa:b^e:m, and 
a =: c, then b ^m. Also, a : m = e:m gives a^ c, and 
a : & = e : m gives, upon the supposition that 6 =: m, a^ e. 

It is moreover evident, that, 

If the second term is greater than the first, the fourth must be 
greater than the third, and conversely ; and if the first two terms 
are equal, ike last ttBO must also be equal. 

15. Suppose we have a series of equal ratios, viz : 

Let q represent the value of each of these fractions; then, 
^=. q, — ^q, ^ ^ J, T= ?■ By multiplication, 

a = bq,c = dq,e:=fq,g^hq. Adding these equations, 
a-\-c-\-e-\-g = bq-\-dq+fq + hq,ot 
fl+': + e + «'=(6+''+/+*)?- Dividingbyft+d+Z+J, 
1 + c+e+ff a e , 

Std^f^h^^=b = d-^''--'" 
a-\-e-^e-\-g:b-\-d-\-f-\-h = a:b = c:d=e:f=zg:h. 
Hence, 
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In tmg stria of equal ralioi, the sum of the antecedaits is to 
the sum of the consequents, as any one of the anteeedeiUs it to its 
consequent. 

16. If a : 6 = e : rf, ttnde :/= ^ : A, that is, - = ^I'sJid 
s = j^, by multiplying these two equatioDs together, we obtain 



Ti)e same result would have been obtained by multiplying to- 
gether the corresponding terms of the two given proportions. 
This is called multiplying the prc^rtioDS in order. Hence, 

If two or more proportions are muHiplitd in order, the reauU ' 
will form a proportion. 

From this it follows, that. 

If proportions are divided in order, tke result mil form a pro~ 



Raising both members to any power denoted by m, we have 

^= J, or a~: 6-:= c-irf". 
6" rf"' 

Therefore, 

iSmilar pouers of proportiimal quantities fm-m a proportion. 
From this it follows, that, 

Similar roots of proportional quantities teitt form a propor- 
tion. 



MiicdByGoogle 
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SECTION L. 



Art. 138- A series of quantities, such that each is greatei 
than that which immediately precedes it, or such that each ex- 
ceeds that which immediately follows it, by the same quantity, 
constitutes what ia called a pTogression by difference or arith- 
metica! progression. 

Thus, the natural numbers, 1, 2, 3, 4, &.c., form such a pro- 
fession, since the difference between any two contiguous num- 
bers is unity. 

Progression by ditTcrence may be either iacreasing or decreas- 
ing. The series 3, 5, 7, 9, &c. is an increasing, but 20, 18, 16, 
14, &a. is a decreasing progression. 

To exhibit a progression generally, let a be the first term, and 
d the common difference ; then, if the progression be increasing, 

a, (a + rf). {"-fSd), (a-\-%d), (a+'4d),&.c., will be succes- 
sive terms at the commencement of the series ; or, if the progres- 
sion be decreasing, a, {a~d), {a^'id), (a — 3d), (a— 4rf), 
&.C,, will be the successive terms. 

By examining these series, we perceive, that if the progression 
is increasing, the second term is found by adding once the com- 
mon difference to the first term ; the third term is found by add- 
ing twice the common difference to the first term ; the fourth, 
by adding three times, and the fillh, by adding four limes the 
common difference, to the first term. But, if the progression is 
decreasing, we subtract fi-om the first term, once, twice, three 
times, four times the common difference, to find the second, 
third, fourth, fifth terms. That is, in all cases, the difference is 
multiplied by a number less by 1 than that which marks the 
place of the term, and the product is either added to, or sub- 
tracted from, the first term. Hence, if in addition to the nota- 
90 
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tiOD used above, n denote the oumber of terms, and / the laM 

term, we shall hare the formula 

/^a-|-(it — l)d, in an increasing progression ; and 
1= a — (n — l)ti, in a decreasing progression. 
If we use the double sign ±, the general formula for the last 

I=a:h (n— l)rf. Therefore, 

To find the last term, multiply the common difference hy the 
number of terms minus one, and add the product to the first term 
if the progression is increasing, or subtract the product firom the 
first term if the progression is decreasing. 

Ex. I. Find the 10th term of the progression, 3, 7, 11, &c. 

In this example, a = 3, d:=4, and n ;= 10 ; by substituting 
these values in the formula, l=:a-\-{n — 1) d, we have ?^:3-f- 
(10 — 1)4 = 3 + 9.4=3 + 36=39. The last term there- 
fore b 39. 

Ex. 2 Find the 8th term of the series, 50, 48, 46, &c. 

We have, in this case, /= 50 — (8 — 1)2= 50— 7 . 3 = 
50 — 14 = 36. 

Art. 139. We wish now to Imd a formula for the sum of any 
number of terms in progression b; difference. For this purpose, 
let iS denote the sum of all the terms in the progression, a, a + (2, 
a + 2rf, &c. Then, 

S=« + (a + d)+(a + 2d) + (« + 3d) + +T (1) 

If we begin with the last term, it is evident that the successive 
terms of the same progression will he I, I — d^l — 2rf, I — 3d, 
&,c. Hence, 

s=T+ (7^ + (!- Td) + (;-'&) + + i. (2) 

Remark. The terms cannot all be vrritten, unless some defi- 
nite value be given to n. Points are therefore used, to supply 
the place of the indefinite number of terms which are omitted. 

Adding the equations (1) and (2), we have 

oou Ic 
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28={a+I) + (a + I) + (a + l) + ia+l) + ... + {a+T); 
at, since the quandties included in the aeveraJ parentheses are 
the same, and since n represents the number of terms, 
2 S= » (a + 7) ; and, therefore, 
S= ^i^+i>. Hence, 

The sum of any numhtr oftirms in progression by differmee, 
is found, by multiplying the sum of the first and last terms by 
half the number of terms, or by multiplying half the sum of the 
first and last terms by the number of terms. 

By substituting the value of I in the fortnula just found, we 
can obtain another formula for & For, since /^a±(ii — l)d, 

In the first formula for the sum, it is necessary to find I before 
we can find S; but, by the second formula, 8 can be found, 
when a, d and n are known, without previously finding I. 

Ex. Find the sum of 12 terms of the series, 7, 9, 11, &c. 

In this example, a=:7, d^2, and n =i 12. We first find 
the last term and then the sum. By substituting the formula for 
/, we have /— 7 + (l2 — 1)2 = 29. Then substituting the first 
formula for S, we have S = \?('^ + ^ ) = e.m = 216. 

By using the second formula for S, we have 
jS=12.7 + ^^'^'^ = 12.7 + 12.11 = 12(7 + 11) = 
12 . 18 = 216. 

N. B. The two formulas, Z = a ± (n — 1) d, and «= — — ■, 
should be retained in memory by the learner. 

Art. 140. The first and last terms of a progression are called 
the extremes ; and, when the number of terms ie odd, the middle 
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one is called the mean, but when the number of terms is even, 
the two situated midway between the extTemes, are called the 
means. 

If we observe the process of adding equations (1) and (2), in 
Art. ISO, it will be manifest, that the sum of any iteo terms egval- 
ly distant from the extremes, is the same as the sum of the extremes. 

Moreover, if the number of terms is odd, the sum of the extremes 
Kill be equal to twice the mean. For, the number of terms being 
odd, the middle terms of equations (I) and (2) will be of the same 
value, although expressed in one by a plus a certain number of 
times the difference, and in the other by I minus the same number 
of times the difference. These two middle terms therefore being 
added, their sum will be the same as twice one of them. 

Art. 141. The two equations, l=a-^{n — l)d,and jS = 
^ "*" , involve five different quantities, any three of which 
being given, the remaining two can be found. 

There may arise then the ten following problems, viz : 

1. Given a, d and n, find I and S. 

2. Given a, d and I, find n and S. 

3. Given a, n and 8, find danAl. 

4. Given a, I and S, find d and n. 

5. Given a, n and /, find d and S. 

6. Given a, d and S, find n and /. 

7. Given d, n and S, find a and /. 

8. Given d, n and I, find a and 8. 

9. Given n, I and S, find a and d. 
10. Given d, I and 8, find a and n. 

The first of these problems ha^ already been solved, and the 
equations which we have found for / and S, may be assomed, in 
the solution of the other nine problems. Of these last we shall 
solve the fiflh, and leave the others to be performed by the 
learner. 

The problem is, to find d and 8, when a, I and n are known. 

The value of i8 is tdreddy given, viz : 8=z ^ ^ ' ; and the, 
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equatioa / = a4-(* — ^^i P^^i ^7 tiuupoBition and diTision, 

n — 1 

Art. 149. This value of d will enable us to insert any num- 
ber of terme between two given quantities, a and /, so that the 
whole series shall form a. progression by difference. The quan- 
tities thus inserted, are called mean differentials, or arithmetical 
means. 

Thus, if it be required to insert m mean differentials between 
the quantities a and /, as there would be tn -|-2 terms in the 
whole, to find the common difference, we have only to aubstltute 
m-\-^ instead of n, in the formula for d, which gives 4,= 

I — a _ I— a 
«+2— 1- m+y 

Hence, 

When a certain number of mean differentials is to he inserted 
bettoeen Imo quantities, to Jind the common difference, divide the 
difference between the quantities by a number greater by me than 
the number of terms to be inserted. 

Knowing the common difference, it is easy to write the pro- 
gression, which, ejtpressed in general terms, will be as follows, 
viz: 

'■'+^v'+<:^y+<^^ '- 

m<. + ; („-l)„ + 2; (m-2)» + 3; 
• ». + l' m + i • 1 + 1 • ■-■•■.'• 

As an example, let it be required to insert six mean differen- 
tials between 4 and 25. 

Here d =^ — t-^, becomes d^ — = — ^ 3 : and the pror 
m-\-\ 7 " 

gression is 4, 7, 10, 13, 16, 19, "Xi, 25. 

It is manifest from what precedes, that, 

20« 
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If between (he ttms of a progression by difference taken two 
and two, the same number of mean differentials be inserted, tie 
result will be in progression. 

For example, let it be required to insert between every twD 
adjacent terms of the progreasion, 3, 9, IS, 21, two mean diSer- 
entials. 

In this case, d := — | — t- becomes d = — =— = 2 ; and the 

!»+ 1 6 

progressioo ie 3, 5, 7, 9, 11, 13, 16, 17, 19, 21. 



SECTION LI. 



Art. 143. I. How many strokes does a clock strike in 13 
hours 1 

2. Find the lOth term and the anm of the first 10 terms of the 
series, 20, 25, 30, &c. 

3. Find the 16th term and the sum of the first 16 terms in the 
series, 100, 98, 96, &c. 

4. Find the last term and the sum of the series, 12, IB^, 14J-, 
&-C. the number of terms being 30. 

6. The number of terras being 28, find the last term and the 
sum of the series, 3, 3J, 4f, &c. 

6. Insert six mean differentials between 20 and 55. 

7. Insert five mean differentials between 6 and 10. 

8. Insert five mean differentials between every two adjacent 
terms of the progression, 5, 17, 29, it. 

9. Suppose that, as in Venice, a clock denoted, by the num- 
ber of strokes, the hours from one to 24 , how many strokes 
would such a clock strike in 24 hours? 

10. A farmer wished to set out, upon a triangular piece of 
land, 25 rows of apple trees, the first row containing 2 trees, the 
second 5, the third 8, and so on. How many trees did he re* 
quire for his purpose 1 
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11. A gardener has 100 plants and a reseivoir of water all in 
a straight line, the plants being 3 feet asunder, and the reservoir 
10 feet from the first plant. How far must he walk in order to 
water these plants, if he commence at the reservoir, and return 
to it for a new supply of water for each plant, finally coming to 
the reeervoir after having watered the _last one ? 

12. A falling body descends, in vacuo, 16^ feet the first sec- 
ond, and in each succeeding second, 33^ feet more than in the 
preceding. How far will a body descend in 10 seconds? 

13. We observe that, in the preceding question, the difference 
13 just double the first term. Let the learner generalize that 
question, by substituting, in the second formula for 8,^a instead 
ofd. 

14. Two travelers, A and B, 186 miles asunder, set out at 
the same time with the intention of meeting. A goes regularly 
10 miles per day; but B goes 3 miles the 1st day, 6 the second, 
9 the third, and so on. In how many days will they meet? 

15. Two men, 135 miles asunder, set out at different times 
and travel towards each other. One starts 5 days before the 
other, and goes 1 mile the 1st day, 2 miles the 2d, Smiles the 
3d, and so on. The other travels 20 miles the 1st day, 18 the 
2d, 16 the 3d, and so on. How many days and what distance 
will each have traveled when they meett 

16. Divide 51 into three parts, which shall form a progression 
by difference, the common difference being 5. 

17. Find three numbers in arithmetical progression, such that 
their sum shall be 18, and their continued product 192. 

Remarh. Let y ^ the common difference, and x :^ the mean 
term. Then x — y, x, and x-\-y will represent the numbers. 

18. Divide 50 into five parts, which shall form a progression 
by difference, of which the first term shall be to the last aa 
7 to 3. 

19. There is a number consisting of three digits, which form 
a decreasing arithmetical progression. The sum of the digits 
is 9, and if 396 he subtracted from the number, the digits will bo 
inverted. Required the number. 
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SECTION LII. 



Art. 144- A progrtisim by quotient, called also geomttrieal 
progressiott, is a eeriee of quantities such, that, if anj one of them 
be divided bj the next preceding, the quotient will be the same, 
in whatever part of the eeries the two successive terms are 
taken. 

ProgTession by quotient may be either increeising or deereas~ 
ing. Thus, 2, 4, 8, 16, 32 form an increasing, and 60, 20, Y. 
y, a decreasing progression by quotient. 

The quotient arising from the division of any term by that 
which precedes it, is called the common ratio. The ratio in tie 
first of the two progressions given above, is % and that in the 
second is -J-. 

In general, let a, b, c, d,&.c. be the successive terms of a pro- 
gression. 

Let q represent the constant ratio ; then, since each term is q 
times the preceding, we have 

h^aq, c = a^,d^aq*,e:=a^, &c. 

Now representing the last term hy I, and supplying by points 
the place of the indefinite number of terms omitted, the terms of 
the progression will be, 

ID Id li! >ih CUi Ml Tib 

o, aq,aq^, aq^, a 9^ aq^, ng« /. 

We readily perceive, that the exponent of y in any term is less 
by unity, thwi the number which marks the place of that term. 
Thus, the 4th term is a q', the 5th a g*. Consequently, if n rep- 
resent the number of terms, the nth or last term will be a j""^. 
Therefore, the formula for the laat term is 

; = «,—. 

Hence, 

Any term of a progression by qmtient, may befmmd, by tttut- 
tiplying the first term by that power of the ratio, denoted bt/ a 
number 1 less than that which marks the plate of the term. 
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Ek. What is the sixth term of th« eeries, 3, 6, 13, &c. ? 
HeTe B^3, 9=3 2, aod n:=6; therefore, / = ay""' be- 
comes /= 3 . 25 =3 . 32= 96. 
Ex. % Required the 7th term of the aeries 3645, 1216, 406, 

Id thisquestion, = 3645,3- = ^, b = 7. Then/=3645X 
{i)« = 3645.^ = 5. 

Art. 14<S. To find the sum of any number of terms, denote 
this sum by S ; then 

S=« + «? + «5"+« ?»+«?'+•■!•+ +«?■-•+« 9--'- 

Multiplying this equation by q, we have 
q 8=aq-\-a q^-\-a f-\-a g^+a q^-\-a 3*+ +0 ?■-' + a 3". 

Subtracting the former of these equations from the Utter, ob- 
serviog that the terms of the second members all cancel except 
a and a q', we obtain 
^S — Sz= aq!f — a; or{q — I) S=aq'' — a; consequently, 

— 1 q — l 



°8-'i-° 



substituting I instead of its 



q—l q — l 

Iq — a 

equal, a o" ' wehave<9' = —. 

q—l 

We have then two formuls far the sum of a geometrical pro- 
gression, viz : 



«(?'-!) 



and S= r-- Hence, 



q-\ ' 

To Jind the swim of a progression by quotiml, subtract unity 
from that power of the ratio, denoted by the number of terms, 
tnttUiply the remainder by the frst term, and divide the product 
by the ratio minus unity ; or, multiply the last term by the ratio^ 
svbtract the first term from the product, and divide the remain- 
der by the ratio minus unify, 
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Ex. Required the sum of the seiiea, 1,3; 4, 8, &c„ the 
niunbei of terms being 10 T 

In this question, o z= 1 , 9 = 2, and « = 10. Therefore, &^ 
1 (a'"- I) _ 1(1024-1) 

2—1 - 2 — 1 -*"=*^ 

Or we may fiist find the last term, and then use the formula, 

S= '^~~ . We have then i = 1 . 2» = 512, and « = 
q — 1 

2.512 — 1 1024 — 1 



2 — 1 



zl023. 



ihe formula for 8, we have iS= ~-~ ^— ^ or S= 



Ex. 2. Required the sum of the first six terms of the aeries, 
10, 5, J, &.cT 

Here a^lO,q = ^, and n = Q. Using the first formula for 

3 — I i — I — J 

Art. 146. If 9 is a proper fraction, g — 1 will be negative ; 
S" — I will also be negative, since any power of a proper frac- 
tion, if the index is greater than-unity, is less than the fraction 
itself. Changing the signs of numerator and denominator, in 

Now, as the powers of a fraction less than unity become less 
and less, the greater the index of the power, it follows that if «, 
the number of terms, is infinitely great, 9" must be infinitely 
a—ag" 

email, that is, zero. In this case, S = — will become 

1 — q 

Since q is supposed to be a firaction, let it be represented by 

— , 80 that o i= — . We shall then have S = — ^ = . 

» ' » 1 — 5 n — SI 
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FBOGBESaiON BT QUOTIENT. 



- The formula, therefore, for the Btaa of a decreasing progres- 
sion by quotieot, continued to infinity, is 



To find the sum of an infinite decreasing series in progressioK 
by quotient, multiply the first term by Ike denominator, and di- 
vide the product by t!ie difftrenct betu>een the denominator and 
numerator of the ratio. 

If J is a Iraction whose numerator is 1, the formula for the 
sum of an infinite decreasing series, becomes S =z -. 

Ex. What is the sum of theeeries, 5, Vi V> ^<^'> continued 
to infinity. 



15. 

Art. 147. From the formula for the sum of an infinite de- 
creasing progression by quotient, may be deduced the rule giv- 
en in arithmetic, for reducing periodical fractions, sometimes 
called repeating and circulating decimals, to vulgar fractions. 

Let us take the decimal .333 continued infinitely. This is a 
progression by quotient, in which the first term a is -^j the sec- 
ond, T^ii &'C., the common ratio q being ^. Hence, by substi- 
tution, the formula, S := p, becomes S ^ -^^j j- 

Again, in tlie fraction, .0404 &c.,a^T^, and ff^T^n; 
T», X 100 .. . 

= io«_i -"• 

In like manner, the .u« ot .296296 &c., = ^|^— T 



hence, S^ ~ liecomes ^ 
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Letus Uke the fraction .428571428571 &m. Here a= 

^U^^^f^AAr, uid u the secfmd period b .000000428571, q=. 

^i^. Therefore S = ^"^""^^^^^^^ = mUi, 
which reduced, is f. 

Consequently we aee, u in arithmetic, ^^td Ike repeating or 
eireilcUing Jigvres are to be made the numerator of a fraction, 
tohoie denominator is as many 9i as there are repeating figures, 
and then tht resulting f^actioK is fa be reduced to its loieest 

If the repeating figures do not commence immediately after 
the decimal point, we hare only to find the value of the repeat- 
ing part, and add it to the decimal which precedes, reducing 
them both to the same denominator. 

For example, .5333 &c. ^ -^ -j- ^J^ -f" ttAo *'<5> '^ which 
the first term of the progression is y^, and the ratio ^ ; in this 

I o! Ih. whole i. A+ *5^ = A + A = 



Art. 148. Suppose that a and I were given, and it were re- 
quired to insert between them any number of terms, such that 
the whole should form a progression by quotient. The terms 
thus introduced are called mean proportionals, or geometric 
means. 

Making an equation between the two values of S, given in the 
two formuls, we have 

— ^^ T- ; from which we derive successivetv 

aj»*— o^g? — a, aq^ ^ ql, «}■"• =: I, 

?""' = -. and ?=!/-. 

Now, if it he required to insert m terms between a and I, since 
there would be m -|- 3 terms in the whole, we put m -|- 2 inBtead 
of n, in the value of 2, just found. 
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W/tm any number of mean proportionals is to be inserted be- 
tween two quantities, to find the common ratio, divide the greater 
quantity hy the less, and extract the root of the quotient to the de- 
gree denoted by the number of terms to be inserted plus unity. 

Knowing the common ratio, it ia easy to write the progres- 
fiioD, which is expressed in general terms as follows, viz : 

-v^-v%-\7a7 ' 

Ex. Insert five meaji proportionals between 3 and 128. 

.1+1 
In this example the formula, J = 1 y' L becomes q = 

^I|^ _. ^54 _ 2 ; and the progression is 2, 4, 8, 16, 32, 64, 
128. 

It b manifest, that the same number of mean proportionals 
mtty be inserted between the terms of a progression by quotient 
taken two and two, and the result will be in progression. 

Ex. Between every two adjacent terms of 3, 24, 192, insert 
two mean proportionals. 

in this case, q ^ ^Y ^ V* ^ — ^ > ""^ ^^ resulting pro- 
gression is 3, 6, 12, 24, 48, 96, 193. 

Art. 149. In the formulie already given, a, q and n were 
supposed to be known, and it was required to find / and 1^. But 
if any three of the five quantities, a, q, n, I and S, are known, 
the remainiDg two may be found. 

There may be, therefore, ten different problems; but the stu- 
dent, at this stage of his progress, is capable of solving only four 
of them. Four of the remaining six will be solved imder the 
21 
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held of logaritlmis ; but the two others give rise to eqnatitos 
too difficult of Boluti(»i to be admitted into an elementaiy trea- 
tise. 

Let the pupil solve the following problems. 

1. Giren a, q and n ; find / and 8. 

Nott. This question has alread; been solved, and the results 
may be assumed in solving those which follow. 

3. Given a, n and I; find q and 8. 

3. Given q, n and I; find a and 8. 

4. Given q, n and S; find a and I. 



SECTION LIII. 
XZAHri.xr IK rKoSREgaiOM at qitotijiht. 

Art ISO. 1. Required the last term and the sum of the pro- 
gression, 6, 10, 20, &.C., the number of terms being 8. 

3. What is the 5th term and the sum of the first five terms of 
the progression, 1, 4, J, &c. ? 

3. There are three numbers forming a geometrical progres- 
sion, in which the mean is 10, and the sum of the extremes 53. 
Required the numbers. 

Let X = the ratio. Then — , 10, and 10 z will represent the 



4. A gentleman, without reflecting upon the result, agreed 
to pay his gardener 1 dollar for the first month, two for the sec- 
ond, and so on, doubling his wages each month for a ;ear. 
What would be the amount of the year's wages ? 

6. There are four numbers in progression by quotient ; tbe 
sum of the first three is 130, and that of the last three is 390- 
Required the numbers. 

Let X := the first number, and y ^ the common ratio. 



Then, x, xy, xy", «y3 will n^wemnt jtheaujnben, and we 
bare the equationa, 

(1) .+,, + .,• = !!». 

(2) xj + .j' + .yisOilO. 
Separating (he first members into factors, we hare 

(3) .(1 +? + >') = I3«. 

(4) .,(l + , + ,>) = 390. 

Dwide the 4th by the 3d; thJB givei 

y = 3. 
SubstUutmg this value of 3/ in the 3d, we have 

X (1^-3 + 9) = 130, or 

13 z= 130; ooiiaequeiitl7, 

x = ie. 
The nambers are, therefore, 10, 30, 00, 370. 

6. There are five numbere in progieesion by quotient; the 
sam of the first four is 468, and that of the last four is 2340. 
What are these numbers ? 

7. Divide 217 into three parts which shall form a geometrical 
progression, such that the third term shall exceed the first by 
168. 

8. The sum of three numbers in progression by quotient is 
104 ; and the mean term is to the sum of the extremes as 3 to 1 0. 
Required the numbers. 

9. There are three numbers in progression by quotient, and 
the sum of the first and second Is to the sum of the second and 
third as 1 to 3. What are these numbers 1 

10. There are three numtters in progression fay difference, 
such that if the second power of the first be increased by 1, that 
of the second by 5, and that of the third by 41, the results will 
Ibrm a progression by quotient, in which the sum of the terms 
mil be 130, and the sum of the extremes will be to the mean as 
10 to 3. Acquired 4he numbers. 

11. Find a mean proportional between 9 and 4. 
13. Find a mean proportional between 4 and 35. 
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13. Find a mean pit^Ktrtional between 7 and d, earned to 
three decimalB. 

14. Find a mean proportional between 75 and 425, aiMsnrate 
to three decimals, 

15. Find the eum of the series 1, i, \, &c., carried to in- 
finity. 

l(t. Find the sum of the series, 4, ^, ^, &c., coutinned to in- 
finity. 

17. Find the sum of 7, ^, ^, Slc, continued to infinity. 

18. What is the sum of 81, 9, 1, i, &c., continued to in- 
finity T 

19. Insert three mean proportionals between H and 163. 
no. Insert two mean proportionals between 5 and 1080. 

31. Insert a mean proportional between every two adjacent 
terms of the progression, 3, 75, 1875, 46875. 

22, Insert two mean proportionals between every two adjacent 
.termsoftheseries. 1,8, 64, 512. 



SECTION LIV. 

I KqUATIONB OF THE aZCOHD DKOmSE. 

Art. 151. Solve the following equations. 

1. Given /6 + 3a = 6 ; to find x. 
Squaring both members, we have 

6 + 3i:=:36; hence, 
X = 10. Ans. 

2. Given(16-f aS)* — r — 2; tofindr. 
By transposition, 

(16 -^ x")^ ^ z -|- 3 ; squaring both members, 
16-|-i*?=2*-|-4(t-(-4i transposing, 
x^ — xS — 4z = 4 — 16; reducing, changing the ugqp 
and dividing, 
j^ a = 3. Ana. 
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8. Gwen " ^ . — = _ ■ ; to .find as. 
1/. + 4 v/r + 6' 

Clearing the eqqation of fractions and reducing, 
X + 34v/r4- 168 z= 1 4- 43^/i"+ 153 j trsB^osing, 
a: + 34^/i~— I — 43y/r=152— .168; reducing, 
— 8 ^x = — 16 ; chinging the eigna and dividing by 8, 
^x =:2; Bquaring, 
z = 4> Aas. ■ 



4. Given ii/x^ ■Jc&ax-^b^ = i^a -^ 9; » find le, 
Kaising both members to the mth power, 
^E* + Sai + ft^:= a-|-z; Bquaring, 
x^ ■\-5ax->^{fi=i{^-\-^ax-{-x^\ tran^oBing and re- 
ducing, 

3ai = o>— JS; dividmgby3a, 

rfi — ja 
* = -3^- Ana. 

6. Given (« + 6>* = (i— 6)^ ; to find «. 
Raising both members to the 4th power, 
z + 6=(i— 6)a, or 

z-|-6^z3 — 12z-|-36; inverting the members, 
a^ — 12x-{-36 = z-4-6; traoaposing wd reduoiog, 
a;»— 13i = — 30. 
Now, by Bubstituting in formula 4th, Art 04, 
z=y±i/— 30+'|9 = tf±J. Henoo, 
z = 10, or I ^ 3. Ans. 
We see, from the preceding examples, that an equation con- 
taining radical quantities, may generally be freed from them, by 
raising both members to the power denoted by the degree of the 
radical, the operation being repeated, if necessary. When some 
of the terms do not contain radicals, it is usually best, in the first 
place, to make them constitute one member, and the remaining 
terms the other. 
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Many of the problems in this and the foUowing section will 
(pve several answers each, if the double sign ± be prefixed to 
roots of an even degree. 

Find X in the following equations. 
^j-rn"+ 4 = 9. 

^/^ — 3 = 4 — 3y/r 

V/r+7 = v/^~+ 1. ' 

(»; — 32)*=16— i* 
The mode pursued in the preceding questions, frequently leads 
to equations of ao elevated a degree, that their solution would be 
too difficult for an elementary work. Other expedients, there- 
fore, are oHen to be preferred. 

Whenever an equation can be reduced to the form of x'*^ 
p i" =: ± J, that is, to an equation, in which the unknown quan- 
tity is found in two terms only, and has an exponent in one of I 
them double its exponent in the other, it may be solved afler the 
manner of affected equations of the second degree. 
12. Given x* -\- 6 x^ = 195 ; to find ». 
First consider x^ as the unknown quantity, and make the first 
member a perfect square, 

X*-\-6z^-{-9= 144 ; extracting the square root, 
2;^-|-3^ i; 12; transposing and reducing, 
I* = 9 or — 15 ; taking the square root of this, 

Hence, x = 3,x = —3, x~^—lS, or z = — )/^^15. 

This question might have been solved by means of formula 
Ist, Art. 94. 

Thus, 1" = — 3±v^l35 + V=5— .3±lS5?9or— 15; 
then, X = it 3, or z = ± i/ — 15. ,-. . 
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13. Given 1 + 4 i/x ^ 32 ; or what is the same, x-\-ix* := 
3S ; to find z. 

In this equation consider ^x as the unknown quantity. By 
the ioimula 1st, Art 94, we have 

i/i~ = 4, or t/i = — 8 ; squaring both equations, 
I = 16, or z = 64. Ans. 

14. Given2\/^ + 3^/i'=27; to find i. 
Dividing by 2, 

Referring to the formula, considering y/x" aa the unknown 
quantity, 

^r= — fzfcl/'^ + A-; hence, 

i/x' = 3, or i/i" = — f ; taking the 4th power of both 
equations, 

I = 81, or I = ^%^. Ans. 

15. Given i* + 10 = 5 1^ + 4 ; to find x. 
Transposing and reducing, 

x^ — 5 1^ = — 6 ; completing the square, 

x^ 5i^4-^= — 6 4-^; or, reducing the second 



ji 5iif-j_ Y =i; taking the square root, 

x^ 5 ;x ± ^ ; transposing and reducing, 

i^ =: 3, or 2^ = 2 ; raising both equations to the 6th 

X = 729, or I = 64. Ans. 
If we had substituted in formula 4th, Art. 94, the operation 
would have been shorter. 
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16. GiTdn^a^ +\/^ .^^^x; (9&>d^ 
Tilfing the roots of the perfect squares, and plaeiiftbeni be- 
iiire the radical sign, 

*' y/a! + « y/* = 6 y/i ; divitfoig by ^xl 

Thia ma; now be solred like any aSected equation^ and the 
following equations ma; be BoWed like the procjediog. 

17. 2z« + 8z» = 24. 

18. a* — 8i»— 518 = 0. 

30. I* + 7 1* — 44 = 0. 

SI. 4i* + i* = 39. 

SB. 32« + 42x3.= 3321. 

23. i^+x* = 6i^. 

24. X— 4j* = 45. 

25. 4i:^ = 7i*— 6. 

26. 51* — 3i*=4i;* + 342. 

27. 3r— 4^/2=240. 

28. 3^7 + 7v^r=48. 

30. y/i3 — 2\/i — z = 0. 

31. ai* + 6i^zz:c. 

32. Given i + S^^/x -1-5 + 6; to find x. 
By transposition, 

x + 5 — /7+5 = 6. 
Considering ^i-)-5 as the unknown qnantitf , and ctmipleting 



tiie square, 
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14.5 — ^x-\-5 -|-^=6 + i=^; taking the root, 
^/i + 5 -\- i^±^; tianspoaiag and Teducing, 
^z -|- 5 ^ 3, or \/e -j- 5 ^ — 3 ; squaring both eqaa- 
tions, 

^ + 5 = 4, or 1 + 5 ^9; transposing and reducing, 
x = — 1, or 2^4. Ana. 

Another method. 
Resume the equation, i -j- 5 — ^x -|- 5 ^ 6. 
Substitute some letter, asy, instead of \/i-|-5; then we hare 
^x -|- 5 = y, and consequently i -{- S = y* ; hence, the 
equation becomes 

yS — y=::Q. This gi^es, by the formula, 
y = i d= \/6 + f = 3, or y = — 2 ; therefore, 
5^ = 9 ; or yS ^ 4. 
But ys 1= K + 5 ; hence, 

i-(-5 = 9; ori-|-5=4; transposing and reducing, 
I =z 4 ; or X = — 1, Ans. 
The latter method of solution is preferable, as it saves the ne- 
cessity of repeatedly writing a polynomial. 



33. Giyen223 + 3K — 5^2ia-|-3i + 9r= — 3; tofindi 
Adding 9 to each member. 



3ia4-3a; + 9 — 6y/3i3 + 3i-|-9=6. 
Let y = ^3«s + 3i + 9 ; theny'» = 3i3+3a; + 9; hence, 
yS — 5^ = 6; then by formula 2d, Art. 94, 
y = J zh \/Q + ^ = 6, or y = — 1 ; hence, 
y" = 36 ; or yS = 1. Taking the 1st value of y', 

x = -i±^y+^; 
;r = 3; or x= — J. 
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Taking the -othes ? alue of y*. viz : I, 
— 3±^/— 65 

2= 1 . . 

4 

Solve the following equations. 

W. .+ 16—7/^+16=16—4^/^+15. 

36. «:-{-]/r+^ =Z + 3)/x-^6. 

36. x« — 2a; + 6^/ia — 2e + 5 = 11. 

37. (10 + x)*-(10 + x)* = 2. 

38. (i— 5)' — 3 (2 — 5)^ = 40. 

39. k^?5Z±?^ 18-(tv/»'' + ^ + g-g 

3 v/^+^+e 

40. J? — x+5^/2i*— 5z + 6=^^i^. 



SECTION LV. 
■siB.CiaKa iiT X4vATioir« or thb sxcoira 

ATt.l««. 1. Given ^ ^J^^T"^ j^^^ 1 1 to findx andy. 
From the 1st equation, 

X ^ 3 y ; substitute thia value of y in the 2d equation, 

4y»— ya=i2; 

3ys=12j 

yS = 4; 

y = ±2. 
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Hence, x = 3 jr :^ ± 4. 

In the preceding qneBtion, the value of one unknown quenti^ 
was found in one equation, and aubrtituted in the other; and in 
this way the solution caa be effected, when oae of the given 
equations is of the first degree, and the other of the second. 

Find X and if in the following equations. 

2. J 3 ° 

<5xy = 50. 



i + 4y=rl4. 

y9_2y-|-4a; = 



(x3 + 3y3 = 2 



» + 3y'': 

When both equations are above the first degree, different ex- 
pedients are to be adopted, which will be best learned firom 
examples. 

g Ui) -y = 50. 

Adding twice the 1st to the 3d, 

(3) i»+2ii;y + y' = 225; taking the square root, 

(4) * + y = ±I5; 
Subtracting twice the Ist from the Sd, 

(5\ i9 — 2zy-j-y^ = 25; taking the square root, 
(6) x—!f = ±S. 
Adding the 4th and 6th, and dividing by 2, 

Subtracting the 6th firom the 4^, and dividnig by %■ 

y=zzt5. 
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B5 taking all the possible combinations of the signa in the 2d 
memberB of the 4th and 6th, we have 
% =: 10, and y = S ; or, 
X z= — 10, and y = — 6 ; or, 
X = 5, and y ^ 10 ; or 

* ^ — 5, and y = — 10. 
C(l) ^ + ,, = 1% 

U2) .,+,= = 24. 
Adding the 1st and 2d, 

(3) i»+2j;y+y3 = 36; taking the root, 

(4) x + y=±6. 

Bnt, xO-|- z y = 12 is the same as 

(z-|-y)x^l2; substituting in this ^ 6 instead of 

±6z = l2: 

• = ±2. 

Subsiituting this value of z in the 4th, 

±2 + , =±6; 

y = ±6T2,or, 

, = ±4. 
In the last equation but one, the upper signs correspond, ae 
aiso do the lower. 

«■ J (2) .,= 0.. 
Squaring the 1st, 

(3) iS4-2iy-|-ya=:sa; subtracting from this 4 
times the 2d, 

(4) i= — 3a;y+y3 = s3 — 4t^; taking the square 
root. 



(6) x-, = ±j/.«-4u>. 
Adding the 1st and 5th, and dividing bj 3, 
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Subtracting the &th &om the Ist, and dividing by 3, 



y=— i^ • 

c(i) x«y+«y^ieo. 

"■ hS) «3+y' = 189. 
Adding 3 times the let to the 3d, 

(3) t3 + 3iay-f 3iy' + y' = 729; taking the 3d 
root, 

(4) i+y = 9. 

But the first member of the lat is the same as x y (z -|-y) ; 
substituting 9 for z-|-y, the 1st becomes 

(5) 9iy = 180; hence, 

(6) *y = 30. 
Squaring the 4th, 

(7) a^ + aiy+y'^Sl; Bubtracting from this 4 
times the 6th, 

(8) i' — 2iy-f-ya=l; taking the 2d Toot, 

(9) I — y^±l; adding the 4th and 9th and divid- 
ing by 2, 

Subtracting the 9th from the 4th, and dividing by 2, 

y=ifl = 4.or5. 

,0 5(1) ^-"^=1776. 

11:2) xa_ySr=24 
Divide the 1st by the 2d, 

(3) 13 + y" =: 74 ; adding the 2d and 3d, and divid- 
ing by 2, 

x^ = 49; hence, 

Subtiacting the 2d from the 3d, and dividing by 3, 
y* = 25 i hence, 

y = ± 5. DiMiicd B,Goo«lc 
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1.) «•+« + , = 18-^. 
3.) xy = G. 
From the Ist by truupo&ition, 

(3) z>+z + y4-y> = 18; adding to this twice the 2d, 

(4) z<4-j2xy + y"'}-z + y = 30; or what is the same, 
(6) (i-|-y)> + {i + y):=30; completing the Bqaare, 

(6) {z + y)a+(« + y)+i=30 + i=-4i; taking the 
52droot, 

(7) »4-y-fi = ±y; whence, 

(8) .i+y=5,or — 6. 

Substituting these values of i -^ y in the 3d, and transposing, 
{9) z^-\-y^= 13, or 24 ; from this subtracting twice the 2d, 

(10) x^— 2iy+s9 = l, or 12; taking the 2d loot, 

(11) X — y = =hl, or ±2y'J; adding the 8tb and lltb, 
and dividing by 3, 

z^3, or 2, or — 3±i/3; subtracting the 11th from 
@th, and dividing by 2, 

y = 2, or3, or— 3:Tv/3^ 
Solve the following equations. 
(. + y = aj,. 
(iy = 18. 
(. + y = IO. 



13. 
14 



>«-«, + ,• = 
6y = 15. 

:54. 



t«" — ijf = 



t + ,t = 7. 
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- 1S=?: 



19. ^iL_,«-t- 
(•,=21. 

30. !-' + !'■ = =• 
I «> = 2. 

jj (4., = 96-«'j.'- 
«»+» = 6. 
JiMuirit. Find the Talue of xy in the 1st, aa an affected 
equation. 

„ <••, + . y» = 6. 
Ji»j,> + i»,>=12. 

i.« + xj, + j,«=133. 
Remark. Divide the 2d by the lat. 

t '' + ^, + 5^ = 84. 

Sometimes, when an equation is given in the form of & pro- 
portion, it may be tranaformed to a more simple proportion, and 
the solution may be facilitated by means of the principles ^ven 
in Art. 137. 

Find the values of x and ji in the following ezafflples. 

The Ist gives, by Proportions, 11th, 

S X : 2 y = 18 : 8 ; hence, Prop. 6th, 
z : y =9 : 4; and. Prop. 3d, 



Sabetitutiag this value of z in equation 9 
yS^- -^ ^S5; whence, 
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y = 4, or — 6^. Conaequendy, 

((1) x, = 24. 

"**■ i(3) x3~y3:(r-y)3 = 19:l. 
DividiDg both terms of the 1st ratio of2d by x — y. Prop. 
6th, 

(3) ia + xy+yS:(i— y)«=19:l,or, 

(4) xa-|-zy + ya : i"— 2xy+ya=19 ; 1; hence, 
Prop. 10th, 

(5) 3«y : 18 = 13 — aiy + y" . I; eubstitutiiig 
34 for xy in the lat term, 

(6) 72 : 18= (« — y)9 : 1 ; hence. Prop. 6tli, 

(7) 4: !=:{*— y)a;l; and. Prop. 14lh, 

(8) {x — y)3^4; fiom which, 

(9) i;-y = ±3. 

Adding 4 tiroes the 1st to tlie stjuare of tlie 9th, 

(10) 23-(-2iy-(-y3=:100; extractingthe root, 

(11) «+> = ±10. 

Adding the 9th to the llth, and dividing bj 2, 

> = ±6. 
Subtracting the 9th from the llth, and dividing by 3, 
J = ±4. 
:y = 5:4. 
|-5:y— 1=5:3. 
>:y = «:3. 
tf_,.,(._,). = 4;:l. 



28. J'-J' 
ixa — 

29. 5'»=^- 
{»»_,ii(i_,)" = S7:l. 

30 5'':»' = 

<2»-»: 
81. SJ:65- 

<2»— 41 = (ll — I)' 



49:36. 

»+6 = 16:S0. 
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When two equations of the Becond degree, containinf; two 
unknown quantities, are homogeneous with respect to these 
quantities, that is, when each unknown term contains either the 
square of one of the unknown quantities, or the product of both, 
the solution can be effected bj substituting, for one of the un- 
known quantities, the product of the other b^ a new unknown 
quantity. 

Let I = xy. 

Substituting tlie value of z ia tlie given eqnuiona, 

(3) Si's" — ij" = «. 

(4) 2yS'-J.38yii:=8. FromtheSd, 




2 + 3i 



"2 + 3a" 

Pg , Solving this equation, 



il iv/A + HO' =« ± v/SW =». «'-»; 

8 



» = ±l|Or, 

!^ = j::^ = V ; and, 

8 

Therefore, » = J5y=±IX2 = 



-|X±^ = T^. 



;. Google 



Solre the following equations in a Bii 

O^ + ^y-is. 

*■ l«s + y« = 5. 

(Sx'— 3zy = 56. 
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Art. 133. We have already seen, that two different powers 
of the same quantity are multiplied together by adding the expo- 
nents, and divided one by the other by subtracting the exponent 
of the divisor from that of the dividend ; also, that any power of 
a quantity is found by multiplying the exponent, and any root is 
found by dividing the exponent, by the number expressing the 
degree of the power or root. 

Let us construct a table of powers of any number, as 2, for 
example, placing the powers in one colunm and the exponents 
in another. 

Exponents. 



Powera. 


Exponents. 


Powers. 


Exponents. 


Powers. 


1 





256 


8 


65536 


i 


1 


512 


9 


131072 


i 


2 


1024 


10 


262144 


s 


3 


2048 


11 


624288 


16 


4 


4096 


12 


1048576 


32 


5 


8192 


13 


!097152 


64 


6 


16384 


14 


4194304 


128 


7 


33768 


15 


3388608 
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Suppose QOw it were required to multiply 128 by 1024. 

Looking in the table, we find against 128 the exponent 7, and 
against 1034, the exponent 10 ; these exponents being added 
give 17. We now find 17 in the column of expoDents, and 
against it, in the column of powers, we find 1310*2, which is 
the product of 128 by 1024 ; that ie 128 X 1024 = 3^ X 2" = 
217 _ 131072. 

Divide 2097152 by 64. 

Looking in the table, we find 21 for the exponent coiTeff>on^ 
ing to the dividend, and 6 for that corresponding to the divi- 
sor ; subtracting the latter from the former, we have 15 for 
the exponent corresponding to the quotient ; we now find 15 
among the exponents, and against it stands 32768, which is the 

00071 Vi Q!!I 

quotient required. That is, ^^ = |^ = S'' = 32768. 

Find the third power of 64. 

The exponent against 64 is 6, which multiplied by 3 gives 18 ; 
against the exponent 18 we find 262144, which is the power re- 
quired. That is, (64)3 = (26)» = 218 = 262144. 

Find the fifth root of 32768. 

Against 32768 we find the exponent 15, which divided by 5, 
gives 3 J against the exponent 3 stands 8, which is the root re- 
quired. That is, {ai768)^ = (2^5)* = 2"^ = 2» = 8. 

Let the learner find the answers to the following questions by 
means of the table. 

1. Multiply 16 by 128. 

2. Multiply 1024 by 64. 

3. Multiply 512 by 2048. 

4. Multiply 256 by 16384. 
6. Multiply 256 ■ by 512. 

6. Multiply 32768 by 128. 

7. Divide 2097152 by 65536. 

8. Divide 32768 by 1024. 

9. Divide 262144 by 16384 
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10. Divide 634386 hj 513. 

11. Divide 4096 b; 266. 

12. Divide 6388608 by 131073. 

13. Find the 3d powei of 33. 

14. Find the 3d power of 128. 

15. Find the 4th power of 16. 
1& Find the 2d power of 1034. 

17. Find the 4th power of 32. 

18. Find the 6th power of 16. 

19. Find the 3d root of 1024. 

20. Find the 3d root of fil3. 
31. Find the 6th root of 362144. 

22. Find the 4th root of 65536. 

23. Find the 5th root of 32768. 
34. Find the 7th root of 3097152. 

Art. 1JS4. The number 2, which is raised to the several 
powers in the preceding table, is called the base of the table ; and 
the exponents of the geverd powers, are called logarithms of the 
numbers to which those powers are equal. Thus, if 2 ia the ban 
ofthe table, the logarithm of 256 would be 8, and that of 16384 
would be 14. 

A table might be made, having for its base 3, 5, or any num- 
ber except 1. Unity would not answer for a base, because all 
the powers as well as all the roots of 1 are 1. 

Tables of logarithms in common use, are constructed upon 
the number 10 as a base. 

Hence, 

The comjnon logarithm of a number, is tht exponent of tie 
power to which 10 must be raised, in order to produce that niw 
ber. 

Thus, 3 is the logarithm of 1000, because 10^ = 1000 ; aod 
0.5 is the logarithm of 3.162277, because 10»> = y/10 = 
8.162277, nearly. 

Remark. We shall hereafter use the egression log. for the 
words "logaritlan of." 
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Now 10» = 1, 10' =: 10, 103 = 100, 103 = 1000, 10* = 
lOOOO, &c. Therefore, log. 1 = 0, log. 10 = I, log. 100 = % 
log. 1000 = 3, log. 10000 = 4, &c. 

AgaiD,10-' = T^=.l,10'3 = T*7r=-01,10-3 = T,^ = 

.001, lO-* = -r^i5,T = . 0001, Art. 131. Therefore, log. .1 = 
— 1, log. .01 ——% log. .001 =^—3, log. .0001 = — 4. 

Hence, the logarithm of a number between 1 and 10 must be 
a fracticHi, that of a number between 10 and 100, 1 -|~ ^ fraction, 
that of a number between 100 and 1000, 2 -|- a fraction, and 
so on. 

It also appears, that the logarithm of a fraction less than unity, 
mast be negative, and that the logarithma of intermediate num- 
bers between .1 and .01, .01 and .001, .001 and .0001, will con- 
sist of whole numbers and fVactiona. 

Art. l*S5. To form a conception of the construction of loga- 
rithms, let us place some of the powers of 10 in one line, and 
their exponents or logarithms in another beneath. Thus, 
1 or 10", 10, 100, 1000, 10000, 100000. 



If we examine these two series, we shall perceive, that the 
former is a progression by quotient, and the latter a progression 
by difierence. 

Now if we insert between the terms of the former series taken 
two and two, any number of mean proportionals. Art. 148, and 
between the terms of the latter taken two and two, the some 
number of mean differentials. Art. 149, the terms of the latter 
result will be the logarithms of the corresponding terms of the 
former result. 

Thus, the mean proportional between 1 and 10 =: i/l X 10 = 
3.162277 ; and the mean differential between and 1 = -^^ ::= 
i = .5. Then, log. 3,162277 = .5. 

If however we were to insert a very great number of mean 
proportionals between 1 and 10, we should find among them 
terms which differ very little from 2, 3, 4, 5, 6, 7, 8 and 9, and 
which therefore might be considered equal to these ntmibers. 
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lodeed this diSeience would be less, in proportion as the Dnm- I 
ber of means insetted was greater, bo that the ^proximatioo 
niight be carried to an; degree of accuracy. 

If we insert now between and 1 a number of mean differen- 
tiak, equal to the number of mean proportionals inserted be- 
tween 1 and 10, the terms of the result would be the logarithma I 
of the terms of the series previously found, and tfaoae corresponds . 
ing to 2, 3, 4, &c. would be the logarithms of these numbers. 

This process which we have given, is designed to show the 
learner the possibility of constructing logarithma, rather than as 
a mode which can conveniently be reduced to practice. 

The methods by which logarithms are actually calculated, are 
in general very different from that given above, and are too com- 
plicated to be introduced into an elementary treatise. 

Suppose then that we have a table containing the logarithms 
of all the natural numbers, 1, 3, 3, &c., to any definite extent. 
In such a table the logarithm of 2, for example, is .30103 ; that 
is, 10^'?'^'^ — 2, This signifies, that, if 10 were raised to the 
30103d power, and then the 100000th root were extracted, the 
result would be very nearly 2. 

Art. ltS6. Since logarithms are exponents, they are subject 
to the rules previously given for exponents. Hence, 

1. 7^ muliiply numbers togetlur, add their logarithms ; the 
jtun will be the logarithm of the product. 

3. 7h divide one number by another, subtract the logarithm of 
the divisor from that of the dividend; the difference mil be the 
l(^arithm of the quotient, 

3. To raise a number to any power, multiply its logarithm by 
the nunAer expressing the degree of the power ; the product teiU 
be the logarithm of the power required. 

4. Td extract any root of a number, divide its logarithm by 
tht number expressing the degree of the root, or, what amounts to 
the same, muUiply its logarithm by the fractional exptment which 
indicates the root; the result wiU be the logarithm of the root re- 
quired. 

D,M,IcdB,GOO«IC 
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5. iSfnce a fraction ezprksses division, the logarithnofajrae- 
tion is found, by subtracting the logarithm of the denominator 
frotn that of the numerator, 

6. The iogarithn of either extreme of a proportion is found 
bjf adding the logarithms of the mtans, and from the sum siih- 
tracting the logarithm of the other extreme ; also the logarithm of 
either mean is found, btf subtracting that of the other mean front 
the sum of the logarithms of the extremes. 

All- IJST. In constructing a table of logarithms, it is only 
necessary, in the firat place, to calculate those of the prime num- 
bers ; from these the logarithms of all compound numbers may 
be deduced by addition and multiplitaticn. 

Thus, the logarithms of 2 and 3 being found, b; adding them 
we have that of 6. In fact, the log. 2 = 0.3010300, and log. 3 
:= 0.4771213; hence, log. 6 = 0.3010300+ 0.4771213 = 
0.7781513. 

• Again, 2 X log- 2 = 0.6020600 = log. 4, and 3 X log- 2 = 
J O.9O3O90O =: log. 8, &c. 

Hence, from the logarithms of 2 and 3, we easily obt^n those 
' of all the powers of these numbers, as well as those of all the 

combinations of these powers. 
'- From the mode of performing multiplication by means of log- 
aitthms, it follows that the logarithms of those numbers which 
k are 10, 100, 1000, &c. times the one of the other, must have their 
decimal parts the same, and can differ only with regard to their 
n integral parts. 

Ii Thus, the logarithm of 2 being 0.3010300, the logarithm of 
10 X 2 or 20 = log. 10 + log. 2 = 1 + 0.3010300 = 
-ii 1-3010300; log-200 = Iog. 100-f log. 2^2-3010300; log. 2000 
^ = log. 1000 + log. 2 = 3-3010300. In like manner, the log- 3 
being 0.4771213, we have log. 30 — 1.4771213, log. 300 = 
» 2-4771213, log. 3000 = 3.4771213, &c. 
I* Again the logarithm of 371250 being 5.5696665, we hare 
*' log. 37125 = log. (S 'lg ti o ) = 4.6696665, 

"' log. 3712.6 = log. ("i^^) =3.6696666, 



Ipg. 371.25 =log. 



(«+*^) - 



1{«. 37.135 =log. (^^i^») =: 1,5696665, 
log. 3.7125 —log. ('-4^) = 0.5696665, 
log. .37123 =log. (Hl^) = — 1.5696665, 
log. .037136 = log. ("HV") = — 2.5696665, 
Jog. .0037125 = log. l^-^^^) ~ — 3.5696665, | 

log. .00037125 = log. (-ai«^^iii) = — 4.5696666. , 

In dividing by 10, in each instance, we have subtracted the 
logarithiD of 10, which is 1, from the logarithm of the dividend. 
In the last four examples, the subtraction is represented only, the 
decimal part being positive. 

Art. 158. We have before shown, that the logarithms of 
fractions less than unity, are negative ; as represented above, 
however, the integral part alone ia negative. But the negative 
part being greater than the positive, the expression as a whole is 
still negative. Since negative logarithms do not occur in the 
tables, we use the logarithms of decimals in the form given; 
and, to distinguish them from logarithms wholly negative, we 
place the minus sign over the integral part. Thus, log. 
.0037125 = 3.5696665. 

The integral part of a logarithm is called its characteristic, b^ 
cause it always determines the order of units, expressed by the 
first significant figure of the corresponding number. 
From what precedes we see, that, 

7^ characteristic if positive, is always one less than the num- 
ber of integral figures in the corresponding number ; but, ifthe 
characteristic is negative, it is always equal to the number of 
places by which the first significant figure is removed to the right 
of the decimal point. 

Thus, if 3 be the characteristic, there would be three figurea, 
preceding the decimal point in the corresponding number ; but . 
ifthe characteristic be 1, the first figure of the number would be ' 
tenths, if it be 2, the first figure would be hundredths. | 

In logarithmic tables the characteristic is usually omitted, 
since we can never be at a loss to determine it, and since the 
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same deoimal part of a It^aiithin, coireqmnds to flei«ral d^r- 
-ent numbetB, composed of the same figures, bat in which the 
iiguies ei^rees ^diSerWt Orders of unite. 



SECTION LVIl. 



Art. lAtf. Logarithmic tables are usually accompanied with 
directions for using them, which are somewhat different in differ- 
ent works, according to the arraagement and extent of the ta- 
bles. The principle, however, is in all cases the same. 

In some tables, logarithms are carried only to five, in others 
to six, and in others to seven, decimal places. 

The student is supposed to be provided with a table of loga- 
rithms carried to seven decimals, extending to the number 
10000. If, however, his tables are carried only to five or six 
decimals, he may disregard the last two, or the last decimal, in 
the logarithms which occur below. 

Art. UM. To fnd from the tables the logarithm of a gtveti 
number. 

If the number consists of less than four figures, whether it be 
integral, mixed or decimal, find the figures in the left hand col- 
umn marked N. or Number, and, on the same horizontal line, in 
the next column to the right, will be found the decimal part of 
.its logartthmj to which prefix the proper characteristic. In this, 
and all other cases, zero to the right or left of the number will 
hare no effect on the decimal part of the logarithm. Thus, 
log. 37 = 1.56SS«H7; log. 3700=3.5682017; log. 385 = 
2.5854607; log. 3S5000 = 5.5864607 ; log. 3^7 =: 0.4099331 ; 
log. .0573 = 2.7581546. 

To find the logarithm of a number consisting of four figures, 
look for the first three figures in the lefi hand column, and the 



966 oas or logakttbkic tablka. LVH. 

fourth at the top of the page ; then, on the eune horizontal line 
with the first three, and beneath the fourth, that is, in the aanie 
TMtical line with it, will be found the decimal of the logarithm, 
to which prefix its proper characteristic. Thus, log. 4796 = 
3.6808792 ; log. .03745 — 2.5734518*. 

When the number contains more than four figures, find the 
decimal part of the logarithm of the first four, as already directed ; 
then consider the remaining figures of the number as a fraction, 
placing a decimal point before them ; multiply the difference 
between the logarithm already found and the next greater by 
this fraction; and, rejecting as many figures on the right as 
there ace decimals in the multiplier, add the product to the dec- 
imal of the logarithm corresponding to the first four figures, re- 
membering to place the right hand figures of the decimals to be 
added under each other ; prefix the appropriate characteristic, 
and the result will be the logarithm sought. 

For example, in finding the logarithm of 3745126, we take 
the decimal part of the logarithm corresponding to 3745, and 
add to it .136 of the difference between that logarithm and the 
next greater, and to the result prefix 6 as a characteristic. 

The reason of this method of proceeding will be seen as fol- 
lows. The decimal logarithm of 3745000 is .5734518 ; the 
next greater decimal logarithm, correapondiag to 3746000, is 
.6735678. The difference between these numbers is 1000, and 
the difference between their logarithms is .0001160 ; moreover, 
3745126 exceeds 3745000 by 126. Wherefore, if, when the 
number increases 1000, the logarithm increases .0001 160, when 
the number increases 126, the logarithm should increase i^^^, 
:=:.1S6, of .0001160, which is .0000146160; retaining only sev- 
en decimals, we have .0000146, which added to .5734518, gives 

* In the more eitended tables, as (base of Callet, lour figure* d (be Dom- 
ber &re fouDd in the left band colunin, uui the fifih at the top. Moreover, 
proportioiiBl parti of the diSerenceB, are placed on the right hand aide of tbe 
page. 

D,M,IcdB,GOO«IC 
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.5734664 ; to this sum prefix the chaiacteristic 6, aod we have 
log. 3745126= 6.5734664. 

The result would evideDtly have been the same, if we had dis- 
regarded the rank of the decimals in the difference of the loga* 
rithms, multiplied this diSerence by .136, rejecting the three 
right hand figures of the product, and added the reserved part of 
the product to 6.5734518, placing the right band figure under 
the 8. 

In like manner.jre shall find log. 327983 = 6.5158614 ; also, 
log. .0879426 = 2.5791271. 

Remark. This mode of finding the logarithms of large num- 
bers, aa well as that to be given for finding nilmbers correspond* 
ing to given logarithms, supposes that logarithms increase in the 
same ratio as the numbers themaelrea, which, though not strictly 
true, ia nearer the truth, the greater the numbers and the less 
their difference, and gives reeults sufficiently accurate for most 
practical purposes. 

Let the learner find from his tables the logarithms of the fol- 
lowing numbers. 

1. 127a 6. 12710.63. 



2. 57293. 

3. .01273. 

4. .00279. 
10. 



2.74967. 



435.501. 
111.3734. 



Art. lAl. To find the number corresptmding to any given 
Jogarithm. 

Look for the decimal part of the logarithm in the table, and 
if it be found exactly, the first three figures of the number will 
be found in the lefi hand column, marked N., in the same hori- 
zoDtal line with the logarithm, and the fourth at the top, direct- 
ly above the logarithm, the rank of the figures being shown by 
the characteristic. 

Thus, 3.5860244 being the given logarithm, the correspond- 
ing number is 3855. Had the cbaiacterietic been 1, the num- 
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ber would hare been 38.65 ; had it been fl, the nnraber would 
have been 3855000; and had it been 2, the immbeT vodd 
hire been .08855. 

If the decimal part of the logarithm is not finind exactly b 
the table, take the difference between the given logarithm and 
the next less tabular logarithm, for a numerator, and the difler- 
ence between the next lees and the next greater tabular loga- 
rithms, for a denominator. Reduce the fraction thus formed, to ■ 
decimal, and, rejecting the decimal point, [dace the result at the 
right of the four figures corresponding to the less tabular loga- 
rithm ; lastly, place a decimal point, if necessary, according to 
the characteristic of the givax logarithm. 

For example, let 2.4716433 be the logarithm, the correspond 
ing number to which we wish to find. The next less decimal 
in the table is .4715651, the diSerence between which and the 
giren logarithm, the characteristic being neglected, is 573 of 
the lowest order of decimals in the logarithms ; the difierence 
between the next less and next greater tabular logarithms, is 
1466 of the lowest order of decimals in the logarithms ; reducii^ 
j y ^ to a decimal, we have the figures 39, which placed at the 
right of 2962, the figures corresponding to .4715851, givei 
296239 ; but as the characteristic of the given logarithm is 3, 
we point off three fignrea for integers, and obtain 296.339 for 
the required number. 

The reason of this method is obvious. For, if, when the log- 
arithm increases 1466, the number increases 1 unit of any order, 
when the logarithm increases 572, the number ought to increase 
,6 ,7^ . of 1 unit of the same order. The order of the unit of 
which we find a fractional part, is always determined by the 
characteristic. In the example juat given we found the fraction- 
al part of 0.1, viz. .039; but had the characteristic been 3, the 
fraction would have been a part of a unit. 

Let the learner find the nombers correspondmg to the frflow 
ing logarithms, carrying the numbers to six significant figures, 
when the decimals are not found exactly in the tables. 
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Common tables vill geaerally give numberB witb sufficieat 
sccuiacy to BIX or Beveu figures, 

1. 1.47:1213. 6. 0.3134445. 

2. 3.3010300. 7. 1.4840150. 

3. 1.499iaiT. 8. 2.7734667. 

4. 3.1171167. 9. 3.3276677. 
6. 5.3458726. 10. 4.3334475. 

Art. 163. Since the logarithm of a vulgar fraction is fotmd 
by subtracting the logarithm of the denominator from that of the 
numerator, it follows that the logarithm of any proper fraction, 
like that of a decimal, must be negative. But we ordinarily 
make the characteristic cmly negative. 

Thus, log. yfr = log. 8 —log. 257 = 0.3010300—2.4099331 
= 3.8910969. In order that we may be able to subtract the lat- 
ter decimal from the former, we may suppose the characteristic 

of the logarithm 0.3010300 to be changed into — 1 4* 1, so 
that the decimal .4099331 can be taken from the positive part of 

1 + 1.3010300 ; then subtracting the 3 from — 1, we have 3 
for a characteristic. Or, as is more commonly done in subtrac- 
tion, after having borrowed 1 in subtracting the left hand deci- 
mal, we may carry 1 to the 2, and then subtract the 3, which 
give 3, the same as before. 

Art. 193. But there ia another form for the logarithm of any 
proper fraction, by which the negative characteristic is avoided. 
This form is obtuned by increasing the true characteristic 
by 10. 

For example, the logarithm of .3 is 1.4771213; adding 10 to 
the characteristic and reducing gives log. .3 = 9.4771213. In 
like manner, log. .03 = 8.4771213; and log. .003 = 7.4771213. 

Hence, in this way, if the first figure of the decimal is tenths, 
the characteristic of its logarithm is 9 ; if the first figure is hun- 
dredths, the characteristic is S ; if the first figure is thousandths, 
the characteristic is 7, and so on. That is : 

^* ,„=,Gooslc ' 
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7%t eiuiraetefiitiei>fthtbgaritlm»fadttim^fraetimi, it 10 
dimtnitlud bif as maty touts, as an epud to the laaibtr ofplm ea , 
bjf wAtcA tlu JirU ngni/ieaU Jtgvrt of tie fraetiom it removtd 

from Ike dedwial point. 

Likewise, in finding the iogaiithm of a mlgai fraction, we 
ma; increase the logarilhm of the numeialor by 10, and then 
subtract the logarithm of the denominator. Thus, the logarithm 
of ifr would, in this way, be 7^109.60. 

But we must recollect, that every Buch logarithm is, in fact, 10 
too great, and that the result of any operation in which it is used, 
toould be affected accordingly. 

Art. 104. In division, we have seen that the Iogaiithm of 
the divisor is to be subtracted from that of the dividend ; but, in- 
stead of this, we may add the arithmetical compknunt of the log- 
arithm of the divisor to the logarithm of the dividend, droning 
10 afterwards in the result. 

Tie arithmetical complement of the logarithm of a nwnhtr, is 
what remains, after the logarithm of that tivmber has been sub- 
tracted from 10. 

Thus, the arilbmetical complement of the logarithm of 17, is 
10 —log. 17= 10 — 1.2304489 = 8.7605511. 

The arithmetical complement of a logarithm may be found, 
by subtracting the first right hand significant figure of the loga- 
rithm fVom 10, and all the others frtnn 9 ; so that we may, if we 
please, commence the subtraction at the left hand. 

We must bear in mind that each arithmetical complement 
added, makes the result 10 too great, and allow for this in any 
operation, in which arithmetical complements of logarithms are 
used. 

The fact that adding the arithmetical complement of a loga^ 
tidun and afterwards subtracting 10, is equivalent to subtracting 
the logarithm itself, may be easily proved. 

For, let I represent any logarithm, and I' a logarithm which is 
to be subtracted from it; the result would be / — /'. Now 
the arithmetical complement of/' is 10 — I'; adding this to f, 
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we have /+ 10—/' ; subtracting 10, we hwe /+ 10— /'— 10, 
which reduced becomes I— I', the some result as when V was 
Bubtr&cted immediately from I. 

If however we add the arithmetical complement of the Ic^a- 
rithm of a fraction with ite characteristic 10 too great, the result, 
without dropping 10, will be the same as if the logarithm of the 
fraction had been eubtracted. 

To prove this, let f be the true loguithm of any fraction ; 
then 10 -|- /' would be its logarithm with a characteristic 10 too 
great ; the arithmetical complement of this is 10 — 10 — T, which 
added to any logarithm I, givesZ-f-l® — 10 — /' or / — /', 
which is precisely the same as if /' were directly subtracted 
from /. 

Art. lOS. Let the learner find the logarithms of the follow- 
ing numbers. When the fractions are less than unity, the loga- 
rithms may be given in both forms, viz : with the negative char- 
acteristic, and with the characteristic 10 too great. 

1. .7234. 6. Vf. 

3. .00576. 7. af,. 
a .00037926. 8. 456f^. 

4. f 9. 145f 

Art. 160. Find the numbers corresponding to the following 
logarithms, the characteristics being each 10 too great. Six sig- 
nificant figures may be found in each case, when the decimal 
part is not found exactly in the tables. 

!. 9.4371213. 5. 5.4771213. 

2. 8.7294179. 6. 



7. 

4. 3.6734217. 8. 7.4378678. 

N. B. It will be observed th^ finding the loguithm of a vul- 
gar fi'action, and then obtaining the number corresponding to 
that k^arithm, converts the fraction into a decimal. 
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APVLicATioir or vooamitbu,* to aritkhitical opkratioiti. 

Art. 1A7. 1. Multiply 45« b j rza 
Log. 456 — 2.6589648 
Log. 723 = a.8591383 
Prod. = 3296ea---6.S18l03l. 
Adding the logaiitbms of 456 and 733, we find the mm to be 
6.6161031 ; w« then find from the ttbfes the number coiTesp<Hid- 
ing to this logarithm, viz ; 329688, which is the required pro- 

8. Multiplj 2678 bj .03764. 

Log. 2678 = 3.4278106 
Log. .03745 = 2.5734518 

Prod. = 100.29 2.0012624. 

In adding, there is 1 to carry when we arrive at the charac- 
teristics ; this 1 is positive, and, being added along with the 3 
and 3, girea fgi a characteristic 4 — 2 or 2. 

The same without the negative characteiistio. 
Log. 2678 =3.4278106 
L<^. .08745 = 8.6734518 
12.0012624 

Subtract - - - 10 

Prod. = 100.29 3.0012624. 

It would have saved labor to drop the 10 at the time of 
adding. 
3. Multiply .0374 by .277. 

Log. .0374 = 3.5728716 
Log. .277 = 1.4424798 
Prod. = .0103598---2.01535I4. 
The figures answering to the decimal of the resulting loga- 
rithm are 103506; but since the characterisiio is 2, the first 



figure af the number most be hundredths, thetefore a zero pre- 
ceded by tbe deciHid poist, rnnst be placed before the itgnres 
found. 

The same without negative charaeteTtBtic&. 
Log. .0374 = 8.5728716 
Log. .277 = 9.4424798 
Prod. = .0103598 = 8.0153514. 
In the sum of the logarithms, the characteristic becotaes, in 
fact, two tens too great ; but we drop only one of them, and then 
tbe characteristic 8 shows that the first figure of the number 
uuat be hundredths, 

4. Divide 48945 by 65. 

Log. 48945 = 4.6897083 "i 

Log. 65 = 1.8129 L34 J By subtraction. 

auol. = 753 2.8767949. 

The same with the arithmetical complement of the logarithia 
of the divisor. The contracted expression, comp. log; will some- 
times be used to signify arithmetical complement of tbe loga- 
rithm. 

Log. 48945 = 4.6897083 > 
Comp. log. 65 = 8.187(666 J Add. 
Quot. = 753 2.8767949. 

5. Divide 775 by .025. 

Log. 775 = 2.S893017 
Log. .025 = 2.3979400 
auot. = 31000 - - - 4.4913617. 
The sign of 2, in subtracting is changed to -J-, and then the 
two characteristics are added. 

The same without the negative characteristic, and with the 
comp. log. of the divisor. 

Log. 775 = 2.8893017 

Log. .025 = 8.3979400, comp. log. = 1.6020600 
Quot. = 31000 4.41 
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In this example, the reenlting; characteristic ie not too greU, 
beeauK the Ic^arithm of the fraction was taken without the neg- 
Wave characteristic. 

6. Divide .005137 hy .0559. 

Log. .005197 = 3.7098633 
Log. .0559 = 2^7474118 

auot = .091717 2.9624515. 

Li subtracting, there is 1 to carry to the 2, which makes it 1, 
and this subtracted from 3, gives 3 + 1 or 2 for a characleriatie. 
Or, if the learner is accustomed, when he borrows 1, to dimin- 
ish b7 1 the next figure in the minuend, he will take 1 from 3, 
which gives 4; from this he will then subtract 3, and obuis 
4 + 2, or 2. 

The same with positive characteristics and comp. log. of tlte 
divisor. 

Log. .005127 = 7.7098633 

Log. .0659 = 8.7474118, comp. log. = 1.2525883 

auot. = .091717 8.9ei46J5. 

In this case the resulting logarithm is 10 loo great, becao* 
the logarithm of the dividend was taken with a positive chaiao 
teristic. 

7. Required the third power of 37. 

Log. 37 =:: 1.4313638 



Power = 19663- -4.3940914. 
8. Required the third power of .271, 
Log. .371 = T, 

3^ 

Power= .019903511 2.2989079. 
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The same with positive chuacteristics. 
Log. .271 = 9,4329693 



Power = .01990251 1 - - 8.2989079 
By thia last method, the characteristic after multiplication, 
becomes 28, which is three lOs or 30 too great ; dropping two 
10s or 20, we have the characteristic 8, which shows that the 
first figure of the number is hundredths. 

9. Required the fiflh root of IS. 

Log. 15 — 1.1760913(5 Divide by 5. 
Root = 1.71877- - -0.2352183. 

10. Find the third root of .000729. 

Log. .000729 =T.8627275 = 6+ 2.8627275 (3 

Root = .09 2.9542425. 

In thia question a difficulty occurs in dividing the logarithm 
T.8627275, eince the integral and fractional parts have different 
signs, and the negative characteristic is not divisible by 3. To 
obviate this difficulty, add 2 -|- 2, which is zero, to the charac- 
teristic; the logarithm then becomes 6 -|- 2.8027275. Dividing 
now the negative and positive parts separately, we have the re- 
sult as above. 

In all cases of finding the root of a fraction, if its logarithm ia 
taken with a negative exponent, and that exponent is not diviu- 
ble by the number expressing the degree of the root, we must 
make it so, by adding to the logarithm I 4* '> 2 -|- 2, 3 -{- 3, oT 
some equivalent expression. 

The same with positive characteristics. 
Log. .000729 = 6.8627275 

20 - - - - Add. 
26.8627275( 3 
Root = .09 - - - - 8.9542425. 
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By the second method, the logarithm when first found, is | 
too great by 10; we then add two more 10s, which makes it 
three lOs too great; this divided hj 3 gives a result 10 too 
great as required. 

Whenerer we use the positive characteristic in finding the 
loot of a fraction, before dividing the logarithm, it is aecesaarj 
to make tite cbaracteriatic as many lOe too great as there are 
onits in the number which marks the degree of the root. The 
divi3i<m will then leave the result one 10 too great. 

11. Find the value of i in the eiqiression, x = (?) ■ i 

Log. 2= 0.3010300 , 

Comp. log. 7 = 9.15490a0 _ | 

Log. ^--char. 10 too great, r::: - - - 9.4559320 

3 

Log. {^f . . chai. three 10a too great, — 28.3677960 

20 Add. 

48.3677960 {5 

I = .471684 9.6735592. 

12. Find the value of x in the expressioa, x = , 
/ 45 X 13 X .'75 \l 
U9 X 117 X 11/ ■ 

Log. 45 = 1.6532125 

Log. 13 = 1.1139434 

Log. .75 = 9.8750613 

Comp. log. 19 = 8.7212464 
Comp. log. 117=7.9318141 
Comp. log. 1 1 = 8.9586073 



34.7616550 (4 
: .0490245 8.6904137. 
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In this question we have used the logarithm of one fraction, 
with the increased characteristic, and three comp. logs, of whole 
numbers; the sum of the six logarithms added, will therefore be 
40 too great. Dropping 30, multiplying by 3, adding 10 to the 
product, and dividing this sum by 4, will leave the final loga- 
rithm 10 too great. 

13. Find the value of x in the expression, 



V/*Xl/5X.075 

Log. 2 = 0.3010300 

Comp. 1(^. 3 = 9.5228787 

9.8239087 

10. 

19.8239087 (2 
Log.v/I = 9.9119543 - 






. - - 9.9119543. 


Log. 7 
Comp. log. 


= 0.84509S0 
8= 9.0969100 










9.9420080 
20. 






29.9420080 (3 




W-^ 


- 9.9806693 - ■ 














Log. .075 
Log. IS 






= 1.0791812 
3 
= 3.2375436 - - 








Log. {12)3 


comp. 


log. 


= 6.7624564. 


Log 3 

Comp. log. 
Logf 


= 04771313 

5 = 9.3010300 

= 9.7781513 








Log- <*)* 


= 9.1126052 — 


■ comp 


.log. 


= 0.8873948. 



.,M,icdB,Goo«lc 



APPUCAIION OP LOSABTCHMB 



Log. 4 == 0.6020600 

Comp. k^. 9 = 



hog-i = 9.6478175 



49.6476175 (5 
Log. ^i = 9.9295635 —comp. log. = 0.0704365. 
We DOW add the Hveral resolts which are carried oat to the 
right. 

Log. ^1 = 9.9119543 

Log. ^i = 9.9806603 

Log. .075 = 8.8750613 

Comp. log. (12)3 — 6.7624564 
Comp. log. (I)* = 0.8873948 
Comp. log. ^/> = 0.0704365 

I = .00030695 6.4870726. 

Some labor might have been saved in this proUem, b7 sub- 
stituting equivaleDta for BeveKl of the quantities, viz : .875 for j, 
1728 for ( 12)3, and .6 for |. But the object was, to exhibit the 
geneitU mode of proceeding, and not the shortest for this par- 
ticular case. 

Altho«^;h in several of the preceding pioUema, logarittens 
of fractions have been used in both forms, it is advisable, in 
most cases, to use the increased characteristic ; especially as the 
learner who is to stud; Trigonometry, will have occasion to 
use tables in which every characteristic is 10 too great. 
Perform the following questions by means of logarithms. 

14. Multiply 37.153 by 4.0S6. 

15. Multiply 257.3 by 300. 

16. Multiply 567 by .572. 

17. Multiply .0387 by .093. 

18. Multiply I by 11.5766. 

19. Multiply ii^ by 9$. 

t D,M,IcdB,GOO«IC 



TO ARITHHETICAL OPEOATIONa. S 

30. Multiply 147? by 24-^. 

21. Find the product of 375, 325, and .03756. 

22. Divide 12783 by 256. 
aa IKvide 147324 by 24.8333. 

24. Divide 225.63 by .0473. 

25. Divide .0743 by .3967. 
96. Divide ^ by ^f,. 

27. Divide 126f by 17f 

28. Find the 4th power of 2.73. 

29. Find the 3d power of 9.16. 

30. Find the 5th power of .03. 

31. Find the 5th power of 2J. 

32. Find the 2d root of 5. 

33. Find the 3d root of 42.3. 

34. Find the 3d root of .0756. 

35. Find the 4ih root of .37. 

36. Find the 7th root of .951. 

37. Find the 5th root of ff . 

38. Find the vahie of {?)*. 

39. Find the value of (Ht)'^. 



40. Find the value of y'49 X f X .0673. 

41. Find the value of (ff)* X (iU)^- 

42. Find the value of {/V X l/IW- 

i/rx -073 X 256 

43. Find the value of 5-^—- 5— — t 

\/% X (A)' X (.056)4 

44. Find the value of z in the equation, SS'' ^ 493. 

Such an expression aa 25*, in which the exponent is un- 
known, ia called aa exponential quantity. 

Since the logarithm of any power of a quantity, is found by 
multiplying the logarithm of that quantity by the number which 
expresses the degree of the power, we have, in the present case, 
by taking the logarithms of both members, 
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xXlog. 65 = log. 493, or, 
z X 1.7403627 =: 2.6928469. Hence, 
* = imim = 1-5473. 
The divinon, performed in the AommoD waj, gives x = 
1.5473. 

But we ma; take the logarithms of these logarlthma, aa we 
would of anj other numbers, and perform the division as usual 
with logarithms. 

Log. 2.6928469 = 0.4302117 ^ 

Comp. log. 1.7403627 = 9.7593603 

X — 1.5473 0.1895720. 

Let the learner perform the following questions, finding five 
figures in the answer to each. 

45. Find (t in 4' = 27. 

46. Find I in 7' = 9. 

47. Find z in 12^= 44. 

In the last question, raise both members to the xth power, 
which gives 44' = 12', or 44' = 1728 ; the value of z may 
then be found as in the preceding examples. 

48. Find i; in the proportion, 720 : 196 = 155.5 : x. 

We know from the principles of proportion that x = 

196 X 155.5 , , , , V , ,_ 

i-r ; hence, we are to add together the logarithiSB of 

the means, and the comp. log. of the first term. We may there- 
fore begin with the first term. 

Comp.log.720= 7.1426675 

Log. 196 = 2.2922661 

Log. 155.6 = 2.1917304 

X = 42.33 1.6266540. 

For the convenience of applying logarithms, the terms of a 
proportion may be placed under each other, care being taken to 
change the order of the terms, if necessary, so that the unknown 
shall stand last, and to use the comp. log. of tbefirst term In that 
arrangemwit. 
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49. Find X in the proportion, IS : x = 100 : 47. 

50. Find a mean proportional between 1S.5 and 76.83. 
61. Insert four mean proportionals between 7 and 20. 

53. Required the aum of a progression by quotient, the first 
term being 5, the ratio 4, and the number of terms 6. 

Substituting the given numbers in the formula, S ^ 

— ^^ — - — '-, we have S = ■ ' .. -. 

q — l A 

Log. 4 = 0.6020600 

6 

48 = 4096 3.6123600 

1 

48 — 1 = 4095, its log. = 3.6122539 

Log. 6 = 0.6989700 

Comp.Iog.3= 9.5228787 

S = 6825 3.8341026. 

Art. 168. We may now solve the four questions in progrea- 

sion by quotient mentioned in Art. 149, assuming the formulae, 

7= Off""', and S ^ ^- The solution of one of them 

5 — 1 

will be given, and that of the others will be left as an exercise to 

the learner. 

1. Given a, g and I, to find S and n. 

The value of iS is already given, viz. 8 := — -—j-- 

To find n; the equation, i r: o y""^, gives, in succession. 



(n — 1) log. j=log. (') = log. I — log. a; hence, 

log. / — log. a 
n — 1 = ■ , ■ — ~ — , and 

log. g 

^ _ log. I— log, a ■ ^ 
log. g "^ 
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3. Given a, I and S, ; find q aad n. 

3. Giren a, q aad 8 ; find / and n. 

4. Oiren q, I and S; find a and n. 

The foltowing questione ma; be solved by tneana of the fof- 
roulffi obtained from the fourpreceding problems. 

5. The first term of a progression by quotient being 3, the 
ratio 3, and the last term 6144 ; required the bueq and the num- 
ber of terms. 

6. The first term of a progression by quotient is 6, tbe last 
term 13133, and the sum 19680; required the ratio and the 
number of terms. 

7- The first term of a progression by quotient being 9, the 
ratio 3, and the sum 365716; required the number of terms and 
the last term. 

8. The sum of a progression by quotient being 6560, the 
ratio 3, and the last term, 4374 ; required the first term and tbe 
number of terms. 



SECTION LIX. 



Art. 160. Let p represent any sum of money put at com- 
pound interest, for a number / of years, at the annual rate of r 
per cent., r being a decimal, as .05 or .06. It is required to 
find the amount, which we represent by A. 

It is manifest, that, if any principal be multiplied by 1 -|- tbe 
rate, the product will be the amount for one year ; for this is the 
same as multiplying the principal by the rate, which gives the 
interest for one year, and adding the result to the principal. 
Thus, the amount of ¥10, for a year at 6 per cent., is 10(1.06} 
or $10.60. 

The amount, then, of p dollars for one year, is j> (I -|- r) ; this 
is the capital for the second year, and, to obtun the amount at 
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the end of that year, we must multiply this capital by l-\-r, 
which giTCs p ( I + f)^ ; this being the capital for the third year, 
and being multiplied by 1 -|- r, gives, for the amount at the end 
of the third year, J> ( 1 -|-- r)^. In like manner, the amount at the 
end of the fourth year iBp(l-\-r)*; that at the end of the iiftb 
yearisp(14-r)5. 

The amount in any case, therefore, is found by raising 1 -\- 
the rate to the power denoted by the number of years, and mul- 
tiplying the reault by the principal. 

The formula for the amount, therefore, ia 

1. Required the amount of $750, for 4 years at 6 per cent., 
compound interest. 

In this question, p =: 750, r = .06, and f = 4. SubetUuting 
these numbers in the formula, we have A = 750 (1.06)1 
Log. 1.06 =0.0253059 



Log. (1.06)^ = 0.1012236 
Log. 750 = 2.67506 13 

A = $946.858 2.9762849. 

2. Required the amount of $1050, for 5J years a 
compound intereat. 

Log. 1.05 =0.0211893 

3 

0.1059465 



Log. (1.05)^ = 0.1165411 
Log. 1050 = 3.0211893 

A = $1373.19 3.1377304. 

It is common with merchants, to find the amotmt for the num- 
ber of whole years, and then find, at simple interest, the amount 
9f that sum for the fractional part of a year. According to this 
method, the process by logarithms would be as follows. 
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3. Given a, f nii<i . 

3. Given a, g ah-. 

4. Given g. /and -^ 
The l^>;i»win; qiieslions ni ,'. 

iD^ilz ohtajoeij fn'Hn the four] ri 
S. The first term of a |ir<<. 
ritio '2. wmI the laft term 6144 : , 
bitr of ternu. 

«. The first term of a pnv-. 
term Hl'^2. and the sum lUtiMi 
ouQiber of lernu. 

7. The first lerm of a pro::r.- 
ratiu3.aDil tbesum3(u;i6; rtq.. 
the lift term. 

!*. The sum of > progres^ioji 
ritio 3. and the Ia$l term, 4374 ; r- 



Art. I«». Lrt , 
nxuiti interest, f or >_ 
prt cent, 
find the 

Itbm 
rate, ihe | 
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Log. 1.05 =aOS11^3 

5 

Log. (1.05)* =0.1059465 

Log. 1050 = 3.0211893 

Log. of am. for 5 yeare = 3.1271338 
Log. (1,025) = 0.0107239 

^=91373.598 3.1378597. 

After having found the logarithm of the amount for 5 yean, 
we add to it the logarithm of 1.025, that ia, of 1 -^ the rate for 
eix months. 

The last result exceeds that obtained in the previous solution 
by 90.408. In succeeding questions the former method may be 
pursued. 

Any three of the four quantities id the equation, A = 
j>(14-'')', being known, the remtuning one may be found. 
Making p, r and t successively the unknown quantity, we obtain 
the following formula. 
_ A 



'=©■ 



- lag. (1 + r) 
3. What sum must be put at interest, the rate being 6 per 
cent., in order to amount to $1387 in 4 years? 

In this question j) is to be found, and the formula, p = 

Y ■■ ■■■, by the aubstitution of the given quantities, becomes 



(1.06)' 

Log. 1.06 , = 0.0253059 
4 


■ - comp. log. 




Log. (1.06)^ = 0.1012336-- 


= 9.8987764 


V — $1019.434 - - - - 




- 3.0083549. 
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The value of p in this ezunple is called the present worth 
of A. 

4. The principal $400 amounta, in 9 yean, at compound in- 
teieet, to $569,333; required the rate per cent. 

Substituting the formula, r ^ I — ] ' — 1, we have, r ^ 

/ 560.333 Ni 

V 400 y '■ 

Log. 569.333 = 2.7553664 
Comp. log. 400 = 7.3979400 

0.1533064( 9, 
l+r = 1.04 - - - - 0.0170340. 

r = ~;04. 
6. How many years must $1000 remain at compound interest, 
the rate being 6 per cent., in order to amount to $1191.016T 

log. (-) 
Subatitnting the formula, * = .- ^ ; , we obtain 

'— log. (1.06.) ■ 

Log. 1191.016 z= 3.0759176 
Comp. log 1000 = 7.0000000 

= 0.0759176 
' Log. 1.06 =0.0263059. 

Hence, t = '^l l^si» = 3 yewa. 

Or, performing this last division by logarithms, we have 
Log. .0759176 =: 8,8303424 
Comp. Jog. .0253059 := 1^967783 
( = 3 6.4771207. 

In thb question the operation would have been shorter, if we 
had divided 1191.016 by 1000, before applying logarithms. 
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6. Find the amount, at componnd interest, of 9357.60, tor 9 | 
years at 6 per cent 

7. Find the amount of 91573 for 4 jeare, at 5j per cent, wm- 
pound interest. 

8. Required the compound interest on $1000, for 7 years >nd 
4 months at 4 per cent. 

9. What sum of money will, in 6 years, at 7 per cent com- 
pound interest, amount to $2745.90 T 

10. What 9um of money will amount, in 10 years, to $447,712, 
compound interest being reckoned at 6 per cent. 1 

11. In how many years will $75 amount to $149,495, at 5 
per cent, compound interest T 

12. A principal of $108.50 amounted, in 12 years, at cwn- | 
pound interest, to $220.45 ; what was the rate per cent. 1 

13. In what time would an; sum be doubled at compound in- 
terest, the rate being 6 per cent 1 

In this question the amount is to become douMe the princi- 
pal ; therefore, in the formula for t, we substitute 2p instead of 



-(¥) 



by leduction, t = 



log. 2 
log. (1 + r)- 

14. Id how many years will any sum, at compound interest, 
be tripled, the rate being 6 per cent, t 

15. In how many years will any sum be doubled, at 5 p^ 
cent, compound interest t 

16. What would $357 amount to in 10 years at compoand in- 
terest, the interest being reckoned semi-annually, at the rate of 
6 per cent, a year 1 

17. The population of Boston in 1830 was 61392; what was 
it in 1840, supposing the annual rate of increase to be Sj^ per 

18. The population of Philadelphia in 1830 was 188797, and 
in 1840 it was 258832 ; what was the annual rate of increase 1 
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Id. In 1830 New York contained 202589, and in 1S40 it 
contained 312334 inhabitants ; if the population continue to in- 
crease at the same rate as it did Jrom 1830 to 1840, in how many 
years from the latter date will it amount to 1000000? 

Art. 170. 1. A man saves annnally $300 which, at the end 
of each year, he deposits in a bank, and is allowed 5 per cent, 
compound interest. How much would be due him from th^ 
bank, at the end of 12 years from the time ofthe first deposit? 

To generalize this question, let a be the sum annually depos- 
ited, ( the time, and r the rate. Then the amount of the sum 
first deposited would, according to the principles already given, 
be a(l -(*'')'■ T^^^ second deposit remaining ia the bank one 
year less, would amount to a(l -|-r)'~i. The amount of the 
third deposit would be a{l-\-r)'-' and so on. The last d^ 
posit but one, remaining in the bank two yeats, would amount 
ta a (I -\- r)^ ; and the last deposit would amount to a (1 -|- r). 

Hence, if A represent the gross amount, we have 

X = »(l+r)+<!(l+r)>+ +a(l + ry-' + 

aH+rfr' + ail+rf. 

The second member of this equation is a progression by quo- 
tient, in which the first term is a{l-{-r), the ratio 1 -|- r, and 

ihg last term ffl(l-|-r)'. In the formula, S := — — — , substi- 
tuting A instead of iS, o(I -|-r)' instead of Z, a(I + r) instead 
of a and 1 -|-r instead of 5, we have 

-* r+T^TT ." 

■! = ''<' + '•'[''+'•''-'] . 

Substituting in this formula the numbeia given ia the quEstiwi 
proposed, we have 

. 300 (1.05) [(1.05)13— 1] 

'*- M ■ 
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Id ^>{4;ii]g logsiithnui, it ia best to commence with tbe quan- 
tity between the brmckets. 

Log. 1.05 = 0.0211893 



(1.05)" =x 1.795856 - - 0.2542716 

1 

Log. .795856 = 9.9008345 
Log. 1.05 ~ 0.0211893 

Log. 300 = 2.4771213 

Comp.iog. .05 — 1.3010300 
A = 45013.893 - - - - 3.7001751. 
S. Ifajoungman, by omitting some useless expense, saves 
36 centB every d&y, and, at the end of each year, deposits bis 
■avings in an institution which allows 6 per cent, compound in- 
terest, how much would be due him from the institatiou, at the 
end of 20 years ftom the time of the first deposit, a yeai being 
otmsideTed 365 days t 



SECTION LX. 



Art 171. An annuity is a certain sam of money payable an- 
nually, OT at other regular periods, ibr a stated number of years, 
or during a person's life, or forever. The following question ia 
one of annuities. 

]. A man wishes to put at compound interest such a mm of 
money, aa will afford him annually $500 for 20 years, at the aid 
of .which time the principal and interest shall be exhausted. 
What sum must he put at interest, the rate being 6 per cent 1 

It ia manifest that the i&nount of all he receives, must be tbe 
same as the amount of thA sum put at interest 

■ooulc 
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To generalize due quenioD, let a l>s the aum received annu- 
ally, r the rate of iotereat, and t the time. 

As the first sum is drawn out at the end of tlie Kret year, the 
drawer must be considered as having received, at the expiration 
of the whole time, the amount of that aum at compound interest 
for f — 1 years, which according to Art IfiO, is a(l-|-f)'~'- 
la like manner, that drawn out at the end of the second year, 
amounts to a{l-\-r)'^''; that at the end of the third year, to 
a(l-|-r)''^, andeoonj the suia drawn at the end of the last 
year is simply a. 

The gross unonnt of the whole drawn out, is, tlierefore, 

"(l + r)— + «(l+r)— + <.(l + r)— + . . . ,+ 
a(l -|-r)^ -|- a(l +r)-|-a; or, by a change in the order of 
arrangement, 

» + «(> + ') + <■(!+>•)''+ ■ ■ • ■ +»(l + >-)'-" + 
»('+••)'-' + '■ (' + '•)'-'• 

This is a progreasion by qnoUent, in which the first term is a, 
the ratio 1-j-r, and the last term a (1 -f-r)'-'. Substituting 

these in the formula, S =: —, we have 

?— 1 
S= '»(I + '-)'-Mi;+'-)-« ^ "{l + ry-a ^ 

r r 

° [(!+■■)' -1] 

Now let A he the sum put at interest. This would 'amount, 
in t yeaia to A {I -\- r)* ; and since this amount nuut be equal 
tothatoftheseveral sums drawn out, we have 

4 (1 + r)' = "!('+'') ~'l ; hence, 



A = - 



aKl + r)'-l] 
r(l + r)' ■ 

Substituting the numbers given in the proposed qnestioD, we 
h„eJ=«mS=i!. 



.06 (1.06)» 
8S 
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Lo^. 1.06 =0.0353069 
20 
(1.06)»> = 3.20714 .- 0.5061180 
J 

Log. 2.20714 = 0.3438299 

Log. 500 = 2.6089700 
Conip.Iog. .06 = I.Si2l8487 
Comp.iog. (l.Oep = 9.4938820 
A = «5734.963 3.7586306. 

Id die equation, A = — — - JT - . • t: — K we may make eitheT 
r{l+r)' 

of the quantitiea, A, a,t and r, the unknown. Thua, (o find a, 

we have successively, a[(l-f*'") — 1] = ^Ir (1 -(-r)'; 

^r(l+r)' 

[(i+o'-ir 

To find * we obtain Huccessively from the equation, A = 
»[(■+'■)'- 1] 
■■(1+')' ■ 

a(l + r)'-a = Jr(l + r)"; 

(„_^r)(l + r)' = »; 



<Xlog. (l + r)=log. (- 



]og.(l + r) 

To find r would be too difficult for the design of this tieUiM. 

2. If a person deposite $6000 in an annuity o(&ce, how much 
can he draw annually, if the annuity is to continue 10 yean, 
compound interait being reckoned at 5 pei cent.? 
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In this question a is the unknown quantity, and the tonnola 
for a being substituted, gives 

_ 5000X.05(l.05)t° 250(1-05)1' 
" — (l.05)'»— 1 ■" {1.05)"'— r 

In applying logaiithms, it is best, in this case, to commence 
with the denominator . 

Log. 1.05 =0.0311893 

^10 

(l.05)>» = 1.62889 - . 0.2118930 

1 

Comp. log. .63889 = 0.3014353 

Log. 250 z= 2.3979400 

Log. (1.05)10 =3 0.2118930 

a = $647,527 - - - - 2.8U2583. 

3. A man deposits in an annuity office $7500, for which 5^ 
per cent, compound interest is allowed ; in how many years will 
it be exhausted, if he draws out annually $750 ? 

The formula for t being substituted, gires t ^ 

'"«■ (tSO^tSxTSOo) ^ , . '•*8(^) 
i^LOSS) ' '^'•'•7 «''''^'"'"' '= log. (1.055) • 

Log. 750 = 2.8750613 

Comp. log. 337.50 = 7.4717 268 

Log- (^i^'i^) =05467875 

Log. 1.055 . =;: 0.0233535. Hence, 

Log. .3467875 = 9.6400634 
Comp. log. .0232525 = 1.63353Q3 

* = 14.914 years 1.1735937. 

or, t = li years, 10 months, and 39 days. 

4. A gentleman wishes to purchase an annuity, which shall 
afford him $500 annually for 30 years ; how much must he pay 
if h0 is allowed 6 per cent, interest T 
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6. How mneh must be given fbr aa uamhy to tut 90 yean, 
if 9300 aie to be dra^m semi'Minually, and tnterest be allowgd H 
the rate of ij per cent, a year ? 

6. A gentleman parchases an annuity, for the benefit of faia 
funiiy after his decease, and pays ClOOOO. Three years from 
the date of the purchase he dies, and then the annuity comes 
into operation. How much must the famUy draw out annually, 
so as to exhaust th« annuity in 15 years from the time it com- 
mences, if 6^ per cent, interest be allowed? 

In this question A mnst be the amount of $10000 for 3 years. 

7. How long would the annuity in the last question continue, 
on condition that the family received $1000 annually T 



MISCELLANEOUS QUESTIONS. 

1. Four men. A, B, C and D, bought & ship for $10498 ; of 
which B paid twice as much as A, C paid as much as A and 
B, and D paid as much as B and C. How much did each pay? 

3. A person bought 8 yards of cloth for ^3 9s, giving 9s a 
yard for a part, and 7s a yard for the rest. How many yards 
did lie buy at each price 1 

3. A father is 40 years old, and his son 8; in how many 
years will the father be three times as old as the aoni 

4. A young man spends i of his annual income for board, and 
^ as much for clothes ; his other incidental expenses amount to i 
as much as his clothes, and yet he saves $490 a year. What is 
his yearly income ? 

6. A person had spent ^ of his life in England, ^ of it on the 
continent of Europe, 5 years more than -^ of it in Asia, and 3 
years more than ^ <rf it in America. How M was he T 

6. What number is that, from which if 5 be subtracted, and 
the remainder be divided by 2, and again if 5 be subtracted from 
this quotient, and the remaindw be divided by 2, it will leave ^ 
of the number itself? 
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7. A man could reap a field of wheat in 5 days, and his son 
could reap it in SO days. In what time would they together reap 
it? 

8. If a certain number be subtracted from 100 and ISO re- 
spectively, i of the former remainder will be equal to ^ of the 
latter. Required the number. 

9. There ia a rectangular piece of land, whose length ex- 
ceeds its breadth by 10 rods ; if the field were a square whose 
side was equal to its present length, it would contain 400 square 
rods more than it now contains. Required the length and 
breadth. 

10. To pay a debt of £9& with 40 coins, eagles and dollars, 
bow many of each must I have, the dollar being 6 shillings t 

11. Two men, A and B, had together $108 ; the former spent 
^ and the latter j- of what he had ; and the amount of what both 
spent was $3S. How much money had each at first? 

IS. A merchant commencing business with a certain capital, 
lost j[ of it the first year; but the next year he gained $700; he 
thus continued alternately losing ^ of what he had at the time, 
ajid gaining $700, until, at the end of the 6th year, he had 
$350 more than he commenced with at first. With what capi- 
tal did he commence? 

13. A, B and C had the same amount of money ; A gave 
away $5, and spent ^ of the remainder ; B gave away $10, and 
spent i of the remainder ; C gained $10, and spent ^ of whu 
he then had; after which they had altogether $116. Hqw 
much money had each at first 1 

14. A father leaves to his three sons j£]600, in the following 
manner. The second is to hare ^00 less than the eldest, and 
£100 more than the youngest. Required the share of each. 

15. Qf a battalion of men, ^ of the whole are on duty, -^ are 
sick, ^ of the remainder are absent, and there are 48 officers. 
How many persons are there in the battalion? 

16. A and B found a purse o<mtaining dollars. A took Irom 
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it 92, ud ^ of the remunder ; after which B todk from it 93, 
«iid ^ of the remunder, when it was found that A and B hid 
taken out equal sums. How much money was there inthe pune 
Kt6rstl 

17. A and B have the same jearl; income; A contracts vi 
annual debt amounting to -f of hia ; while B ^>end8 only ^ of 
his. At the end of 10 years B lends A money enough to pay 
the debt which he has c<Hitiacted in the mean time, and has 
;ei60 left. What is the income of each7 

16. A gentleman found, that, in order to give some beggars 
Ss 6d each, he would want 3s ; he therefore gave 2s to each, and 
had 4* left. How many beggars w«e thue, and how much 
money had the gendeman T 

19. Find a number, such, that whether it be divided into 
two or three equal parts, the continued product of the parts shall 
be of the same value. 

SO. Divide 72 into three parts, ao that ^ of the first shall be 
equal to the second, and ^ of the second shall be equal to the 
thu-d. 

21. A man bought 6 bushels of wheat and 3 bushels of 
rye for $13 ; he afterwards sold 4 bushels of wheat and 7 
bushels of rye at the same rate for 9l3f. How many shillings 
were given a bushel for each ? 

93. 'There is a certain fraction, to the numerator of which, 
if 3 be added, the value of the fraction will be ^; but if 1 be 
subtracted from the denominator, the value of the fraction will 
be |. What is the fraction 1 

23. There is a number conaiating of two digits. The sum of 
the digits is 5 ; and if 9 be added to the number itself, the digits 
will be inverted. Required the number. 

24. The sum of two numbers is 37 ; and if three times the 
leas be aubtracted from four times the greater, ^ of the differ^ 
eoco will he 6. Required the numbers. 

35. Separate 25 into two parts, auch that their product shall 
be 136. 
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96. A gambler lost ^ of bis mcmey, and th^ won 3 shOlingfl ^ 
again he lost ^ of what he then had, and aflerwaids won 2 shil- 
lingB ; lastly, he loat ^ of what he then had, and found that he 
had 14 ahillingB left. How much money had he at first? 

37. There is a number consUting of two digits, to the sum of 
which, if 7 be added, the result will be equal to three times the 
left hand digit ; but if 18 be subtracted from the number itself, 
the digits will be inverted. Required the number. 

28. Says A to B, give me $15 of your money, and I shall have 
ae much as you will have lefl ; true, says B, but give me $10 of 
your money, and I shall have six times as much as you will have 
leA. How much money has each T 

S9. A vintner has two casks of wine, from the greater of wluch 
he draws 15 gallons, and from the less II gallons, and the quan- 
tities remaining are as 8 to 3. After the casks are half emptied, 
he puts 10 gallons of water into each, and the quantities of 
liquor then in them are as 9 to 5. How much does each cask 
hold? 

30. A and B ^culate with different sums of money ; A gains 
£150, and B loses ^50 ; then A's stock ia to B's as 3 to 2. But 
had A lost ^50, and B gained ^100, A's stock would have 
been to B's as 5 to 9. Required the stock with which each 
commenced. 

31. If a certain floor were 5 feet longer and 4 feet wider, it 
would contain 550 square feet. But if it were 4 feet longer and 
6 feet wider, it would contain 19S square feet more than it actu- 
ally does contain. Required the dimensions of the floor. 

32. If A work 3 days and B 4, they will earn f9 ; if A work 
4 days and C 5, they will earn $14 ; if B work 6 days and C 
7, they will earn $23. Required the daily wages of each. 

33. Two numbers are in the ratio of 4 to 5, and the difference 
of their second powers is 81 . What are these numbers T 

34. The sum of two numbers is 18, and the sum of their 
squares is 164. Required thenumb^s. 

35. What two numbers are tboee nfaoee di&reitee is 7, and 
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hslf of wboM prodact iDcreued by 30, is eqnal to the sqaare of 
the lesat 

36. The product of two numbers b ISO. Moreover, if 3 be 
added to the less, and 3 be subtracted from the greater, the pnv 
duct of the sum and difference will also be 120. Reqtured Ibe 
niunbere. 

37. A certain number of sheep cost £120 ; if 8 sheep more 
had been bought for the same sum, each would hare cost 10s 
less. Required the number of sheep. 

38. A, B and C had together ^^80; B, C and D had £90; C 
D and A had .£80 ; and D, A and B had ^0. How much 
money had each T 

39. A and B set out from the same place, and at ihe same 
time, to travel to a town at the distance of 300 miles, A goes 1 
mile an hour more than B, and accomplishes his jouruej lO 
hours sooner than B. At what rate does each travel 7 

40. A number consists of two digits. The left hand digit is 
three times the right ; and if 12 be subtracted from the number, 
the remainder will be equal to the square of the left hand digit. 
Required the number. 

41. A starts three hours and 20 minutes sooner than B, and 
travels uniformly 6 miles an hour. B starting from the same 
place follows at the rate of 6 miles the 1st hour, 6 miles the 2d, 
7 miles the 3d, and so on. In what time will B overtake A t 

42. Two men, 93 miles apart, set out at the same time to 
meet. One commences at three miles an hour, and increases 
his rate two miles each hour ; the other commences at 15 miles 
an hour, and diminishes his rate 3 miles each hour. In how 
many hours will they meet t 

43. There are two numbers, such that 27 times the greater is 
equal to the square of 27 times the less ; and 3 times the greater 
is equal to the cube of 3 times the less. What are these num- 
bers? 

44. A and B each bought a farm ; A'a fwm exceeded B's by 
4 acres ; each gave as many cents per acre as there were acres 



m the fann which he booght ; and both together paid $616.16. 
How man; acres did each buy ? 

45. Find two numbers, such that the sqnaie of the greater 
■rmltiplied by the lesa shall be equal to 100, and the square of 
the less multiplied by the |;reater shall be equal to 80. 

46. There are two numbers, whose sum is to the greater as 40 
is to the less, and whose sum is to the less as 90 is to the greater. 
Required the numbers. 

47. A rectangular house lot, whose length exceeds its breadth 
by 50 feet, contains 15000 square feet. Required the dimen- 
sions. 

48. The sum of the second powers of two numbers is 344, 
and the second power of their sum is 464. What are the num- 
bers? 

40. The breadth of a rectangular field is to its length as 4 to 
6. It is worth twice as many cents per square rod as there are 
rods in breadth, and the worth of the whole is $1600. Required 
the dimensions. 

50. The sum of two numbers added to a mean proportional 
between them is 37 ; and the sum of the squares of the numbers 
added to their product is 481. Required the numbers. 

61. The sum of two numbers multiplied hj their prraluct is 
S40 ; and their difference multiplied by their product is 48. 
Required the numbers. 

53. Separate 24 into two such parts, that the product of these 
parts shall be to the sum of their second powers as 3 to 10. 

53. The sum of two numbers multiplied by the square of their 
product is 1900; and the difference of the numbers multiplied 
by the square of their product is 450. Required the numbers. 

64. Find two numbers, such that the difference of their squares 
shall he 56; and ^ of theii product added to the square of the 
less shall make 40. 

55. In a certain school, the number studying geometry is the 
square root of the whole number of scholars ; | of the whole 
learn algebra; and 36 scholars learn arithmetic. These three 
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classes conetitute the whole scbocd. Required the whcJe noDK 
ber of scholars. 

56. A number, consisting of two digits, heing multiplied by 
the left hand digit, produces 46 ; bat if the sum of the digits be 
multiplied hj the same digit, the pToduct will be 10, What is 
the nu[nt>eT T 

57. There are two rectangular vats, whose cubical coutoils 
differ b; 20 feet. The bottom of each is a square, one side of 
which is equal to the depth of the other vat ; and the capacities 
<tf the two rats are as 4 to 5. Required the depth of each. 

68. What number is that, fVom which if 4 be subtracted, this 
remainder shall exceed its square root by 2 ? 

59. What number is that, to which if 34 be added, and the 
square root of this sum be extracted, this root shall be less than 
the otig'mal number by 181 

60. A board fence was built round a rectangular court to a 
certain height. The length of the court was 6 times the height 
of the fence wanting 2 yards ; it^ brc£.Jth, 6 times the height of 
the fence wanting 5 yards ; aad the area of the court exceeded 
that of the fence by 178 square yards. Required the height of 
the fence and the dimensions of the court. 

61. A man bought a quantity of cloth for $60. If he had 
bought 3 yards more for the same money, it would hare cost $1 
a yard less. How many yards did be buyT 

62. Two men, A and B, set out at the same time, the former 
from the town C, and the latier from the town D, and travel to^ 
wards each other. When they met, A had gone 30 miles mwe 
than B ; and according to the rate they had travelled, A c<Hild 
reach D in 4 days, and B could reach C in 9 days, from the time 
of meeting. Required the distance between the towns. 

63. What number exceeds its square root by 20? 

64. Two retailers, A and B, jointly invested $500 in business. 
A's money was employed 5 months, B's only 3 months, and each 
received $450 for his coital and gain. How much money did 
each advance t 
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66. Fiod two numbers, whose difference added to the diSer- 
ence of their squares, makes 150, and whose sum added to the 
Bum of their squares, makes 330. 

66. Find a number consisting of three digits, such that the 
sum of the squaies of the digits shall be 66; that the square of 
the middle digit shall exceed the product of the other two by 9 ; 
and, if S94 he subtracted from the number itself, the digits shall 
be inverted. 

67. Five gamesters. A, B, C, D, and E, play together, on con- 
ditioQ that he who loses, shall forfeit to all the rest as much 
money as they already have. First A loses, then B, then C, then 
D, and finally E. Yet, at the end of the fifth game, each has 
left $33. How much has each at first 1 

68. A and B sold 100 eggs, and each received the same sum. 
If A had sold as many as B, he would have received 18 pence 
for them ; and if B had sold as many aa A, be would have received 
only 8 pence for them. How many did each sell T 

69. Separate 24 into two parts, whose product shall be 35 
times their difference. 

70. What two numbers are those, whose product is 4 times 
their difference, and whose product multiplied by their difference 
■8 16? 

71. The sum of three numbers is 21 ; if the first he subtracted 
from the second, and the second from the third, the latter re- 
mainder will exceed the former by 3; moreover, the sum of the 
squares of the first and third is 137. Required the numbers. 

73. There are two rectangular vessels, which together hold 
160 cubic feet; the bottom of each is a square whose side is 
equal to the height of the other vessel. If each vessel were a cube 
whose side was equal to one side of its bottom, the two vessels 
would contain 169 cubic feet Required the dimensions of 
each. 

73. There are two numbers, such that the square of the 
greater, multiplied by the leas, is 30 more than the squue of the 

DkIzc.J;.G00«Ic 



1ms, roiikiplied by the greater ; moreoFer, Um M power of the 
greater eiceeda that of the lass b; 98. What ace t]ie Buinh^x.t 

74. What number U that whose fourth power exceeds t«i 
ImDeB its second power bj 936 1 

75. Find a number, such tbat if its square rotA be increased 
by 4, the cube root of the aum shall be 3. 

76. The first year a man was in trade he doubled his money ,- 
the second year he gained 95 more than the square root of the 
BOmber of dollars he had at the commencement of that ye 
when b^ received a legacy of as many dollars as were equal to 
the square of the number he then had, and fbund that his whola 
ibrtune amounted to $13340. With how much money did he 
commence business! 

77. If the sum of two numbers be increased by 2, and the sec- 
ond power of this result be added to the sum of the numbers, the 
amount will be 154. Moreover, the difierence between the sec- 
ond powers of the two numbers is 40. What are the numbers ? 

78. The sum of three numbers in progression by difference l 
16 i and the sum of the squares of the extremes is 56. Required 
the numben. 

79. Four numbers are in progression by difference ; the sum 
of the squares of the first two terms is 10 ; and the sum of the 
squares of the last two terms is 74. What are the aumbers t 

80. Find three numbers in progression by quotient, whose sum 
is 26, and the sum of whose second powers is 364. 

81. Four numbers are in progression l^ quotient; the sum of 
the first two is 30, that of the last two is 120. Required the 
numbers. 

82. Required the compound interest on ^ISO, for 10 years, at 
. 6 per cent, annually. . 

. 63. What will $'300 amount to in 10 years, at compound ii^ 
t»est semi-annually, the yearly rate being 5 per cent. T 

THE END. 
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